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Abstract
The utility of classical mechanics to compute the dynamics of decoherence
in continuous variable systems, as defined by the time dependence of the
system purity, is examined. Its accuracy, in the semiclassical domain, is
shown to depend on the nature of the coupling potentials and, less so, on the
initial conditions. For a large range of cases, agreement between quantum and
classical computations in small systems is shown to be excellent.

1. Introduction

Decoherence is the loss of coherence of a quantum system caused by ignoring (i.e., tracing
over) degrees of freedom to which the system is coupled and which are regarded as of no
interest. The latter is termed the bath, although it need not be larger than one degree of
freedom. This journal volume is dedicated to aspects of decoherence and its control. Here
we provide a contribution designed to explore the time evolution of decoherence (which we
term the ‘dynamics of decoherence’) and to display the utility of classical mechanics as a
simplifying tool to calculate it in continuous variable systems. It is motivated by interest in
quantum control [1] in molecular environments, normally condensed phases. Typically, such
situations are in the semiclassical, rather than fully quantal, regime.

For the past few decades, there has been considerable interest in understanding the nature
of decoherence, both due to its role in bridging quantum and classical mechanics [2] and in its
role as an obstacle in areas that exploit quantum coherence. The latter includes both quantum
information and computation [3], as well as quantum control of atomic and molecular processes
[1], where decoherence destroys the quantum coherence necessary for the processes of interest.
Consequently, the need to protect quantum systems from deleterious decoherence effects has
resulted in many approaches, several of which are discussed in that volume. Samples of earlier
work include proposals in quantum computation (e.g. [4, 5]) and quantum control (e.g. [6]),
and in selective suppression of decoherence via environmental engineering (e.g. [7–10]).
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In the areas mentioned above, it is important to characterize the nature of decoherence.
Despite significant work done on decoherence, particularly in studies of the emergence
of the classical behaviour in the quantum world [2], not much attention has been paid
to one interesting feature: the comparison between decoherence dynamics examined
quantum mechanically and classically. Our focus here is on quantitative quantum–classical
correspondence (QCC) in descriptions of decoherence dynamics, and upon the utility of
classical mechanics as a tool in computing decoherence dynamics in continuous variable
systems. Below, we use these two concepts interchangeably.

The idea of using classical dynamics to compute decoherence in such systems may seem
odd, since the latter is purported to be a purely quantum property. However, according to the
formal Liouville theory of QCC [11, 12], one can draw a strict analogy between quantum and
classical dynamics in Hilbert space. In parallel with the nonunitarity and decoherence seen
in the quantum reduced dynamics projected onto a smaller Hilbert subspace, we can expect
that the classical Liouville dynamics projected onto a smaller subspace should also display
the corresponding nonunitarity and classical decoherence. Using this motivation, Gong and
Brumer [13] considered a direct classical computation of quantum decoherence dynamics using
the purity [14] as the predominant measure [13, 15]. In particular, assuming that a contribution
of N independent harmonic bath to the system-bath coupling potential is

∑N
j=1 Cjqj where qj

is a position variable of j th bath mode, analytical studies applying a second-order perturbative
treatment showed the following : (i) excellent QCC in early-time decoherence dynamics exists
if the system–bath coupling depends only linearly or quadratically on the system coordinates.
This correspondence was found good for any initial state, regardless of h̄, and irrespective
of the system potential. (ii) Even in the case of highly nonlinear coupling, as long as the
initial reduced density matrix in the position representation decays fast enough with relative
distance of two positions, QCC would still be good. (iii) Otherwise, the correspondence can
be poor. Since the second-order perturbative treatment is most reliable at short times and for
weak decoherence (weak coupling strength), it is useful to examine this issue for longer times
and for stronger coupling. This study, an extension of the numerical work in [15], is carried
out below.

As a useful example we consider two interacting quartic oscillators, with the oscillator
of interest denoted the ‘system’, S1, and the other oscillator is the ‘bath’, denoted S2. We
demonstrate the dependence of QCC in the decoherence dynamics of S1 on initial states of
S1, coupling potentials, and initial energies of the system. Initial states of S1 discussed below
include a single well-localized Gaussian state and a superposed two-Gaussian state (cat
state). The coupling potential is chosen to be either biquadratic both in the coordinates
of S1 and S2, which leads to regular or chaotic dynamics depending on the coupling
strength, or more highly nonlinear coupling in the coordinate of S1. Also examined is
the effect of decreasing the initial system energies so as to approach the more quantum
regime.

