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We consider the role of quantum mechanics in a specific coherent control scenario, designing a
“coherent control interferometer” as the essential tool that links coherent control to quantum funda-
mentals. Building upon this allows us to rigorously display the genuinely quantum nature of a gen-
eralized weak-field coherent control scenario (utilizing 1 vs. 2 photon excitation) via a Bell-CHSH
test. Specifically, we propose an implementation of “quantum delayed-choice” in a bichromatic al-
kali atom photoionization experiment. The experimenter can choose between two complementary
situations, which are characterized by a random photoelectron spin polarization with particle-like
behavior on the one hand, and by spin controllability and wave-like nature on the other. Because
these two choices are conditioned coherently on states of the driving fields, it becomes physically
unknowable, prior to measurement, whether there is control over the spin or not. © 2014 AIP Pub-
lishing LLC. [http://dx.doi.org/10.1063/1.4902253]

I. INTRODUCTION

Various coherent control scenarios, in both complex and
simple systems, utilize laser fields to coherently manipulate
atomic or molecular fragmentation processes.1 Two compet-
ing, fundamentally different perspectives have been advo-
cated to explain the control. In the first, within the spirit of
the Young double-slit experiment, one interprets the probabil-
ity of the outcomes—the control target or yield—as an inten-
sity and phase dependent pattern resulting from the quantum-
coherent interference of mutually exclusive path alternatives
that are embodied in the laser excitation pathways.1–3 In the
second, one views the controllability as the manifestation of
the response of the system to the superposition of phase-
coherent incident laser fields. In this approach, control is per-
ceived as an inherently classical phenomenon,4–6 i.e., a phe-
nomenon that could fall under descriptions based on classical
laws of motion. Understanding which of these descriptions is
preferred is not just a matter of convenience. Rather, it has
practical applications stemming from the recognition that de-
coherence effects often bring a system to the classical limit.7

Hence, if control is indeed (at least partially) classical, then
it may well survive in the often unavoidable decohering envi-
ronments associated with realistic molecular processes.

There is ample motivation to address the issue of the role
of quantum vs. classical effects in coherent control. For ex-
ample, Refs. 8 and 9 analyze controlled symmetry breaking
in a field-driven quartic oscillator both quantum-mechanically
and classically and concludes that not only the basic require-
ments, but also the physical origins of control, are the same
in both cases. Similarly, Ref. 10 shows that environmentally
assisted one photon phase control is mainly due to the in-
coherent breaking of time-reversal symmetry, and is thereby
not evidence of quantum coherent dynamics. In addition, it
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is of interest to note that related concerns regarding classical
vs. quantum coherence contributions have arisen within the
framework of electronic energy transfer in light-harvesting
systems.11

Classical descriptions can offer an intuitively appealing
picture, but in the case of coherent control they often fail
quantitatively, and are hence discarded. Therefore, since its
inception, coherent control has been regarded as fundamen-
tally quantum,1, 12, 13 particularly in the case of driving a sys-
tem with two frequencies (nω + mω). Here, reliance on an
interpretation of the interference of quantum pathways as
described above (and as originally put forth12, 13 by one of
the authors of this paper) is commonly accepted. But the is-
sue of the extent to which nontrivial quantum features are
central to phenomena such as coherent control needs to be
reconsidered in light of developments in Bell-like tests to
certify unique quantum features14–20 and recent reports that
identify distinct classical mechanisms as a possible source of
control.5, 8–10, 21–23

We reiterate that there is no question that quantum me-
chanics is necessary to quantitatively describe the outcome of
coherent control scenarios. However, quantitative agreement
with a quantum description cannot serve as a general proof
that the observed phenomenon is unambiguously quantum in
nature (since such a proof requires that all classical descrip-
tions and explanations must be falsified). As a consequence,
rigorously certifying the quantumness of a process and iden-
tifying its quantum features is a challenging task that has
been the subject of intense efforts in quantum optics, quan-
tum information, and quantum foundations. Studies of this
type often take the form of proposed experimental protocols
that are carefully crafted to close any loopholes that would
prevent rigorous assertions regarding those features of quan-
tum mechanics that are manifest in the process. Such features
include issues such as nonlocality, entanglement, multiple-
pathway interference, sensitivity to measurement, etc.24 In
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this paper, we make the first inroads into utilizing ideas of this
kind to explore the quantum characteristics of coherent con-
trol. Specifically, we first focus on path interference and in-
troduce a “coherent control interferometer” (CCI) which for-
malizes the relationship between coherent control scenarios
and quantum optics approaches to the fundamentals of quan-
tum mechanics.24, 25 As a particular case, we concentrate the
analysis on phase-coherent control over the spin polarization
of an electron that has been emitted in an interfering (ω + 2ω)
photoionization process.

