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The classical limit of the Wigner—Weyl representation is used to approximate products of
bound-continuum matrix elements that are fundamental to many coherent control computations. The
range of utility of the method is quantified through an examination of model problems,
single-channel Nadissociation and multiarrangement channel photodissociation ofBEHVery

good agreement with the exact quantum results is found for a wide range of system parameters.
© 2003 American Institute of Physic§DOI: 10.1063/1.1590962

I. INTRODUCTION the guise of the linearized approximation to the initial value

Recent experimental and theoretical developments sh0\5\5e presentatioH with varying degrees of success.
P P This paper is organized as follows: The classical limit of

that coherent control, i.e., the control of atomic and molecus, Wigner phase space method is described in Sec. Il. Ap-
lar dynamics via quantum interference, can be successfull

aoplied to a wide variety of svsterhsHowever. available Elications of the method to simple systems involving one
P y Y ' ' rrangement channel are described in Sec. Ill. Specifically,

qEgtncfzirgsgnc?;rt]i%isol;n;L;;Tler%rcnelzziillesstu?ﬁ: ;c;(tzzitifr:lr;? tﬁgia/e consider Franck—Condon transitions for the model case
P ’ of excitations from a harmonic oscillator potential to a linear

on new developments in quantum or semiclassical techE-SOtential and to transitions on realistic Npotential energy
urfaces. Section IV discusses applications to collinear pho-

niques. Primary amongst these is the application of the |n|t|af0 issociation of CHIBr, where the transitions probabilities

bisewinerd However, he ulimate utity of such techriques &6 COMplex because the relevant operatars are no longer
. ' ' . Hermitian. Section V provides a summary of results.
requires the development of numerical tools to speed conver-
gence of the initial value integrals with highly oscillatory
integrands.
In this paper we consider an approach to computing in/l- METHOD
terference contributions in coherent control in which such |, various coherent control scenaritsg., bichromatic

oscillations do not occur. Specifically, we focus attention on.gnirol2 or coherent control via pulse sequencigontrol

using the classical limit of Wigner phase space metGds, is gictated(here written for the case of nonrotating diatom-
where the desired transition matrix elements products arg. by interference terms of the form

written in the Wigner—Weyl representation and the quantum

expressions are replaced by their classical counterparts. This ) =\ _ - -

approach has been applied in the past to a number of simpler (E)_; (Ekrugn)(mlu|E k™)
problem§’ where transitions from one initial bound state

were considered, e.g., from a single vibrational Statérom = (Bt o)l Enkor ). (1)
a Gaussian stafe) In these cases only absolute values ko M

squared of matrix elements were sought. By contrast, in thiﬁerel)(,):mi“), j=n, mand u; is the electronic transi-

paper we use a restflton the classical limit of the nonsta- dipole moment between the upper and lower electronic
tionary Liouville eigenstates to obtain the classical limit of states. The state§§) of energyE;, are bound vibrational
the desired product of transition dipole matrix elements, &tates on the lower potential er#e,zrgy surface, Had,r)
quantity which, in general, includes phase information. For, ’ ’

. are continuum nuclear eigenstates of endtgyn an excited
example, we demonstrate that the method gives good resu'é?ectronic surface, corresponding to product in charmel
for complex valued matrix elements that arise in the multi-

X e with quantum numberk. Terms like those in Eq(l) arise
arrangement photodissociation of @Br to CH,I+Br or  \yhan one calculates the probabilB(E) of transition from
CH,Br+1. The method has also been previously applied ing coherently prepared bound superposition state

dAuthor to whom correspondence should be addressed. Electronic mail: |¢>:2 Ci|i>, (2
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to the final continuum states at enerfyn arrangement.*>  Ill. SINGLE PRODUCT ARRANGEMENT CHANNEL
That is, these terms correspond to the interference terms in ) )
computing the probability P(E) =S |(E,k,r ~| wri] #)]2. In the case where there is only a single product arrange-

Since coherent control relies upon quantum interference tg'€nt channel, Eq10) becomes
obtain control over molecular outcomes, the evaluation of 2 .
’ E)=u5Tr{S(E—H
terms like those in Eq(1) are vital to computational control onm(B) = i T o Jwenml
studies. Iy -
In the simplest case, wham=m and only one product = #ii | dpdas(E—H)wpnm(P.q)- (1)
arrangement channel is open, Ef) is proportional to the

photodissociation probability for the transition from an initial Here
bound staten) at energyE,, to the continuum of final states prm(P.)=[|n){mM|Tw
at energye ' .
=—f dv exp(2i p-v/#){(q—Vv|n)(m|q+vy),
T (E)=2 [(E k| pglm)2 3 mh
‘ (12
To utilize Eq.(1) we rewrite it as so thato, o(E) appears as the overlap of two phase space
densities, one corresponding to the density on the lower sur-
Ug}n(E):Tr Ek: |E,K,r WE K, | (Ixmdxal) |, (4) face [pym(p,g)] and one to the continuum density