Our results both considerably extend as well as support the predictions of the earlier
results [13, 15] on the QCC in the early time decoherence dynamics. Specifically, good QCC
in decoherence dynamics is found not only for short times but also for long times in the
following conditions: when the coupling is quadratic, when initial states are well localized,
and when the initial energy is in the semiclassical limit. Results can also be good for
initial delocalized cat states. Similarly, the perturbative result that highly nonlinear coupling
potentials should destroy QCC are also verified numerically. Further, specific quantum effects,
that become more evident at smaller h̄, are seen to reduce quantum–classical agreement to
short times, although the falloff rate of the decoherence is still well predicted classically for
the cases examined.
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This paper is organized as follows. Section 2 gives a general description for two interacting
subsystems and then introduces the classical analogue of the quantum purity as a quantum
decoherence measure. In section 3 several cases in the coupled-oscillator model systems are
introduced, and a detailed numerical approach is presented. Then, in section 4, quantum and
classical decoherence dynamics for these cases are investigated numerically by means of the
purity. Concluding remarks comprise section 5.

2. Formulation

Consider a continuous variable system composed of two interacting subsystems S1 and S2,
with the time-independent Hamiltonian:

H(Q,P, q, p) = HS(Q, P ) + HB(q, p) + VSB(Q, q). (1)

Here S1 is the system of interest (denoted by the subscript S) and S2 is the bath (denoted by
the subscript B). The Hamiltonians of S1 and S2 are given by HS(Q, P ) = P 2/2 + VS(Q),
HB(q, p) = p2/2 + VB(q) with (Q, P ) and (q, p) being pairs of dimensionless phase-space
conjugate variables. The potential VSB(Q, q) couples the two subsystems. The focus is on the
one degree of freedom for each subsystem, but it is straightforward to extend the discussion
to additional degrees of freedom.

The classical phase space distribution function and the quantum phase space distribution
function (here chosen as the Wigner function) are denoted by ρc(Q,P, q, p, t) and
ρq(Q,P, q, p, t), respectively. Their time evolution equations are given by

∂ρc

∂t
= {H, ρc}P , (2)

∂ρq

∂t
= {H, ρq}M, (3)

where {·}P and {·}M denote the classical Poisson bracket and the quantum Moyal bracket
[16, 11], respectively. Since one is often interested in only the dynamics of the subsystem S1,
we define, by tracing over S2, the classical and quantum reduced distribution functions as

ρ̃c(Q, P, t) ≡
∫

ρc dq dp, (4)

ρ̃q(Q, P, t) ≡
∫

ρq dq dp. (5)

The purity, ς , which measures the decoherence of the S1 system, or the entanglement of
S1 and S2 is

ςq(t) = 2πh̄

∫
ρ̃2

q(Q, P, t) dQ dP, (6)

where h̄ is Planck’s constant. The analogous classical purity ςc can then be defined as

ςc(t) ≡ 2πh̄

∫
ρ̃2

c(Q, P, t) dQ dP. (7)

In this paper the focus is on the time-dependent purity to examine quantum-classical
correspondence in decoherence dynamics. Another more detailed, albeit representation
dependent, measure of decoherence is the decay of off-diagonal reduced density matrix
elements. Further studies on the QCC in terms of the reduced density matrix element in
the position and energy representations are provided in [17].
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3. Model and calculation method

3.1. Potentials

To examine QCC and the utility of classical computations of decoherence, we consider
coupled-oscillator model systems. Here VS(Q) and VB(q) are chosen not to have simple
harmonic terms, so that any observed agreement between classical and quantum behaviour
cannot be ascribed to the similarity between classical and quantum harmonic oscillator
dynamics. In particular, they are given by

VS(Q) = βQ4/4, (8)

VB(q) = βq4/4 (9)

with β = 0.01. Further, two different types of nonlinear coupling potentials are considered.
One is quadratic in both Q and q, i.e., VSB = αQ2q2/2. The resultant coupled oscillator
is the well-known quartic oscillator model [18] whose dynamics can be strongly chaotic or
integrable depending on the value of α. Specifically, two cases are examined, α = 1.0 in the
chaotic domain and α = 0.03 in the integrable regime. The other potential used is a model
highly nonlinear coupling case with VSB = sin2(10Q)q2.

3.2. Initial states: localized states and delocalized states

To compare decoherence dynamics using quantum and classical dynamics, we choose the
initial quantum and classical distributions to be identical. This is the case even when the initial
Wigner distribution has negative components, as discussed below.