We then design a generalized coherent control scenario
in which measurements can be performed whose outcomes
will have certifiably nonclassical statistics and that strongly
support the analogy between coherent control and the quan-
tum interference of paths. We show that this setup can be
used to probe wave-particle complementarity and to im-
plement “quantum delayed-choice”;18–20 it becomes unfore-
seeable prior to measurement whether the spin polarization
statistics are wave- or particle-like, that is, whether there is
control or not. This hallmark of quantum interference is key
for violating a Bell inequality that serves as a rigorous experi-
mental test of local realism and thereby distinguishes nonclas-
sical from classical statistics, entirely on the basis of observed
statistical data.14–17

Note the fact that we deal with a generalization of tra-
ditional coherent control scenarios indicates the continuing
need to identify methods of certifying the quantumness of
traditional coherent control scenarios. Such studies are under-
way and our expectation is that the coherent control interfer-
ometer introduced in this paper will serve as a central tool for
such studies.

II. CONTROL SCENARIO

A. Coherent control interferometer

Let a heavy alkali atom be ionized by weak coherent (ω
+ 2ω) radiation.26–28 For purposes of simplification (rather
than physical necessity), we assume a tight confinement that
fully suppresses decoherence due to recoil (c.f. Lamb-Dicke
regime64, 65),29 The control target is the laboratory ẑ-axis pro-
jection m′

s of the photoelectron’s spin in the continuum.30, 31

We consider the case where the continuum state |K ′,m′
s
+〉 of

the electron at energy E′ = (¯K′)2/2me can be reached from
the atomic ground state |nS 1

2 ,mj 〉 mainly by two pathways:32

(i) absorption of 1 photon of energy ¯ω2 = E′ − E(nS 1
2 ) or

(ii) of 2 photons each with energy ¯ω1 = ¯ω2/2. Here, K ′

refers to the electron’s asymptotic outgoing wavevector,32 n is
the ground state’s principle quantum number,33 and the pro-
jection of the total angular momentum j onto the ẑ-axis is de-
noted mj. This setup implements a CCI, Fig. 1, an analog of
a Mach-Zehnder interferometer (MZI). The ground state is
spin- 1

2 and constitutes the CCI’s two input ports whereas the
final projections m′

s = ± 1
2 are identified with the two output

ports, the measurement statistics p± of which are interpreted
as the interference patterns. Henceforth, we restrict attention
to one input port only, mj = − 1

2 .
The incoming laser modes l are to be populated with co-

herent states of light, |l〉 ≡ |(αkε̂)l〉, since these are eigen-

FIG. 1. Proposed coherent control interferometer (CCI). (a) In the open
configuration o, single-photon ionization (solid blue) only undergoes a σ -
transition with |m

j
− m′

s | = 1, whereas two-photon ionization (dashed red)
leaves the electron spin unchanged. The processes are distinguishable from
one another due to their different outcomes. (b) This is not the case in the
closed setup c, for which the transition amplitudes between all spin combina-
tions are nonzero.

states of the photon annihilation operator and thus correla-
tions with matter due to photon absorption do not occur.34

The a priori probabilities of the ionization pathways can be
adjusted by means of the amplitude moduli |αl|, the direc-
tions of incidence kl , and the polarizations ε̂l . This is because
(as described in Appendices A and B), in the long-time limit,
the change of the electron’s spin is described in terms of an
infinite series of well-known, polarization-dependent transi-
tion matrix amplitudes ti(m

′
s , mj ), i = 1, 2, . . . , multiplied

by corresponding powers of the field amplitudes αl.
35–41 In

the present case, only the first two transition amplitudes are
relevant;26, 27 t1 resolves the 1-photon process and connects
only to P continuum states, whereas t2 accounts for 2-photon
ionization and accesses S and D orbitals. The amplitudes
contain radial integrals, D1 and D2, that serve here as com-
plex empirical parameters. There exist measurement schemes
for which the ionization pathways become absolutely distin-
guishable. Therefore, in what follows, spin statistics are con-
ditioned on successful detection of the electron in the channel
K̂ ′ = (

√
2 x̂ − ẑ)/

√
3. This both eliminates the need for tak-

ing into account the efficiency of detection and does not pro-
vide information about the path taken from the initial to final
state of the atom.

We argue that quantum interference in the CCI can be ex-
posed in the same manner as it can be displayed in the Young
double-slit,42, 43 a MZI, or a Ramsey interferometer44, 45 for
single photons, electrons, etc. The latter undertaking en-
tails the observation of complementarity between the wave
and particle property, which is demonstrated by the experi-
menter’s choice between two measurement statistics: particle
and wave statistics. In the case of the former, interference is
completely absent. In principle, if not in practice, knowledge
about the path—whether the photon has taken the first rather
than the second slit, or, correspondingly, whether the atom
has been ionized in a 1- or a 2-photon process—is available
by measurement. When it allows for tracing of paths, an in-
terferometer is called open. If, in contrast, interference is dis-
played, then the statistics are wave-like. Full path knowledge
cannot be acquired, not even in principle. This results from
operating the interferometer in the so-called closed configu-
ration. Below, the subscripts o and c are used to denote these
configurations.