5(E—I:|)W on the upper excited surface. Neither of these
where  “Tr” denotes the trace. The term densities need be classical since they can be negative or com-
S Ek,r “)E,K,r~| can then be written as plex. _ , - ,
The classical Wigner approximation g, n(E) is ob-
tained by taking the classical limit—0) of Eq. (11), where

the classical limit ofS(E—H),y arises by either expanding
A . the density of states in powers®for by using the statistical
whereR; projects onto product arrangemenandH is the  gperatof-® P=exp(—gH), 8= 1/ T, or via an exponentiated
Hamiltonian of the excited electronic stafeWhen summed expansiorts or by expanding’(E— H),, around the iden-

overr (or when there is only one product arrangement chan:. N . S ~ g
. . - . tity operatorl times the classical Hamiltonia Q) - 1.
nel) this equation reduces to the familiar expression y op ¥ (p,q)

The lowest order term in this expansion46E—H(p,q)),
whereH(p,q) is the classical Hamiltonian associated with

; |E,k,r "WE,k,r |=R,8(E-H), (5

kE |E.k,r " )Ek,r [=8(E—H). (6)  the upper potential energy surfab¥q). For a particle of
i reduced masg in one dimension, which we focus on in this
Using Eq.(5), Eqg. (4) can then be rewritten as section
A ~ 2
T (E) =TI R S(E—H)1(| xm){xnD)]- @) H(p,q)= ;—M+V(q), (13

The Wigner transfom®y, of any operato© is defined g4 4t the lowest order classical Wigner phase space method

as’ approximation too,, (E) [denotedor, . (E)] is
1 (+= . o
Oupa=—; | dve™q-viOla+y),  ® 75 BV =, | APAGSE—H(P.0)0E (D). (19
wherep is the momentum conjugate to coordingteTaking — 2 [ dpg o(q—q(p,E))
the Wigner transform of Eq.(7) and using TrAB) = M q oV Pn.m(P.0)
=Tr(AwBw) gives (%)
A A a=q(p.E)
it m(E)=Tr{[R 8(E = H) lwp ml, 9 [ Pon(A(PE).D)
=usi | dp—7———, 15
where p¥ (p,a@)=[|xn){xmllw is the Wigner transform of 'uf'f PTav 19
[xn){xml- Neglecting the coordinate dependencegf in aq G—a(pE)

accord with the Franck—Condon approximation gives
where E—p?/2u—V(q(p,E))=0, and wherepﬁ’m(p,q) is
o) (E)=puZ TR S(E—H)Iwpn.ml, (10)  the classical limit ofp, .
The form of p;; ,, depends on whether the system is in-

wherepn m= pn,m(P.d) =[|n){m|]w . Equation(10) is exact.  tegrable or nonintegrabl8 For integrable systenf&qs.(17)
In Sec. Il of this paper we consider applications of approxi-ang (18), and Ref. 10

mations to Eq(10) to cases with a single product arrange-
ment channel. Section IV considers the case of multiple

1 —
c ____ _ : _
chemical pI’OdUCtS. pn,m_zﬂ_é(l(p!q) In,m)equ(n m) 0(pr)]y (16)
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where [I1(p,q),0(p,q)] are action-angle variablesl, N
=(I,+1,,)/2, andl, is the semiclassical action associated Un,m(E)ZZWf dpdas(E—H)wpnm(p.9)
with state|n) [i.e., |,=(n+ y)#%, wherey is the Maslov in- s
dex]. A similar analytic expression is not possible for chaotic _ 27Tf dpdc{ﬁ—)
systems? B

In the cases studied below we focus on transitions from

ir 1/3 _
low lying vibrational states of diatomics. In this case we can XAIL= (A= a(p.E)) e m(P.a),

approximate the potential by an harmonic oscillator of fre- (21)
quency and approximater, »(p.d) by the harmonic case. where Ai is the Airy function.
However, in the harmonic case the classigg@l,(p,q) can By contrast, the classical res{iq. (15)] for this model

be chosen as equal i, (p,q) for the quantum harmonic g

oscillator'® Substituting expressions for the harmonic oscil- 5

p
lator states o'g'm(E)Zf dpdq&(E—ZJr,Bq—Eo Prm(P.Q)

1/4
nw mw
—_ | = 2Mn1 —1/2H ~ 1
=[5z = | dpdesia-a.Enpnpal
powg? 1
X —
ex”( 25 ) 0 — | avpsapaeen, 22
into the Wigner transform of Eq12), we obtain whereq(p,E)=(Eq—E)/B+ p?/2up.
In Fig. 1 we compare the exact quantum and classical
Pr.m(P: @)= pn.m(P,q) Wigner results for the highly quantum case pf=m,

=1 a.u., wheram, is the mass of electron. Note that, ,,
n#m is real for the one-dimensional case with ré&&lq)
since the integral over the imaginary part is odd in the mo-
mentum variable. In Figs.(&—-1(b), oy, , for n=m=0 and

2"m!
ni2m

(-
- ah

1/2 1 (n—m)/2
(ﬁ,uw>

x[ip—qu]”‘mex;{ — 2I(p,q)) n=m=4 are shown as functions of energy E, for pa-
h rameters given in Ref. =6 a.u.,w=2 a.u. Our results for
41(p,q) n=0 agree very well with those in Ref. 6, and with the
ng‘m[ at (189 =m=1 results forB=6 a.u.,o=1 a.u.(not shown. How-

ever, as is evident from Fig. 1, the accuracy of the classical

wheren=m, L is the generalized Laguerre polynomial, and ngner approximation deteriorates extremely rapidly with

. ) . . . increasingn; results are very poor even for=4. The same
the classical actiom(p,q) for the harmonic oscillator is s -
behavior is observed for cases wherg m, shown in Figs.