In order to focus on decoherence produced during the interaction of the two subsystems,
we choose an initial state that is a separable product of a system and a bath ρ is used. The
same initial distribution is used for subsequent classical or quantum propagation, as described
below. For simplicity we focus on how the initial states of S1, rather than those of S2,
influence decoherence dynamics. In particular, we choose a well-localized single Gaussian
state for the initial condition of S2, but vary the degree of localization of the initial state of S1.
Specifically, the two different kinds of initial conditions of S1 are examined, a well-localized
single Gaussian, and a two well-separated Gaussians, a cat state. Wavefunctions for the case
of an initial state that is a single Gaussian in both S1 and S2 are given by

ψ0
S(Q) = ψG

(Q0,P0)
(10)

≡
(

1

2πσ 2
Q

)1/4

exp

[
− (Q − Q0)

2

4σ 2
Q

+
iP0Q

h̄

]
, (11)

ψ0
B(q) =

(
1

2πσ 2
q

)1/4

exp

[
− (q − q0)

2

4σ 2
q

+
ip0q

h̄

]
. (12)

Here ψG
(Q0,P0)

denotes a Gaussian wavepacket centred at Q0 with a width δQ, moving with an
initial momentum P0. The initial total wavefunction ψ0(Q, q) is then given by

ψ0(Q, q) = ψ0
S(Q)ψ0

B(q). (13)

The corresponding initial density distribution functions for the two subsystems are obtained
as a Wigner transform of |ψ0〉ψ0:
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ρ̃0
S(Q, P ) = ρG

(Q0,P0)
(Q, P ) (14)

= 1

πh̄
exp

[
− (Q − Q0)

2

2σ 2
Q

− 2σ 2
Q(P − P0)

2

h̄2

]
, (15)

ρ̃0
B(q, p) = 1

πh̄
exp

[
− (q − q0)

2

2σ 2
q

− 2σ 2
q (p − p0)

2

h̄2

]
, (16)

ρ̃0(Q, P, q, p) = ρ̃0
S(Q, P )ρ̃0

B(q, p). (17)

Note that this initial distribution is positive everywhere, and is hence classical. However, its
subsequent quantum evolution does not remain classical, introducing negative components in
the Wigner distribution.

To investigate the effects of nonclassicality of the initial state, an initially superposed state
of two Gaussian wavepackets for S1, is also considered. This is given by

ψ0
S(Q) = N

[
ψG

(Q0,P0)
(Q) + ψG

(0,0)(Q)
]
, (18)

with a normalization constant N, and a single Gaussian, for the initial wavefunction of S2,
given by equation (12). Note that here the initial S1 state is composed of two Gaussians,
one centred at (Q0, P0) and the other centred at (0, 0). The corresponding initial density
distribution function of S1 is then

ρ̃0
S(Q, P ) = N2

[
ρG

(Q0,P0)
(Q, P ) + ρG

(0,0)(Q, P ) + 2ρINT(Q, P )
]
, (19)

where

ρINT(Q, P ) = exp

[
− 1

2σ 2
Q

(Q − Q0/2)2 − 2σ 2
Q

h̄2 (P − P0/2)2

]

× cos

[
−P0Q

h̄
− Q0P

h̄
− P0Q0

2h̄

]
. (20)

Thus, the initial density distribution for S1 consists of three contributions, two of which
correspond to the separate packets, and a third that is an interference term which takes
on positive and negative values. Note that now this initial distribution as the total initial
distribution in equation (17) is not positive everywhere, and is hence nonclassical. Classical
propagation of such nonclassical distributions is discussed below.

We choose the dimensionless effective Planck constant as h̄ = 0.005 throughout,
consistent with our interest in the semiclassical regime. For S1, σQ = σP = √

h̄/2. For
S2, σq = σp = √

h̄/2. For the first quartic oscillator system Q0 = 0.4, P0 = 0.5, q0 = 0.6,
with p0 chosen so as to make the energy equal to 0.24. For the second highly nonlinear system,
Q0 = 0, P0 = 0.5, q0 = 0 with energy 0.24.

Finally, the effect of decreasing the initial energy of the system on the QCC in the quartic
oscillator system is studied using Q0 = 0.4/

√
r, P0 = 0.5/

√
r and q0 = 0.6/

√
r , with p0

determined by fixing the energy at 0.24/r , with a scaling factor r varying from 1, to 50,
to 200.

