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Two-dimensional (2D) ultrafast spectroscopy is a powerful tool for studying the electronic and vibra-
tional structures of complex systems. Unfortunately, the physical interpretation of these experiments
is obscured by conceptual problems in classical response theory, i.e., the divergence of classical non-
linear response functions. We demonstrate that these difficulties are avoided by modeling classical
2D experiments nonperturbatively, illustrating that nonlinear spectroscopy and nonlinear response
are not synonymous. Numerical simulations allow a direct comparison between classical and quan-
tum 2D spectra for simple, weakly anharmonic systems relevant to vibrational spectroscopy. We find
that nonperturbative classical theory—although differing in quantitative details—accurately captures
the key qualitative features of the quantum 2D spectrum, including the separation of the signal into
wavevector-selected pathways, formation of cross peaks between coupled vibrational modes, and
coherent beating in the signal as a function of waiting time (so-called “quantum beats”). These results
are discussed in terms of a simple analytical model which captures the key physical features of classi-
cal 2D spectroscopy and provides a link between classical and quantum descriptions. One interesting
conclusion from this comparison is that the “coherence” observed in ultrafast spectroscopy may (at
least in vibrational experiments) be understood as a purely classical phenomenon, without reference
to quantum mechanics. Published by AIP Publishing. https://doi.org/10.1063/1.5017985

I. INTRODUCTION

In recent years, the fields of optical and infrared (IR) mul-
tidimensional spectroscopy have seen tremendous technical
developments and a rapidly expanding range of applications
in physics, chemistry, and biology. As natural extensions of
multidimensional nuclear magnetic resonance (NMR) experi-
ments to the visible and infrared (IR) regimes, these ultrafast
laser-based techniques offer detailed views into molecular and
electronic processes on time scales that had until recently
been outside of the range of experimental measurement.1 In
the visible frequency range, two-dimensional electronic spec-
troscopy (2D ES) offers a glimpse into the ultrafast energy- and
electron-transfer processes in biological light harvesting pro-
teins and in artificial solar cells.2,3 In the vibrational regime,
two-dimensional infrared (2D IR) spectroscopy probes the
rapid structural rearrangements of complex molecular systems
such as proteins, nucleic acids, and even water.4,5

Despite these successes, the interpretation of experimen-
tal 2D spectra remains, in many cases, a difficult task. Nowhere
has this difficulty been so apparent as in the recent discussion
of coherent beating signals observed in 2D ES experiments
on natural light-harvesting proteins.6–9 Interpreted within a
quantum-mechanical framework, these signals correspond to
coherent superpositions of system eigenstates and were ini-
tially interpreted as evidence that quantum coherence may
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be important in biological light harvesting.6,8,10 Later inter-
pretations, however, attributed the beating signals to coher-
ent vibrational or vibronic—rather than strictly electronic—
dynamics.11–13 It has also been emphasized that coherent pop-
ulation dynamics are unlikely to persist under the incoherent
solar radiation that excites biological pigments in their natu-
ral environment.14,15 Finally, several authors have noted that
similar coherent oscillations can occur in analogous classical
and semiclassical systems and may thus not be an exclusively
quantum effect.16–19 From an essentially uncontroversial set of
experimental data has thus emerged a controversial discussion
of physical significance.

Aside from the inherent challenge of disentangling
nuclear and electronic dynamics, the difficulty in interpret-
ing 2D spectra stems in part from conceptual problems in
classical nonlinear response. In contrast to the relatively clean
analogy between quantum and classical linear response (e.g.,
absorption), quantum-classical correspondence in nonlinear
processes is complex.20 In fact, as demonstrated by Kryvo-
huz and Cao, classical nonlinear response functions—core
ingredients in the standard perturbative framework for nonlin-
ear spectroscopy—are generally unstable, diverging toward
infinity at long times.21 In the absence of a simple classi-
cal description, quantum-mechanical concepts have become
firmly embedded in the language of 2D spectroscopy, e.g.,
the ubiquitous density-matrix descriptors “coherence” and
“population.” Significantly, this reliance on quantum termi-
nology extends even to nonlinear vibrational spectroscopy,
which one might expect to be well-described classically. In
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this context, it is perhaps not surprising that oscillatory signals
(“quantum beats”) have a tendency to be automatically asso-
ciated with quantum-mechanical effects.

The purpose of this contribution is two-fold. First, we
demonstrate through nonperturbative numerical simulations—
beyond the nonlinear response framework—that, for weakly
anharmonic systems, 2D spectroscopies admit of a well-
defined, conceptually oriented classical description that in its
qualitative features closely resembles the familiar quantum
results, including “quantum beats.” Second, by means of a
simple nonperturbative analytical model, we offer an intu-
itive explanation for the physical origins and significance of
the classical divergence of spectroscopic response functions.
Together these results offer significant insight into the physics
of 2D spectroscopy.

II. NUMERICAL RESULTS
A. 2D spectroscopy without response functions

For most ultrafast spectroscopists, a coherent 2D experi-
ment is almost synonymous with the determination of a third-
order response function. The generic instability of classical
response functions21 may thus be rather startling since it appar-
ently suggests a manifestly unphysical divergence of signals
for classical systems.