1(c)—1(d) for (n=1m=0) and i=5m=4). This is be-
+qu2)_ (19 cause for smalh, p, , is smooth and broad, and the transi-
tion integral averages over many of Airy function oscilla-
tions. By contrast, for large, p, , is highly oscillatory and
the initial state probes fine details of the Airy functions
(—1)" 2H(p.q) 4H(p.q) which are e_lbsent in the cla}ssica! approximation. As is evi-
po (D)= exp( _<np.q ) Ln( P.9 ) _ dent from Fig. 1b), the classical Wigner results far=m are
' wh ho ho negative at some points. This is impossible physically and
(200 indicative of errors in the approximation. In time: m case,
where negative values are possifffégs. 1c)—1(d)], the po-
IV. RESULTS: SINGLE ARRANGEMENT CHANNEL sitions of maxima in the semiclassical approximations are
shifted to lower energies, a feature previously explained for
then=m case>®
We first test the utility of this approximation on a simple ~ Results presented in Fig. 1 were obtained ge¢1 a.u.
standard model: excitation from an harmonic oscillator initialwhich is a highly nonclassical system. The dependence of the
state potential to a linear, repulsive excited state potentigtlassical-quantum agreement on the oscillator frequency
V(q)=— Bq+E,, with E, arbitrary andg>0. This model and on the reduced magsare explored, for two cases with
was previously examined far=m=0 in Ref. 6, and can be m=n, in Fig. 2. Agreement is seen to improve dramatically
used to approximate transitions to an arbitrary potenti@ if aso decreases and somewhataslecreases. The latter re-
is taken as the slope of the upper potential energy surface &tilt is surprising, motivating the analysis described below.
the peak of the initial staten=m=0) wave function. For
simplicity, we set theu; to unity. S(E—H)y is knowrf for
the linear excited state potential, so that the exqGt(E) is The validity of the classical Wigner approximation for
given by cases wherem=m and for the excited state linear potential

2

H(p, 1
(p.q)= (zq)_z( p

Ho

For the case oh=m, Eqg. (18) takes the well-known form

A. Model potentials

1. Characteristic s , factor
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has been examined in Ref. 8. There, the utility of the Wigner 1

ot o ; (V4= —pzmpe (9%
phase space approximation for an initial Gaussian wave (4I¥g) = T 12
function was shown to depend upon two parameteasidA
A | p2 0\ 13 Specifically, Eckhardt and co-work&rkave shown that the
-, == , (23 smaller thes, the more accurate the classical approximation,
A 2uB . , ;

consistent with the fact that smallermeans more Airy 0s-

where\ sets the scale for the width of the excited state wavetillations over the widthA. However, the parametes; as
function’s oscillations near the turning poitither oscilla- defined in Eq.(23), is not as useful in our case since we
tions have shorter wavelengthand A is the width of the consider assorted ground state vibrational wave functions,

v, (24)

S:

initial Gaussian ground state: and not just simple Gaussians. Specificadlyyas unable to
n=4, m=4 n=4, m=4
0.12 L L L 020 L L 1
(a) (®)
0.10 + )

0.08 -
0.08

0.02

o(E), arb. units
o
g
A

0.00

~0.02 -
FIG. 2. Comparison between the clas-

sical Wigner (solid line and exact
quantum (dashed ling results for
onm(E—Ep) (n=m=4) for fixed
pn=1a.u.:(a) @=2.0; (b) ®=0.2; and
for fixed =2 a.u.: (c) u=1.0; (d)
©=100.0.

-0.04
-1

.14

12

.10 A

.08 1

.08

o(E), arb. units

04 1

0z
024 L i

.00 T 0.0 T

a.u.




3610 J. Chem. Phys., Vol. 119, No. 7, 15 August 2003 McQuarrie, Abrashkevich, and Brumer

predict the correct dependence of the classical-quanturwidth on the excited state divided by a width on the ground
agreement o or w. This is because for any oscillator, the state. To obtairs, ,, we make the following observationd:)
width of the vibrational staté\ depends on botl and w,  the widthl,,=2y2(m+ 1/2)4/ uw of the producte,¢,, can
whereas Eq(23) only allows for a dependence qnvia \. be defined by the width of the narrower of the two states
To generalize thes expression to higher vibrational with m<n, where ¢, is given by Eq.(17), since ¢,,—0
states, for cases witthh=n, we compare the known expres- outside that interval and2) the total number of relevant
sion for thev =0 vibrational level nodes of the produap,¢,, isn’+m’, wheren’ andm’ are
1/4 2 the number of zeroes of theth and mth states within the
a —a(q—0p) WM ; O ;
y= <_) eXpT’ a=—, (25) |nteryallm. Further, the qua_rmtyn =m sincel, is the over-
all width of themth harmonic oscillator state and can be

to Eq. (24), and obtainA = 1a= Vil pw. Thes parameter  estimated as,/A,,, whereA,, is the characteristic width of

can therefore be written as bn
N [ huwd\6 I, 2V2(n+12%l pow
TRT 4—52) | @ AThmITT 29