The ionization scenario has been selected because it is
conducive to engineering both the o and c cases, Fig. 2.
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FIG. 2. Sample scattering geometry with incident light wavevectors k̂1o

= ŷ, k̂2o
with projection k̂2o

· ẑ = cos ϑ2o
= −√

2/3, k̂1c
= K̂ ′, and k̂2c

with cos ϑ2c
= −2

√
2/3. The emitted photoelectron is detected in the direc-

tion K̂ ′. The alkali atom is located at the origin. The polarization of the in-
coming radiation is indicated in color (shades of grey). The o configuration
uses linear polarization, whereas the c setup employs elliptically polarized
light.

1. The open interferometer configuration

For the open configuration, two linearly polarized modes,
(kε̂)1o and (kε̂)2o, are chosen, for example, to be populated
according to ε̂1o = −k̂2o = (x̂ + √

2 ẑ)/
√

3 and ε̂2o = k̂1o

= ŷ in a field state denoted |1o, 2o〉. The vectors K̂ ′, k̂2o, and
k̂1o come as a right-handed orthogonal triad that is inclined at
an angle π − arctan(

√
2) away from the positive ẑ-axis. These

mode settings imply t1o ∝ δm′
s ,−m

j
and t2o ∝ δm′

s ,mj
and, as

a result, absolute path knowledge; the direction in which
the spin is detected reveals the path taken through the CCI,
cf. Figs. 1(a) and 2. To realize an unbiased interferometer,
the moduli of the complex amplitudes are to be adjusted as
follows:

|α1o| = 6
√

πλeiκ1o

¯gk1

[−D1

(
E′P 1

2 , nS 1
2

) + D1

(
E′P 3

2 , nS 1
2

)] , (1a)

|α2o|2 = 90
√

πλeiκ2o

i¯2g2
k2

[−5D2

(
E′S 1

2 , P 1
2 , nS 1

2

)

− 10D2

(
E′S 1

2 , P 3
2 , nS 1

2

) + 5D2

(
E′D 3

2 , P 1
2 , nS 1

2

)

+D2

(
E′D 3

2 , P 3
2 , nS 1

2

) + 9D2

(
E′D 5

2 , P 3
2 , nS 1

2

)]−1
.

(1b)

Equations (1) define conditions on the phases κ1o and κ2o that
ensure that the right hand sides of Eqs. (1a) and (1b) are real
and nonnegative. κ1o and κ2o therefore depend on the com-
plex phases of the integrals D1 and D2 and will henceforth be
referred to as material phases. The arguments of D1 and D2
refer to the respective photoionization channels. For example,
D2(E′D 5

2 , P 3
2 , nS 1

2 ) is the radial matrix element of the pro-

cess leading from the ground state |nS 1
2 ,mj 〉 via intermediate

P 3
2 orbitals to the continuum state |E′D 5

2 ,m′
j
+〉. The field’s

phases, φ1o = Arg α1o and φ2o = Arg α2o, can still be chosen
freely. In Eqs. (1), λ is a positive, constant scaling factor. The
precise value of λ is irrelevant, since the probability ampli-
tudes are eventually conditioned on successful detection of
the photoelectron in the channel K̂ ′. For the choices above,
|t1oα1o| = |t2oα

2
2o|. We have thus established that, for the ini-

tial state |nS 1
2 ,− 1

2 〉 ⊗ |1o, 2o〉, the final state of the ionized
atom in the channel K ′ is | fo〉⊗|1o, 2o〉, where

|fo〉 = eiδ
o√
2

(|K ′, 1
2

+〉 + e−iθ
o |K ′,− 1

2
+〉) (2)

with δo = φ1o + κ1o and θo = φ1o − 2φ2o + κ1o − κ2o.
The state | fo〉 describes full particle-like statistics; projected
onto the ẑ axis, both spin orientations m′

s = ± 1
2 are always

equally likely, regardless of the lasers’ phase difference φ1o
− 2φ2o. Thus, there is no phase-coherent control and the
fringe visibility vanishes on both output ports.

2. The closed interferometer configuration

As for the closed configuration c, it can be achieved by
populating two other modes, (kε̂)1c and (kε̂)2c (see Fig. 2).
For example, the one-photon absorption field 1c is cho-

sen circularly polarized,
√

14 ε̂1c =
√

5/3 + √
2(x̂ + √

2 ẑ)

− i
√

9 − 3
√

2 ŷ with k̂1c = K̂ ′, whereas the two-photon ab-
sorption field 2c is chosen elliptically polarized,

√
2 ε̂2c

= (2
√

2 x̂ + ẑ)/3 + i ŷ as well as k̂2c = (x̂ − 2
√

2 ẑ)/3, mak-
ing an angle of π − arccsc(3) with the ẑ-axis. The resultant
field state is denoted |1c, 2c〉. Only t2( 1

2 , 1
2 ) and t2(− 1

2 ,− 1
2 )

contain S-wave D2 factors. They are fully suppressed in
the chosen field configuration. (It turns out that simultane-
ous unbiased interference for both input ports of the CCI,
mj = ± 1