3.3. Numerical methods

This subsection provides the numerical details related to obtaining the purity in the quantum
and classical cases. For the quantum system, the total wavefunction, ψ(Q, q, t) evolves under
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the Schrödinger equation using the fast Fourier transform and split-operator method [19], and
ρ̃q(Q1,Q2, t) is obtained as

ρ̃q(Q1,Q2, t) =
∫

dq ψ(Q1, q, t)ψ∗(Q2, q, t). (21)

The purity is then given by

ςq(t) =
∫

〈Q1| ˆ̃ρ
2|Q1〉 dQ1

=
∫

〈Q1| ˆ̃ρ|Q2〉〈Q2| ˆ̃ρ|Q1〉 dQ1 dQ2

=
∫

|ρ̃q(Q1,Q2, t)|2 dQ1 dQ2. (22)

Consider now the case of classical propagation. Here the classical trajectories evolve
via Hamilton’s equations from initial sets of (Q, P, q, p) that are distributed according to the
initial quantum Wigner function, by combining the Monte Carlo sampling from the initial
distribution and fourth-order Runge–Kutta integration. At the particular time t of interest,
ρ̃c(Q, P, t) is obtained by simply counting the number of trajectories inside a bin located at Q
to Q + 
Q,P to P + 
P and ignoring (q, p). Purity is then computed via equation (7). Note
two numerical features. First, an enormous gain in numerical efficiency can be obtained by
ignoring the (q, p) variables in the construction of ρ̃c(Q, P, t). This is equivalent to tracing
over the q, p variables. Second, in cases where the initial ρc(Q,P, q, p; t) is initiated as the
Wigner representation of a non-classical state, there are values of Q,P, q, p for which the
ρc(Q,P, q, p; 0) are negative. These are dealt with by weighting the propagated trajectory at
time t by the associated negative weight.

4. Results

This section presents computational results for quantum and classical decoherence dynamics
in terms of the purity for a system of two quartic oscillators subjected to two different types
of coupling potentials with various initial conditions for the subsystem S1.

It is noteworthy that there are two aspects of studying quantum decoherence dynamics of
interest. One is comparing quantum decoherence dynamics with its classical counterpart to
examine QCC in decoherence dynamics and to understand the utility of classical computations,
which was the original motivation for this study. The other is examining quantum decoherence
dynamics in itself; for example, determining the quantum decoherence time after which
quantum coherence is lost, and investigating how the decoherence rate depends on the nature of
the coupling potentials and the initial conditions. Early studies of the decoherence in a system
coupled to an environment with many degrees of freedom showed that the decoherence rate
tends to be determined by the system dynamics itself [20] after the initial onset of decoherence
which is dependent on the strength and nature of the coupling with the environment [21] and
on the form of the initial state [22, 23]. Since our bath has only one degree of freedom, direct
comparisons may not be possible but some similar relevant characteristics may be found.

4.1. Initially localized states

4.1.1. VSB(Q, q) = αq2q2/2. Consider first the quartic oscillator model with localized initial
Gaussian states, for both integrable and chaotic cases. Preliminary comparisons of quantum
and classical linear entropies for these cases were studied in [15], and showed excellent
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Figure 1. Comparison between ςq(t) (solid line) and ςc(t) (discrete filled circular points) for the
quartic oscillator model in the case of integrable dynamics (α = 0.03). σQ = σP = √

h̄/2, Q0 =
0.4, P0 = 0.5, q0=0.6 with initial state energy of 0.24. All variables are in dimensionless units.

Figure 2. As in figure 1 but for strongly chaotic dynamics (α = 1.0).

agreement. To obtain the accurate classical results of Tr1( ˆ̃ρ
2
), that paper integrated the

product of two initial states, ρc(Q,P, q, p, 0)ρc(Q′′, P ′′, q ′′, p′′, 0), where (Q′′, P ′′, q ′′, p′′)
is the phase-space location of the trajectory at t = 0 if the classical trajectory is propagated
backwards from (Q(t), P (t), q ′, p′), and (Q(t), P (t), q(t), p(t)) is the phase-space location
of the trajectory from (Q, P, q, p) at t = 0 (for details, see equation (27) in [15]). The method
used here, and described above, is far more efficient.