Further, to account for the oscillatory character of tih Hence, the numbeX of oscillations of$,, ¢, is given by
wave function on the lower potential surfack,is replaced |

by A,, whereA, equals the width at half maximum of a N=-"4m+1. (29
single oscillation of the ground state wave function. This is Ay

given by A,=1/2(n+1), wherel=2y2(n+1/2)i/pw is  Thus, the characteristic width at half maximuky ., of the
the overall width of the ground state wave function, esti-oscillations of the produci,¢,, is

mated as the distance between the two classical turning
points. This gives the new parametgr A _|m/2_ Imf2 _ N2(m+12)h po
nm— o T - .
2 Ny 2m+1
Sn:L:,/ (n+1)" s A—+m+1 (n+1) +m+1
A, 2(n+1/2) n 2n+1
or (30)
The parametes, , is then
n
Sp= \ﬁs for large n. (27) 2m+1
2 \ oo (N+1)+m+1
It follows from Eq. (27) that the smaller the is for n=m Sn’m:An,m = (m+1) Sm- (31

=0, the better the classical approximation for higher-lying
levels. Howevers, will always increase with increasing  Substituting

due to the decreasing wavelength of the bound wave func-

tion. Further, decreasing the vibrational frequency of the s :L: m+1 S (32)
lower electronic state leads to wider vibrational stat¢and " A 2m+12’

larger A in Eg. (23) for the Gaussian ground statand,
therefore, to the smalles and better agreement with quan-
tum result. This explains the results shown in Fig&)2 Sn.m=1/2(Sy+sp). (33
2(b), where the corresponding values sfor two w values
are 0.62 §,=1.03) and 0.20¢,=0.3), respectively. Alter-
natively, note that for smallew, the densityp, ,, becomes

we obtain the pleasing result that

As expected, fon=m, s, ,=s,.
The behavior of the results in Fig. 1 can now be quanti-

der i dth lap int lin E¢LY) fied in terms ofs, ands, . In particular, we obtain the
wider in g and the overlap integral in E{L1) averages over following values ofs, ands, , for the results presented in

more Airy function oscillations. Increasing the slope of thethe figures: so=s=0.62, 5,=1.03, s,,=0.67, ands
upper potential also leads to better agreement between the; oo” .o coan see th z;tis4alréa dy,/ | alFCg)]er than ffast gl|4
classical ngner and quantum .results n accqrd with Equrging series; see Table | in Ref) ®&r n=4. Additional
(26), reflecting the fact that the Airy function oscillates more computations show thas, ;=0.83 and the approximation

. . . 4' — .
with ;pcrt(:‘as(ljngﬁ [qu' (21)]. Fgrthedr, E(E(%@ ang (2p works reasonably well in this case. Similar good agreement
quan ify the dependence on re uced massat is EVIdent In o5 heen obtained for three different pairsxaind m which
Figs. 2c)-2(d) where corresponding values of parameter are characterized by, .~0.83, e.g., f,m)=(4,0), (3,1
for the two increasing values gf are 0.62 and 1.33, respec- _ (2.2). However in”’;"” caiseé vv.h(.a,ﬂ;’ -1 [e’g '~1' 1é
tively. This is because, whila in Eq. (23) decreases with f L 5 ! -m i
. . . .l ) - ] ’ 71 ’ ’ 1 h
increasingu, the width of the initial staté\ does so as well. or (n,m)=(8,2), (7,9, and (5,5], the agreement is poor

(not shown.
2. Characteristic s ,, ,, factor B. Molecules
In the case oh#m, developing the corresponding pa- To apply this to realistic systems, consider first a linear
rameters, ., is more difficult. However, in accord with,, potential model of the dissociation of the, Hnolecule. In

the quantitys, ., is expected to be the ratio of a characteristicthis caseu is increased and the ground staiés decreased
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relative to the system studied above. In particule918.7  sponds to using the value of the initial state phase space
a.u. andw= w,=4395.2 cm1.*’ o results for four pairs o distribution at the coordinate(p,E) [the vertical line in
andm are shown in Fig. 3 foB=6: n=m=4, n=m=20, Fig. 4 corresponds to the valugp=0E=Ey)=0 for p

n=>5, m=4, andn=21, m=12. The results clearly show =0, E=E]. Clearly, this approximation improves with de-
much better agreement between exact Franck—Condon amtleasings.

classical results than does the case studied above. Indeed, the In an attempt to further improve these results, we con-
difference between the classical and exact quantum resultidered the higher order quantum correctipsse Eq.(4.8),
becomes visible only at high-lying levels=m=20. Fur- Ref. g to the classical Wigner result, which consist of addi-
thermore, this difference becomes practically indiscerniblgional terms in an expansion of the density of states
for the even heavier molecule Nau=20953.9au.0  §(E-H),, in powers of. Our calculations using this ex-