2 , cannot be achieved. That is why the above set-
tings are tailored specifically to balance the interference from
the input port mj = − 1

2 .) With these, we find t1c( 1
2 ,− 1

2 )
= t1c(− 1

2 ,− 1
2 ). Although it would be most desirable to also

have t2c( 1
2 ,− 1

2 ) = −t2c(− 1
2 ,− 1

2 ), the latter amplitudes are
somewhat biased and have generally a mutual phase shift dif-
ferent from π . This is the case unless one can select an energy
E′ for which the transition to j ′ = 5

2 is negligible compared to
j ′ = 3

2 ; indeed, for D2(E′D 5
2 , P 3

2 , nS 1
2 ) = 0, the t2c are as de-

sired. If this were the case the amplitudes would be set equal
in absolute value to

|α1c| =
√

7
2(3−√

2)
|α1o|, (3a)

|α2c|2 = 180
√

πλeiκ2c

i
(√

2 + 2
)
¯2g2

k2

[
5D2

(
E′D 3

2 , P 1
2 , nS 1

2

)

+D2

(
E′D 3

2 , P 3
2 , nS 1

2

)]−1
, (3b)

in order to achieve unbiased interference. We choose the am-
plitudes (3) even for cases where D2(E′D 5

2 , P 3
2 , nS 1

2 ) �= 0.
The phases φ1c = Arg α1o and φ2c = Arg α2o are free param-
eters, whereas κ2c is another constant material phase that is
implicitly defined by Eq. (3b). The phases picked up by the
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one-photon processes are identical in the configurations o and
c, therefore κ1c = κ1o. Consider now initialization from the
state |nS 1

2 ,− 1
2 〉 ⊗ |1c, 2c〉. For successful detection in the

channel K ′, the final state becomes | fc〉⊗|1c, 2c〉, where

|fc〉 = eiδ
c

Nf
c

[ (
i sin

φc + θc

2
− e−iφ

c
/2d2

) ∣∣∣∣K ′,
1

2
+
〉

+
(

cos
φc + θc

2
+

(
7

2
− 5√

2

)
e−iφ

c
/2d2

)∣∣∣∣K ′,−1

2
+
〉]

(4)

with the global phase δc = (φ1c + 2φ2c + κ1c + κ2c)/2, the
interferometric phase difference φc = φ1c − 2φ2c, the material
phase shift θ c = κ1c − κ2c, the normalization Nf

c
, and with

d2 = −3i e−i(κ1c
+κ2c)/2D2

(
E′D 5

2 , P 3
2 , nS 1

2

)
∣∣5D2

(
E′D 3

2 , P 1
2 , nS 1

2

) + D2

(
E′D 3

2 , P 3
2 , nS 1

2

)∣∣ . (5)

The state | fc〉 is wave-like; coherent control of the electron’s
spin is possible by virtue of the phase φc. The interference
contrast is maximal for D2(E′D 5

2 , P 3
2 , nS 1

2 ) = 0, in which
case also d2 = 0 and |t1c(m′

s ,− 1
2 ) α1c| = |t2c(m′

s ,− 1
2 ) α2

2c|.

B. Complementarity

Complementarity in quantum interference demands that
the experimental situation determines whether one detects
the statistics of a wave or a particle (or even a blend of the
two).46, 47 In classical physics, these concepts are mutually ex-
clusive, and the object passing the interferometer cannot sub-
scribe to either of them ad libitum. In order to stress this fun-
damental difference, Wheeler proposed the “delayed-choice”
experiment48 that severs any causal link between the object
and the interferometer until it has entered it. If we wanted to
realize Wheeler’s48 gedanken experiment with coherent con-
trol, we would have to postpone and randomize the choice
between o and c such that the spin cannot “know” before-
hand which property to display. The proposed CCI does not,
however, literally allow this, because randomization between
|1o, 2o〉 and |1c, 2c〉 would choose the “control” or “no con-
trol” in advance. (Indeed, this is the central stumbling block
to considering features of complementarity in coherent con-
trol scenarios.) Notwithstanding, instead of flipping a coin
between o and c, we can design a generalized coherent con-
trol scenario where one prepares a coherent superposition
|i〉 = |nS 1

2 ,− 1
2 〉 ⊗ (|1o, 2o〉 + |1c, 2c〉)/Ni that gives the fi-

nal state

|f 〉 = 1

Nf

(|fo〉 ⊗ |1o, 2o〉 + Nf
c
|fc〉 ⊗ |1c, 2c〉) (6)

with Ni, Nf being normalization factors. Since the states |1o,
2o〉 and |1c, 2c〉 are each direct products of two coherent states
in, in total, four mutually orthogonal modes, the initial state
|i〉 features nonclassical correlations of the GHZ type17, 49–51

the creation of which requires a special nonlinear MZI.52 By
contrast, the resultant final state | f〉 of the total system de-
scribes entanglement between the radiation field and the elec-
tron spin. It is a coherent blend of particle- and wave-like spin

polarization statistics that is conditioned on the state of the ra-
diation field. As such, the field-matter entanglement plus the
superposition state character of Eq. (6) allows for the delayed-
choice determination of whether the system is in | fo〉 or | fc〉
conditioned on the measurement of the field.