Figure 1 shows the quantum and classical purities for the integrable case. The purities
ςq(t) and ςc(t) are in excellent agreement with one another over the entire time, and
relax towards zero through large-amplitude oscillations. The observed oscillatory behaviour
indicates that S1 recovers coherence in some periodic way. To clarify the possible relation
between the periodic motion of the purity and that of the S1, we calculated the expectation
value of Q (denoted as 〈Q〉) and the variance of Q (denoted as 〈
Q2〉(≡ 〈Q2〉 − 〈Q〉2)) and
found that the period of the purity is roughly half of the period of the S1 oscillation (not shown
here). More interestingly, the local maxima (minima) in the purity occur when the 〈
Q2〉 has
local maxima (minima). This observation is consistent with that in [24] which shows strong
correlation between maxima (minima) of the linear entropy and the smallest (largest) distance
from the classical phase-space border in the N-atom Jaynes–Cummings model.

For the chaotic case, figure 2 shows the purities versus time. (Note that the chaoticity
in our system is brought about by the strong coupling between the two subsystems. Thus, it
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Figure 3. A comparison between ςq(t) (solid line) and ςc(t) (points) for the highly nonlinear
coupling potential case VSB(Q, q) = sin2(10Q)q2 with σQ = σP = √

h̄/2. All variables are in
dimensionless units.

is different from [23, 25] where a classically chaotic system coupled to the environment is
shown to decohere faster than the corresponding integrable system.) Figure 2 demonstrates
that even for the chaotic case, quantum and classical purities are in excellent agreement. For
the chaotic case the purity shows not only a faster decay at early times but also a much faster
relaxation towards a plateau with smaller-amplitude oscillations at long times, than does the
integrable case (figure 1). This larger coupling strength in the chaotic case leads to a more
rapid diagonalization of the reduced density matrix when compared to the integrable case
(not shown here, see [17]). This is consistent with an observation in [26] that the case of
larger coupling between two subsystems results in more rapidly diagonalized reduced density
matrices. Good QCC observed in decoherence dynamics for the above system in the integrable
and chaotic cases indicates that decoherence originates largely in the classical correlations of
two subsystems that is produced during the dynamical evolution, and seems not to be associated
strongly with intrinsic quantum effects such as interference [27, 28].

4.1.2. VSB(Q, q) = sin2(10Q)q2. Consider now VSB(Q, q) = sin2(10Q)q2 as an example
of a highly nonlinear potential in Q, which is expected [15] to show poor agreement
between quantum and classical decoherence dynamics. For this coupling potential, Gong
and Brumer suggested, from their early-time perturbation result in [15], that there can
be a substantial classical entropy production with negligible quantum decoherence, and
confirmed their prediction numerically for a strongly squeezed wavepacket of S1 in P with
σQ/25 = 25σP = √

h̄/2 at early times up to t = 4. Here we examine the case with
σQ = σP = √

h̄/2, i.e., the same uncertainty in both position and momentum. The quantum
and the classical purities versus time are presented up to t = 30 in figure 3.

Additional studies indicated that the more delocalized the initial wavepacket, the poorer
the quantum–classical correspondence, especially at early times. Careful comparisons suggest
that the larger discrepancy between the quantum and classical purities with increasing degree
of initial delocalization arises from the fact that the classical purity decays much faster at initial
times for larger σQ, whereas the quantum counterpart is relatively insensitive to changes in
the extent of delocalization. Thus, an initially highly localized wavepacket is expected to
improve the agreement between quantum and classical decoherence dynamics even for this
highly nonlinear coupling potential. Moreover, although Gong and Brumer argued that poor
QCC at early times suggests similar behaviour at later times, this may not always be the case.
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Figure 4. A comparison between ςq(t) (solid line) and ςc(t) (points) for an initial coherent and
symmetrical superposition of two Gaussians which are well separated at (0.4, 0.5) and (0, 0) in
phase space (Q, P ) with width σQ = σP = √

h̄/2 for the quartic oscillator model in the case of
integrable dynamics (α = 0.03). All variables are in dimensionless units.

Figure 3 shows that after a substantial decay of purity, QCC in terms of purity seems to be
recovered at t = 17. By this time, however, the absolute magnitude of the purity becomes
quite small, suggesting the need for alternative comparative measures. In fact, other studies
do indicate that, as time increases, both the quantum and classical reduced density matrices
become quite diagonally dominant but with significant differences along the on-diagonal axis
(not shown here, see [17]).