= wna,= 158.91 cm 1, *® where virtually perfect agreement pansion showed that although these corrections sometimes
between exact and approximate results is obtained even fovork well for the low-lying vibrational levels<2, they led
n=20 (not shown. Using Eq.(26) we obtain the corre- to much poorer agreement with the exact results for higher
sponding values of parameters;s;=0.62(i.e., the param- as the higher order terms became dominant, a result also
eters are those of Ref. 6 and used in Sec. IVA amo&qez noted in Ref. 8. As is evident from Fig. 5, where the quantum
=0.19, andSNafO-OG, in accord with the computed results. corrected rgsults are shoyvn as dot-slashed curves, the quan-
Similarly, the excellent agreement obtained for the high tum corrections are practically of no use whenmare >0

and m values for model K and Na is consistent with the €ven for a small value 0§ (sy,,=0.06). The results are
values ofs, ands, ,,. For examples,,=0.197 for Na and equally bad for the other models and are not shown here.
S»1.17~0.179. In the case of the Hmnodels,=0.62 and we Consider now the case of a realistic model of,N&
expect to see the difference between the classical and exaghere both the upper and lower potentials are properly
quantum results on a par with the one we have seen for thigeated; théo1 °II, to 1°I1, transition has been chosen as an
case in Sec. IV A, wherg,=s was also 0.62. This is indeed €xample. The results using the classical Wigner approxima-
the case, as seen from a comparison of Figs. 1 and 3. Not&n (solid line and the uniform semiclassical approach
also thatsy; 1~ 0.57 in the case of the Hnodel which leads  (dashed lingare compared in Figs(8—6(f). Here the clas-

to worse agreement than in the Nease 6,,,,~=0.18) but  sical calculations were carried out using E#5) with real-
much better than in the case in Sec. IV#y{,,~1.85) (not  istic N& potentials, whereas the semiclassical Franck—

shown herg Condon factors were obtained by numerically evaluating
To see the origin of this behavior, consider cuts through
the ground and excited phase space distributions at fixed (E‘|j)=f do¢E"|a)(alj), j=n,m, (34)

valuesp=0 andE=E,, as shown in Fig. 4 for three differ-

ent systems: the model of Ref. 6, nd Ng. While the using Gauss—Legendre quadrature. Herés the Na—Na
quantum results correspond to taking the overlap betweeseparation{q|j) are the bound vibrational wave functions of
these two phase space densities, the classical limit correhe initial electronic state calculated quantum mechanically
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m= 0, n= 0, D= 0.0, E= 0.0s= 0-06

u= 20953.9

S L l
e Ul

using the renormalized Numerov methtdand (q|E~) o - .
are the continuum wave functions of the excited potential 6= L [K(q)—kldg—ka+ 7, k=lim K(q), (38

energy surface, calculated using the uniform semiclassical

approximatioR®?!

B C) e -
(qlE >:WA|(*§(Q))G o,

where
3 q 213
f(q)=[2fadq’K(q’)} :
with
K(@)=p(@/%, p(q)={2u(E—V(q))}¥2

(39

(36)

(37

-]
n

q~>oc

and a is the classical turning point, which satisfi&qq
=a)=E. As can be seen in Fig. 6 the results clearly indicate
that the classical Wigner representation works very well for
the low-lying levels (,m=5) of the initial electronic state.
The results for very higm and m are in poorer agreement
and are not presented here. This is a direct consequence of
the use of the harmonic approximation for the ground state.
Specifically, forn, m>5, anharmonic corrections to the
ground state should be included in order to account for the
delocalization of the ground state wave functiéhs.
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8 i L I, 1 1 [
6] Loh o e Tnm(E) =2 TR S(E=F)|xo)xo]
g . + T BS(E—H)|xn) Xl ]
.-2 0_ " .
< Ry =2 oin(E)+ofin(E). (40
B2 S N : r
g Vit . . . . . .
o4 ¥ i IR - The channel-specific cross section of interest in this section
-6 ' '\,“;' T L is given by Eq.(7) in the Franck—Condon approximation,
_B T T T T T T i.e.’
-7 -5 -3 -1 1 3 5 7 A N
B - E, au. oW (E) = TR 8(E—A)|n)(m]. (4D

_ _ _ , Classically, these operatoRs andB correspond to vari-
FIG. 5. Comparison between the classical Wigner and exact quastl ous types of classical trajectories that occur in photodissocia-
line) and quantum corrected Wignédot-dashed lineresults for then=5, yp J p

M=4, u=py,, andw=158.91 cm . tion: trajectories that start in the region of the excited poly-
atomic(upon excitatiopand dissociate to thechannels, and
V. MULTIPRODUCT ARRANGEMENT CHANNELS those that do not dissociate and remain bound.
Equation(41), in the Wigner representation, assumes the
Consider now the multiarrangement channel problemform
i.e., the case where photodissociation results in the formation

(r) — = _Q
of two different chemical products, e.gA+BC—ABC o m(E) =T [R 6(E—H)Jw[[n){(m|]w]
—AB+C. In this case our main focus is on obtaining cross R R
sections into specific channels. EJ dZ R, 8(E—H)]Jw(2) pn,m(2), (42