C. Bell test

We still owe a test that can certify the nonclassicality of
an actual experimental realization of the CCI. Such test is
mandatory, since only if the correlations between the radiation
field and the electron spin are of nonclassical nature, we can
truly delay the choice of whether the spin statistics are that of
a particle or a wave. The statistics must be unknowable prior
to the measurement of the field. A test for nonclassicality is
provided by a certain family of Bell-CHSH inequalities that
are derived from the concept of local realism.14–17 Adapting
the approach of Ref. 53, we define two parametric dichotomic
measurement operators: The operator �(ζ ) = R(ζ )†σ zR(ζ )
with the rotation R(ζ ) = exp (ζσ+ − ζ ∗σ−) measures the spin
asymmetry in the direction of space defined by the complex
number ζ . Here, the Pauli operators σ z, σ± are defined with
respect to the basis {|K ′, 1

2
+〉, |K ′,− 1

2
+〉}. The observable

A(β) = ⊗
l Fl(βl)

† · (2|vac〉〈vac| − 1) · ⊗
l′ Fl′(βl′) with the

displacements Fl(βl) = exp(βla
†
l − β∗

l al) allows for a joint
photon threshold measurement over all modes l = 1o, 1c, 2o,
and 2c, where |vac〉 denotes the vacuum state, in all modes, of
the radiation field.

As described in Appendix D, we have calculated numer-
ically the maximally achievable violation of the Bell-CHSH
inequality

|〈B〉| ≡ |〈�(ζ ) ⊗ A(β )〉 + 〈�(ζ ′) ⊗ A(β )〉
+ 〈�(ζ ) ⊗ A(β ′)〉 − 〈�(ζ ′) ⊗ A(β ′)〉| ≤ 2 (7)

by measurements on a system in the state | f〉 as a func-
tion of φ for different photon detection efficiencies η. The
primed parameters ζ ′, β ′ define an additional set of observ-
ables. To incorporate limited efficiency, each mode is atten-
uated by a beam splitter with transmissivity

√
η before ideal

detection.53, 54 The statistical error in the photoelectron po-
larization asymmetry measurements is not addressed at this
time.55 Significantly, as is evident from Fig. 3, Bell’s inequal-
ity can be violated to various degrees for all phases φ, where
φ = −φc − θ c = π /2 − θo, if η > 0.5. For φ = 0 and
η = 1, |〈B〉| can even reach the Tsirelson bound 2

√
2, the

maximum allowed by quantum mechanics.56, 57 For every φ,
the maximum violation is independent of the absolute field
amplitudes |αl|, since the parameters |βl| and |β ′

l | can always
be adapted accordingly. The optimized complex phases of the
β and β ′ vary piecewise continuously with φ,58 and they are
independent of |αl|. So too are the optimal choices for ζ and
ζ ′. Additional numerical experiments have shown that suc-
cessful Bell test violation does not critically depend on how
small d2 is; near to maximum violations can still be achieved
if |d2| is of the order of 1, see Appendix D.

We can now summarize as follows: The coherent con-
trol interferometer configurations, o and c, create experimen-
tal conditions under which a particle and a wave property,
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FIG. 3. Numerically optimized Bell-CHSH inequality test for | f〉 as a func-
tion of the phase φ. The Bell inequality can be violated as long as the de-
tection efficiency η is larger than 0.5. For ideal photodetectors (η = 1), the
violation can be saturated, |〈B〉| = 2

√
2 at φ = 0; the smallest violation is

2.044. Here, for simplicity, φ = −φc − θ c = π /2 − θo.

respectively, are displayed. In the specific scenario that starts
with the initial state |i〉 (above Eq. (6)), the coherent control
dynamics transform the initial GHZ entanglement between
the modes of the field into all-encompassing nonclassical EPR
correlations between spin and radiation. If a Bell violation
is found (for a range of different φ), then it is unknowable
whether the measured spin statistics are that of a wave or a
particle and thus whether control is possible or not. The out-
come is physically guaranteed to be random and the experi-
ment implements “quantum delayed-choice.”18–20, 59–62

III. DISCUSSION

It is advantageous to make explicit the difference be-
tween the traditional understanding of the quantum charac-
ter of coherent control and the view considered in this pa-
per. It is commonly agreed that, in the perturbative limit, the
properties of the driving fields and of the atomic or molecular
system independently contribute to the response.1, 6 In multi-
color laser-induced coherent control, for example, control via
phase sensitivity emerges solely from cross terms containing
products of the nω and mω driving field amplitudes. This ba-
sic mechanism is common to all classical and quantum de-
scriptions of weak-field (nω + mω) coherent control.1, 8, 23 It
has led research to be primarily concerned with the magni-
tude of the terms giving rise to phase dependence and, in view
of quantum-classical correspondence, whether this magnitude
depends crucially on quantum effects such as tunneling6 or
conservation of parity.8 In other words, the divide between
quantum and classical control has been defined in terms of
quantitative indicators only, indicators which require a com-
parison of classical and quantum model calculations as a
means of assessing the importance of quantum features.