4.2. Initially superposed states

Consider now the case of two initially well-separated Gaussian state in S1, namely, a
Schrödinger ‘cat’ state, given by equation (18), using the quartic oscillator model with
α = 0.03. Note that the use of an initially cat state introduces nonclassical nature to the
initial state of S1, and thus this may lead to breakdown of the QCC that existed for an initially
single Gaussian state, as seen in figure 1. Nonetheless, figure 4 shows excellent agreement
between quantum and classical purities. Note that all initially superposed states need not
produce good QCC in decoherence dynamics. Further studies, reported in [17], show that
there can be significant differences in the QCC depending on the symmetry of the initially two
separated Gaussians. In particular, when the system is initially symmetric in both the position
and momentum coordinate, that is, the two Gaussian wavepackets are centred at (Q0, P0)

and (−Q0,−P0) in phase space (Q, P ), the QCC in decoherence dynamics is poor. This is
attributed to a parity conservation property which exists only in quantum dynamics [17].

4.3. Energy variations

The results above are in the semiclassical energy regime. Here we consider smaller initial
energies to expose classical–quantum differences as the more quantum regime is accessed.
Figure 5 shows results for the quartic oscillator model in the integrable (α = 0.03) and chaotic
(α = 1.0) cases for three different energies. For simplicity, the initial condition is limited to
the localized single Gaussian state with σQ = σP = √

h̄/2. A number of features are evident.
Note first aspects of the quantum results, independent of a classical comparison. (Care must be
taken in making a comparison between different quantum cases since each of the cases shown
corresponds to a state with different energy, but also with different Q0, P0, q0, p0. However,
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Figure 5. Effects of different initial energies on quantum–classical correspondence are shown by
comparisons of ςq(t) (solid line) and ςc(t) (points); the top panel (bottom) corresponds to the
quartic oscillator model in the case of integrable (chaotic) dynamics with α = 0.03 (α = 1.0).
For all cases, σQ = σP = √

h̄/2. Q0 = 0.4/
√

r , P0 = 0.5/
√

r, q0 = 0.6/
√

r and p0 is chosen
so that the state energy is 0.24/r; (a) r = 1, (b) r = 50 and (c) r = 200. All variables are in
dimensionless units.

there are a number of interesting features.) First, the asymptotic value of the purity, which
reflects 1/(the number of orthogonal states available to S1) increases with decreasing energy
in both the chaotic case (lower panel), and in the integrable case (top panel), as expected.
Surprisingly, however, the two lower energy states in the chaotic case show a minimum with
no classical analogue, in the purity versus time at around t = 10. Further, the different states
studied show longer initial regions of flat behaviour as the energy decreases. However, it
is difficult to state, without further study, whether the latter feature is a characteristic that is
solely dependent upon the state energy or whether it depends upon other attributes of the initial
states.

Consider now the utility of the classical computation of the decoherence dynamics as a
function of energy. First note that at short times agreement between the quantum and classical
purities is excellent for all cases examined, irrespective of the magnitude of initial energies
[13, 15]. Indeed, in all cases the classical mechanics adequately predicts the decay rates of
the decoherence and, in the integrable case, the agreement is almost perfect at longer times
as well. For sufficiently low energies, however, it would appear that this degree of agreement
would diminish [27]. Second, as time increases, agreement between the quantum and classical
purities worsens with decreasing energy, with the discrepancies becoming far more significant
in the chaotic case (figure 5). This long time discrepancy is due to the number of available
states at that energy. For example, numerical results show that the number of the quantum
energy eigenstates available to S1 is only 5 for case (c), while no such restriction applies in the
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classical case. Hence the long time classical purity is seen to be a lower bound to the quantum
purity. Further work is necessary to establish an a priori measure of the time scale over which
the classical dynamics is expected to be a good approximation as a function of energy.

5. Conclusion

This paper has numerically demonstrated the utility of classical computations of quantum
decoherence over all times for cases which were analytically predicted [13] to have
good classical–quantum correspondence for decoherence over short times. Similarly,
cases where perturbation theory predicted poor correspondence indeed showed significantly
different quantum and classical behaviour. Studies of representation-dependent measures of
decoherence such as the density in the coordinate and energy representation, to be reported
elsewhere [17], also support these conclusions. Naturally, the numerical results are limited in
scope, but nonetheless are encouraging as to the utility of classical computational methods for
computing decoherence dynamics in the semiclassical regime. It also brings up the important
issue of designing measures that truly distinguish between the decoherence and associated
entanglement that exist in quantum mechanics, and the classical correlations that seem to
often well mimic this dynamics as exposed using the purity measure.

There are various ways in which this work can be extended. One important direction
would be to examine systems with large numbers of degrees of freedom, noting that our
classical numerical method is much easier to extend to larger systems than are previous [15]
approaches. Work in this direction is now in progress [29].
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