Quantum mechanically the Hilbert space of a typical h q I gi q
multiarrangement channel scattering problem can be part|V-V erez denotes all coordinates and momerqap.. .
To evaluate the channel-specific cross section requires

tioned as follows? _ ! 9
that we approximate the terfrR,6(E—H)]y . In general,
the Wigner transform of the product of two operators admits

=> R+B. (39  a smallh expansiof®
r
AB)w(2) = Aw(DBu(D) - o (A B o(#?
T ; £ : = + = +
Here,| is the unit operatorR, projects onto states that cor- (AB)w(2) =Aw(Z)Bw(2) 2 {Aw.Butp(2)+O(%7),
relate asymptotically with all states in channeland B (43
projects onto bound states. This allows the total,(E) to  where{-,-}, is the Poisson bracket. Therefore, the channel
be written as specific cross section can be approximated by
n=0, m=0 n=2, m=2 n=4, m=4
250 1 1 1 200 1 1 1 200 ] 1 1
(a) ()
200 -
» 150 150 1 L
4
4 150 -
< 100 100 | -
o
< 100+ - |
8 |
& 50 50 - -
50 - - [
\\ ! FIG. 6. Comparison between the clas-
0 A T > 0 . . — 04! ' d 3 sical Wigner(solid line) and the uni-
080 .085 .090 .095 .100 080 085 .090 .095 .100 .0800 .0%75 .095E? 1025 .1100 form semiclassical approximation
Energy E, au. Energy E, a-u. nergy & au. (dashed ling calculations carried out
n=1, m=0 n=2, m=0 for the realistic Na potentials:(a) n
200 L L L ” 150 L L L 200 =m=0; (b) n=m=2; (C) n=m=4;
@ (d) n=1, m=0; (¢) n=2, m=0; and
100 140 (f) n=5, m=4.
50
80
o__
201
_50_
~100] —40+
-150 T T T -150 " T -100 T T T
08B0 .085 .090 .095 .100 080 085 .090 .095 .100 .0800 .0875 .0950 .1025 .1100

Energy E, a.u. Energy E, au. Energy E, a.u.
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B~ [ dpnn(2) 7T(E) =(nR S(E-F)m),

=2 (nEkr ) (Ekr )

X|[RIw(2) SCE—H)w(2)

o ) = [(n|Ek,r )2
+ S AR Iw, S(E—H)w}p(2) |- (44) K
and is therefore real.

Consider now the second term in Eg45). The deriva-
tives of the delta function introduced via the Poisson bracket
result in the rapid oscillation of the integrand which, as we
have verified numerically, yields a final contribution to the

R integral that is essentially zero. Therefore, we set the Poisson
(Tf{zn(E):f dZ R Jw(2) bracket term to zero, and the channel speaifit,(E) be-
comes

Equation(44) can be rewritten by employing the cyclic in-
variance of the trace, so that

x| S(E=H)w(2)pnm(2) : .
wi&)Pn, ol (E)~ fdz[Rr]W(z)a(E—H)W(z)pn,m(Z)- (47)

+%{5(E—I:|)W,pn,m}p(z) . (45) Equation(47) has the form of two overlapping phase
space densities. Specifically, the density(z) overlaps
[RJwS(E—H)y, where the latter is the phase space density
This form is more natural since the term that selects thef states on the energy shell at eneBgthat decays to prod-
channel[ﬁzr]w(z), acts in the same manner on both terms inuct in channelr. To successfully approximate E¢7) re-
the integral. quires a classical approximation to the Wigner transform
We can implement this channel selection as follows: we[ R, ][ S(E—H)]y. discussed below.
consider the trajectory that emanates from an initial paint
if the trajectory ends in channet it contributes to
(r) m(E). Alternatively, it contributes to channel #r, or is
bound both of which are ignored in the), computation.
Both the magnitude and phasecnﬁ’ (E) are important The lowest dimensionality problem of this kind, useful
in coherent control. Hence we note that this term can have af®r examining the utility of the semiclassical approximation
imaginary part ifn#m, since the integration over momen- under consideration, is the collinear photodissociation of
tum is now constrained and arguments based on the oddBC as A+BC—ABC—AB+C, where each ofA, B, C
versus even nature of the integrand do not apply. To see thgenote an atom or molecular fragment. We consider this
more clearly, con3|dero(r) ) (E)=(m|R,8(E—F)[n). The problem below, where the electronic grgund state is assumed
wave functions|j) are real, and therefore tf.(r) ) (E) isto 10 be well approximated by an harmonic oscillator. '
have an imaginary component, the operaR}rﬁ(E—l:l) For the two degrees of freedom case we use the notation

- : & a4 n z=(P1,P2,01,92), P=(P1,P2), 4=(d1.,G2), N=(Ny,ny),
must be non—Herrr_1|_t|an. Since eachR)ifl and 5SE _H) are  m= (mq,m,), wherep;,q; denote the momenta and coordi-
individually Hermitian, the operatoR,5(E—H) is non-  nates of the two degrees of freedom. The two dimensional
Hermitian only if[R, , 6(E— H)]+0. This is indeed the case, harmonic oscillator initial vibrational state is given by

as can be seen by taking the matrix element with respect to

A. Computational results

~ —a 2
eigenfunctions of the HamiltoniaH, to find that (Qun)(dalng) =Ny Hy (Ve a)e” 192N,
A . X Hy, (Vaglp) e 2%, (48)
(E'I[R,,8(E-F)]|E")