By contrast, we focus here on a fundamentally qualitative
feature: the non-local character of the proposed light-matter
scenario. The resultant physics in the generalized coherent
control scenario described here rules out any local realistic
(classical) theory, because controllability is conditioned on
nonclassical correlations between matter and radiation. In the
experiment, this is ascertainable a posteriori by virtue of a
Bell-CHSH test. Introducing such a test has required, how-

ever, that we go beyond traditional coherent control scenar-
ios to introduce and examine a generalized scenario allowing
a Bell-CHSH test. Studies refocusing attention on traditional
coherent control scenarios are underway.
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APPENDIX A: SCATTERING MATRIX

We examine here the interaction between a single heavy
alkali atom and ionizing bichromatic radiation. As explained
in the main text atomic motion is not considered, because
the atom is assumed to be tightly trapped. Neglecting hyper-
fine structure, we specify the hydrogen-like electronic bound
states in the standard spectroscopic notation as |nlj, mj〉 with n
the principle quantum number and E(nlj) the energy. The con-
tinuum states are denoted either by |Elj, mj

+〉 with l the orbital
and j the total angular momentum or by |K ,ms

+〉, where K
refers to the electron’s asymptotic outgoing wavevector.32 In
the basis of bound and continuum states, the atomic Hamilto-
nian HA is diagonal. The bound and continuum solutions Rnlj,
RElj of the radial Schrödinger equation depend on both the or-
bital angular momentum l and the total angular momentum
j; mj denotes its projection onto the ẑ-axis in the laboratory
frame. Using Clebsch-Gordan coefficients, we write

〈x|nlj,mj 〉 =
∑
m

l
m

s

〈
lml,

1
2 m

s

∣∣jmj

〉
Rnlj (x) Ylm

l
(x̂) |ms〉,

(A1)

where ml is the orbital angular momentum’s projection on the
ẑ-axis and |ms〉 describes the electron’s spin projected onto the
same axis. An analogous expansion exists for the continuum
wave functions 〈x|Elj,mj

+〉. The quantized radiation field,
with canonical Hamiltonian HR, constitutes an auxiliary de-
gree of freedom R. We treat the light-matter interaction V

within the electric dipole approximation,

V = e
∑

kε̂

¯gk(i akε̂ x · ε̂ + h.c.), (A2)

where gk is the vacuum field strength and akε̂ the photon an-
nihilation operator with wave vector k = ωk k̂/c and polariza-
tion ε̂ ⊥ k. In the long-time limit, the change of the electron’s
spin can be described by a completely positive map that is
constructed from matrix elements

〈K ′,m′
s
+; m′kε̂|S|nS 1

2 ,m
j
;mkε̂〉 (A3)

of the scattering operator

S = 1 − 2π i
∫

dEδ(E − H0)T (E + i0)δ(E − H0), (A4)

where |mkε̂〉 is the m-photon number state of the mode
kε̂ and H0 = HA + HR the free Hamiltonian of atom and
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radiation. The transition operator T has a perturbative ex-
pansion T (z) = V + V G0(z) T (z) in powers of V and the
unperturbed resolvent G0(z) = (z − H0)−1.

APPENDIX B: TRANSITION AMPLITUDES

The relevant transition amplitudes are well known26, 27

and can be written in terms of first and second order angu-
lar, A1, A2, and radial, D1, D2, dipole matrix elements. For
completeness, we present their straightforward derivation.

Evaluating the scattering matrix element, Eq. (A3), to
first order gives the probability amplitude for the absorp-
tion of a single photon and ejecting an electron with asymp-
totic wavevector K ′: 1

¯
δ(ω − ω1) δm,m′+1

√
m t1(m′

s , mj ) with
ω = ck and

t1(m′
s , mj ) = 2π¯2gk√

meK
′
∑
m′

l

Y1m′
l
(K̂ ′)

∑
j ′m′

j

〈
1m′

l ,
1
2 m′

s

∣∣j ′m′
j

〉

×〈m′
j |A1

(
Pj ′, S 1

2 ;ε̂
)|mj 〉D1

(
E′Pj ′, nS 1

2

)
.

(B1)

The dipole selection rules dictate that t1 only connects to P
continuum states, l′ = 1 (see also Fig. 4). This finds expres-
sion in the angular dipole matrix element,

〈m′
j |A1

(
l′j ′, lj ; ε̂

)|mj 〉

=
√

2l + 1

2l′ + 1
〈l0, 10|l′0〉

∑
mlm

′
l

∑
q

εq 〈lml, 1q|l′m′
l〉

×
∑
m

s

〈
l′m′

l ,
1
2 m

s

∣∣j ′m′
j

〉 〈
lml,

1
2 m

s

∣∣jmj

〉
, (B2)

which vanishes unless l and l′ differ by one. More-
over, the projections εq = ε̂ · ê∗

q of the incident-field po-
larization onto the spherical basis vectors ê±1 = ∓(x̂ ± ŷ)/√

2, ê0 = ẑ determine the respective shares of σ -(�mj
= ±1) and π -transitions (�mj = 0) in the absorp-
tion amplitude. The radial integrals,36, 37 D1(E′l′j ′, nlj )
= e

∫ ∞
0 dx x3R∗

E′l′j ′ (x)Rnlj (x), etc., shall not be explicitly
calculated here and serve as empirical parameters. In the
same manner, we derive the two-photon transition ampli-
tude in second order perturbation theory. It can be written as

FIG. 4. Electric dipole selection rules between lj-states in one- and two-
photon absorption. These two processes are distinguishable by the final or-
bital angular momenta, in particular, the separation into states with even (S,
D) and those with odd parity (P).

1
2¯δ(ω − ω2)δm,m′+2

√
m(m − 1) t2(m′

s , mj ), where we de-
fined

t2(m′
s , mj )

= 2π i¯3g2
k√

meK
′
∑
l′m′

l

Yl′m′
l
(K̂ ′)

∑
j ′m′

j

〈
l′m′

l ,
1
2 m′

s

∣∣j ′m′
j

〉

×
∑
j ′′

〈m′
j |A2

(
l′j ′, Pj ′′, S 1

2 ;ε̂
)|mj 〉D2

(
E′l′j ′, Pj ′′, nS 1

2

)
,

(B3)

〈m′
j |A2(l′j ′, l′′j ′′, lj ; ε̂)|mj 〉
=

∑
m′′

j

〈m′
j |A1

(
l′j ′, l′′j ′′; ε̂

)|m′′
j 〉 〈m′′

j |A1

(
l′′j ′′, lj ; ε̂

)|mj 〉,

(B4)

and

D2

(
E′l′j ′, l′′j ′′, nlj

)

=
∑
n′′

D1

(
E′l′j ′, n′′l′′j ′′) D1

(
n′′l′′j ′′, nlj

)
E′ − E (n′′l′′j ′′) − ¯ck + i0

+
∫

dE′′ D1

(
E′l′j ′, E′′l′′j ′′)D1

(
E′′l′′j ′′, nlj

)
E′ − E′′ − ¯ck + i0

. (B5)

Inspection of the selection rules reveals that, for the two pho-
ton process, only partial waves with l′ = 0 or 2 contribute to
the final amplitude, cf. Fig. 4.

APPENDIX C: FINITE DETECTION EFFICIENCY

It can be expected that an inefficient measurement of the
electron spin polarization affects the Bell inequality viola-
tion in a qualitatively similar manner as an inefficient photon
threshold measurement. We therefore concern ourselves only
with the latter. A photodetector with limited photodetection
efficiency can be modelled as an ideal photodetector behind
an output port of an unbiased beam splitter. Let that beam
splitter have the transmissivity

√
η. The photodetection with

efficiency η is adequately described if we calculate the expec-
tation value of the CHSH-Bell operator B with respect to the
state

|f ′〉 = B1o(η)B2o(η)B1c(η)B2c(η)|f 〉, (C1)

where the beam splitter operator B1o couples the mode 1o to
the auxiliary mode 1o′,

B1o(η) = exp
[
arccos

√
η
(
a
†
1oa1o′ − a1oa

†
1o′

)]
. (C2)

The operators B2o, B1c, and B2c are defined analogously.

APPENDIX D: NUMERICAL OPTIMIZATION OF |〈B〉|
The Bell-CHSH observable B depends on a variety

of measurement settings. For a range of final states | f ′〉,
parametrized by the phase φ (and the detection efficiency η),
we want to find the settings for B that allow for the maximum
violation of the Bell-CHSH inequality (7).
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Introducing the phase φ (see the main text) is equivalent
to phase-locking the complex amplitudes α1o, α2o, α1c, and
α2c in the following way:

Arg α1o ≡ φ1o = −π

2
− κ1 + κ2o + 2φ2c, (D1a)

Arg α2o ≡ φ2o = 1

2
(−π − κ2o + κ2c + φ + 2φ2c), (D1b)

Arg α1c ≡ φ1c = −κ1 + κ2c − φ + 2φ2c. (D1c)

Here, we are free to set φ2c ≡ Arg α2c = 0, since the ex-
pectation value of the Bell-CHSH observable does not depend
on this particular phase.