. . o and the two dimensional Wigner function can be written as
=(E'[R/8(E-H)|E")—(E'|S(E-H)R/|E") the product of two one dimensional Wigner functions
:<E’|Rr|E">(5(E_E”)_5(E_E’))¢O' (46) pn,m(z)zpnl,nz,ml,mz(z) Pnll) (pP1, ql)pnzmz(pZ QZ)

(49)
(r) . . _
However, even thoughn,_m(E)_can have an imaginary com The excited state Hamiltonian is
ponent, the sum of the imaginary contributions over all the
channels must remain zero sineg (E) is real. For a two pl p2
channel system, this implies that any imaginary contribution  H(2)= M, + M, +V(d1,92). (50

in channel 1 must be equal in magnitude and opposite in sign
to the imaginary contribution from channel 2. We further In the computations below it proves advantageous to numeri-
note that the diagonaﬂ{)n(E) is cally approximate the delta function as
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S(E—F)w~S(E—H(2)) 3
—(E-H z)) ]

: (51)

e

wheree is chosen small. The final form for the approximate
channel specific term in two dimensions then becomes

o) <E»~4L—fd4Runw
ny.ny,my,m, 2\/; r

2.5
Energy (a.u.)

FIG. 7. CQ results forogedE) (total resuly using the time dependent
(autocorrelatiopformalism (dash and the time independe(golid) formal-

(52) ism.

Results were also obtained by expanding the delta func-
tion to reduce the dimensionality of the integrand from four

—(E-H(2)?
Xpnl,nz,ml,mz(z)exﬁ{ T] .

to three The two product channels are denoted -©Q (channel 1
. B and O+ CO (channel 2. The coordinateg,;=Xs, go=X, are
5 o(p2—pz)  S(P2—p2) related to the bond length coordinates by
(E-H(2)= oo (53
|p2/M2| |p2 /M| .
where r=r=q:— 4z,
p2t:p2t(qlvq21p1!E) R—ﬁqu-f— ’yq2 (59)
— _ Rl _
=+ V2M[E~p3/(2M1) ~V(dy,02)] (54 The multidimensional integrals in Eq&2) and(55) for both
so that the channel specific term is now given by this case as well as the case of Bt discussed below were
carried out for all systems below using Monte Carlo box
O'S{l),nz,ml,mz(E):Z J dg; dg,dp; Muller transformatiof® apéj 16 trajectories. The value of
r was chosen ag=5Xx10"" for the case of CQande=1

X 108 for CH,IBr.
Results for CQ are shown in Figs. 7 and 8. Figure 7
M, compares the total cross sectiogydE) calculated using
x(ql,qz,pl,’pz)m, (55) Eq. (52), computed withR,(z) =1, to results of a time de-

2 pendent formalism utilizing the stationary phase Herman
where the integral over’ requires thatE=V(d;,qz)  Kluk (SPHK) propagatof® Trajectories in the SPHK proce-
+p2/(2M,), and the sum is ovéi,=p, . dure were followed only long enough to capture the initial

Monte Carlo integration of Eqg52) and (55) showed  dispersion from the Franck—Condon region, giving the direct
that Eq.(52) converged with fewer trajectories, even thoughpart of the cross section. Although the classical Wigner result
the integral is of higher dimension. Further, the ability tois seen to be shifted slightly from the time dependent result,
smooth the integral by increasingallows qualitative esti- the method is seen to display the essential features of the
mates of the form of the channel specific cross sections witldlirect part of the photodissociation cross section. An anala-
a small number of trajectories. Some sample results are prgous calculation by Eckhardt and per for water pro-
vided below. duced a result similar to that shown in Fig. 7.

Figure 8 showso{)odE), olio(E), and a{},{E) for
CGO,. Inthis case the dlagonal cross sections are strictly real.
VI. APPLICATION TO CO, AND CH,BRI The off-diagonal cross sectiarf},{E) do contain an imagi-

The method was first applied to the photodissociation of!@y component in both channels, but they are seen to be

colinear CQ. The coordinates are denoté®=rq_c, r equal and opposite in magnitude, verified by computing the

=rc_o. The system is initially in the bound state,(r,R), tOtachr?SSj[ tsﬁdi?-?tvvh:cct?]-is again str:ictly real.t here th
with equilibrium separatioms=R=r=2.20 a.u. The ground 0 test the ulility ot this approach on a Systeim where the

two channels are dissimilar, we consider &1 where
potential surface is harmonic in the normal mode coordinates

2hannel 1 is CEBr+1 and channel 2 is CH+ Br. The up-
Xs andx, ,%* with parameters

per potential energy surface is given E)y
=(R+1)/2; x,=(R—r)/(2y);

y=[1+mc/(2mo)], (56) V(T eyt T ery-1) = [Vi(F o) + VEadT chy—e0 1F(X)

X[Ry(d1,92,p1 :AF‘JZ)]WPnl,nZ,ml,m2

M=2mg; My=mc(1+mc/(2mg)), (57) +[VBr(r(:H2—Br)+V'(\:A|?|;S_e|(rCH2—|)]

as=wMlh; a;=w M /h. (58 X (1—1(x)), (60)
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where Ag,=0.27, Bg=0.35, D%Hz—': 0.0874 a.u., ¢;=0.87094
-1 e _ _ _
V?:Aﬁgs—eBr(rCHz—Br) = D?_‘,HZ—BreXp{_ aBr(rCHZ_Br_ rgHz_Br)} (a.u)™, Fen,—1= 4.04326 a.u.A=0.37, andB,=0.3
. The initial state is taken to be harmonic in normal mode
X[ exp{ — ap(r cu,-Br— T ch,-80)} — 21, coordinates. These coordinates,,q,, are related to the
61) bond length coordinatesCHz_Br andrCHZ_, by
r =T =C1101+Cp10>, 6
V'\C/lﬁ;s—el(rCHz—l) = DEHZ—I exp{— (1 o1~ rgHz_l)} CHy—Br— I'cH,-Br= C1101 71 C2102 (67)
I cho—1— T cHo—1=C1201+ Coo032, 68
X[exp— an(rc, 1~ 18, )} -2, (62 G-t Oty = Cazia T Gl (69
. Whel’e C11= 0.552 747, Cz]_z 1.096 14, Clzz 0.788 417, C22
Vi(rchy-1) = Arexp{ = Bif chy- 1} 63 _—_1038093: Teryer=" e, s and Tey =&, . The
V(T ony-er) = Aer X5 — Berl chiy-ei (64)  Parameters for this system are
M;=162614.16 a.u.;M,=27238.15 a.u., (69
0= I exgax—057]" (65) a,=149.3978 a.u.;a,=98.8412 a.u., (70)
F CH,—Br - hw,;=201.638 cm?'; hw,=796.43112 cm (72

F'cHy—1F M cHy—Br

The parameters for this surface are=30, D?;HZ_Br
=0.1069 a.u.,ag=0.9154 (a.u.)*, r¢y, g—=3.6850 a.u.,

0 =
~0.15 0.1 -005_0 0.1
Energy (a u.)

-0.15 -0.1 -005_ 0 X
Energy {a.

0,05

Results for several cross sections and interference terms
are shown in Figs. 9—-11. The diagonal cross sections are
strictly real. For this system, unlike GQthe real part of the
channel specific results can be different in the two channels.

120
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- \\
60 N
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En er gy (a.
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FIG. 9. CHBrl results. The solid line is the sum from
both channels, the dashed lines are the two channel con-
tributions: (a) Re[o-(ooc(E)] a8dE); (b) Rl
X(E)]=0{idE); (o) Reo{SudE)]; and (d) Im[ofh
X(E)].
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(2)

0 e 0 FIG. 10. CHBrl results, comparing the Wigner classi-
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Energy (a.u.) Energy (a.u.) ey ey
CH,Br+1 channel: (8 ReoydE)]1=0ouidE): (b
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-8
-015 -01 -005 0 005 01 015 02 ~015 -0.1 =005 0 005 01 015 02
Energy (a.u.) Energy (a.u.)

Figure 9 shows the structure of the channel contributiond/Il. SUMMARY
to various cross sections and interference terms. Note that, as
required, for the case of the off-diagonal cross section We have considered a Wigner-based classical approxi-
o (E) is interesting(cf. Fig. 9, even though the two mation[Eq. (14)] to compute matrix element products that
channels produce different real parts, the imaginary parts iare central to the interference contributions characteristic of
the two channels again sum to zero. The deviation from Zergoherent control. In the case of a Sing|e open product ar-
is very small, indicating reliable convergence of the Monterangement channel the accuracy of this formula for the

Carlo sums. Franck—Condon transitions onto a linear potential, along

. Figures 10 aqd 11 show a companson.of the Clas.s'ca\}vith the dependence of the method on parameters such as
Wigner method with a full quantum mechanical calculation. stem reduced mass, slope of the upper potential energy

The structure of the cross section in the channels is seen t:%/rface and vibrational frequency of the lower electronic
be well reproduced by the classical Wigner method, provid- ' d y

ing support for the conclusion that this approach gives reljState were examined. The results were found to be in excel-

able results for both the real and imaginary contribution. ~!ent agreement when the newly introduced paramsggr
Finally, Fig. 12 shows an example of the utility of larger [Eqg. (33)] was less than unity. A comparison of the classical

values ofe in Eq. (51). Specifically, using larger values ef and uniform semiclassical approximations for the transitions

allows for a qualitative estimate of the desired integrals usindgpetween the realistic potential energy surfaces of tiem-

far fewer trajectories. onstrates that higher values of, nrequire use of the anhar-
100 100
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80 80
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0 g 0 FIG. 11. CHBrl results, comparing
2015 -01 —005_0 005 01 0.5 02 2045 —0.1 =005_0 005 01 015 02 the Wigner classical methdgolid) to
Energy (a.u.) Energy (a.u.) the quantum(dash for the CH,l+Br
o Pas @ channel:(@) Reaighd E)1=ofohd E);

()  R4Z(E)I=dBdE); (0
Re o2, dE)]; and (d) Im[a{3dE)].
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