For now, let us also assume that d2 = 0. We then have
Nf

c
= 1 and

〈f ′|� (
ζ
) ⊗ A

(
β

)|f ′〉 = N−2
f (〈fo|� (ζ )|fo〉〈

√
ηα1o,

√
ηα2o, 0, 0|A (β)|√ηα1o,

√
ηα2o, 0, 0〉

+ 〈fo|� (ζ )|fc〉〈
√

ηα1o,
√

ηα2o, 0, 0|A (β)|0, 0,
√

ηα1c,
√

ηα2c〉e−(1−η)‖α‖2/2

+〈fc|� (ζ )|fo〉〈0, 0,
√

ηα1c,
√

ηα2c|A (β)|√ηα1o,
√

ηα2o, 0, 0〉e−(1−η)‖α‖2/2

+〈fc|� (ζ )|fc〉〈0, 0,
√

ηα1c,
√

ηα2c|A (β)|0, 0,
√

ηα1c,
√

ηα2c〉) (D2)

with N2
f = 2 + 1√

2
[sin φ − cos φ − cos (2φ)] e−‖α‖2/2,

〈fo|� (ζ )|fo〉 = − sin (2|ζ |) sin (φ + Arg ζ ) , (D3a)

〈fo|� (ζ )|fc〉 = 1√
2

exp
[
−i

(π

4
+ φ

)] [
cos (2|ζ |)

(
i√
2

+ sin
(π

4
+ φ

))

+ sin (2|ζ |)
(
−i sin

(π

4
+ φ

)
+ sin

(π

4
+ φ + Arg ζ

))]
, (D3b)

〈fc|� (ζ )|fo〉 = 1√
2

exp
[
i
(π

4
+ φ

)] [
cos (2|ζ |)

(
− i√

2
+ sin

(π

4
+ φ

))

+ sin (2|ζ |)
(

i sin
(π

4
+ φ

)
+ sin

(π

4
+ φ + Arg ζ

))]
, (D3c)

〈fc|� (ζ )|fc〉 = − cos (2|ζ |) cos φ + sin (2|ζ |) sin (Arg ζ ) sin φ, (D3d)

and

〈α|A (β)|α′〉 = e−(‖α‖2+‖α′‖2)/2 (2e−‖β‖2−α∗·β−α′ ·β∗ − eα∗·α′
). (D3e)

From these expressions it becomes clear that the Bell-
CHSH expectation value 〈f ′|B|f ′〉 = 〈f ′|�(ζ ) ⊗ A(β )|f ′〉
+ 〈f ′|�(ζ ′) ⊗ A(β )|f ′〉 + 〈f ′|�(ζ ) ⊗ A(β ′)|f ′〉 −〈f ′|�(ζ ′)
⊗A(β ′)|f ′〉 does not depend on the material phases κ1,
κ2o, and κ2c, nor on the laser phases Arg αl—provided that
the phases of the local oscillator amplitudes β and β ′ are
measured in reference to Arg αl , i.e.,

βl = |βl|
αl

|αl|
ei�

l , β ′
l = |β ′

l |
αl

|αl|
ei�′

l , (D4)

where l = 1o, 2o, 1c, 2c.
At this point, the following optimization variables can be

identified: ζ , ζ ′, |β l|, �l, |β ′
l |, and �′

l . Fixed parameters are
φ, η, d2, and the absolute laser amplitudes |αl|. According to
the definitions (1) and (3) in the main text, the absolute am-
plitudes |αl| are functions of certain empirical radial integrals
D1 and D2, the values of which are not known at this point.
In order to proceed with the optimization, we sample positive

random values for

|α1o|
λ

,
|α2o|√

λ
,

|α1c|
λ

,
|α2c|√

λ
, (D5)

and add the numerical scaling factor λ to the set of optimiza-
tion variables. Globally optimal solutions have been acquired
numerically by means of the covariance matrix adaptation
evolution strategy (CMA-ES).63 The numerical optimizations
have been repeated for different samples of the absolute
amplitudes. This has shown that the maximum violation of
Ineq. (7) is independent of the particular random choice of the
parameters (D5). The results are depicted in Fig. 3 in the main
text. It is a plot of the maximally attainable value of |〈f ′|B| f ′〉|
as a function of φ and for different detection efficiencies η.

The optimal values for λ, |β l|, and |β ′
l |, l = 1o, 2o, 1c, 2c,

depend nontrivially on φ, η, and the parameters (D5). These
values will therefore not be explicitly discussed. In contrast,
the optimal values for ζ , ζ ′, �l, and �′

l depend only on φ
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and η and are piecewisely continuous in φ. Furthermore, the
phases �l, �′

l always fulfill

�1o = �2o, �1c = �2c, (D6a)

�′
1o = �′

2o, �′
1c = �′

2c. (D6b)

The case d2 �= 0 can be dealt with in a similar fash-
ion as the case d2 = 0 above. While we have not studied it
systematically, we have verified numerically that, for several
randomly chosen, non-perturbative complex values of d2, the
Bell-CHSH inequality can be violated to a substantial degree.
Qualitatively, the effect of d2 is to shift and distort the plot in
Fig. 3, such that the maximum violation no longer occurs for
φ = 0.
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