In fact, classical theory predicts no such unphysical behav-
ior. The difficulty lies in the mathematical structure of the
nonlinear response formalism, not in the underlying classical
dynamics. To clarify this issue, we explore in this section a
series of nonperturbative numerical simulations that illustrate
the predictions of classical physics for nonlinear spectroscopy.

As a background, consider the essential physical features
of coherent, time-domain, 2D spectroscopy. In a typical 2D
experiment, a sample is subjected to a series of three ultra-
fast laser pulses, separated by delay times τ1 and τ2. At some
time τ3 after the arrival of the last pulse, the “response,” i.e.,
macroscopic polarization, of the system is monitored indi-
rectly via the emitted electromagnetic field.22 By varying the
control parameters that define each pulse (e.g., phase, ampli-
tude, polarization, or propagation axis), the experimentalist
isolates the portion of the response that depends on the control
parameters for all three pulses or some Fourier sub-component
of this signal. Signal components that depend on only one or
two of the three pulses are either removed by direct subtraction
or suppressed by experimental design. In a 2D measurement
in the BOXCARS geometry, for example, one selects the sig-
nal whose wavevector-matched propagation axis is a particular
sum or difference of the wavevectors of all three input pulses.22

Two-dimensional experiments are typically described
using nonlinear response,23 where the measured 2D signal
corresponds (in the low-fluence, short-pulse limit) to the third-
order response tensor. In classical theory, however, the nonlin-
ear response expansion is unstable even for simple integrable
systems. Fortunately, such systems are readily amenable to
numerical simulations that avoid the nonlinear response frame-
work by directly propagating the system dynamics in the
presence of the perturbing electric fields. By a judicious com-
bination of simulations, the relevant 2D signal can then be
extracted from the total system response.

To be precise, denoted by S[k ] is the signal generated with
only the kth pulse present; likewise S[jk ] is the signal generated
by pulses j and k together, and S[123] is the signal generated by
all three pulses. In any experiment, we may take by definition
the component S(k ) of the signal generated by pulse k as

S(k) ≡ S[k]. (1)

Likewise, the signal component S(jk ) that depends simultane-
ously on pulses j and k may be isolated as the difference

S(jk) ≡ S[jk] − S[j] − S[k]. (2)

Similarly, to isolate the signal component that depends on all
three pulses, we define

S(123) ≡ S[123] − S(1) − S(2) − S(3) − S(12) − S(13) − S(23) (3)

removing from the total signal those components that are
functions only of any individual pulse or pulse pair.

In case, a nonlinear response expansion is valid for the
experiment, it is readily verified that the signal S(123) defined in
this way corresponds, in the low-intensity limit, to the contribu-
tion of the third-order response function. Equation (3) is more
general, however, since it is independent of any specific theo-
retical framework. For certain applications (e.g., all-collinear
geometries), this definition may even be of use experimen-
tally, although in most cases the automatic signal selection
offered, for example, by wavevector matching will be much
more efficient. Note that this is not the only convention possible
for a 2D experiment; more complicated phase-cycling proce-
dures could be devised, for example, to select specific Fourier
components of the nonlinear signal. For present purposes, it
suffices to separate Fourier components by direct time-domain
filtering, as discussed in Sec. II B.24

B. Classical 2D spectra

Consider then the predictions of classical dynamics for
2D spectroscopy of a single Morse oscillator. For convenience,
let the system parameters (harmonic frequency, anharmonic-
ity, and dipole strength) be chosen to mimic the extensively
studied Amide i (peptide carbonyl stretch) vibration. To eval-
uate the full nonlinear response, we classically propagate the
oscillator coordinates (initially at rest) in the presence of vari-
ous perturbing electromagnetic fields over a simulated scan
time of T scan = 3 ps.25 For simplicity, the signal is calcu-
lated in the all-parallel (ZZZZ) polarization, with the laser
field oriented parallel to the oscillator dipole.26 The method
is thus similar in spirit to the finite-field Raman calculations
of Refs. 27–29 although no effort is made to isolate specific
orders of response since nonlinear response functions for the
Morse oscillator are known to diverge.21 The 2D signal is
calculated according to Eq. (3). After explicitly heterodyning
the signal by interference with the final pulse amplitude, we
Fourier transform along both τ1 and τ3 to obtain 2D spectra.
A Dolph-Chebyshev window30 with an attenuation of 100 dB
is applied in the time domain to provide a finite line width in
the frequency domain and to eliminate ringing artifacts in the
numerical Fourier transform. Further details are provided in
Appendix A.

Classical results for a 2D experiment with τ2 = 0 and a
laser pulse power of 2 nJ are presented in frames (a), (c), and (e)
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FIG. 1. 2D Spectra for a Morse oscillator according to classical dynamics
[frames (a), (c), and (e)] or the third-order quantum response function [frames
(b), (d), and (f)]. Frames (a) and (b) represent NR- and DQC-like components;
frames (c) and (d) represent R-like components; and frames (e) and (f) rep-
resent the correlation spectrum. The red shading represents negative (bleach)
features, while the blue shading represents positive features (induced absorp-
tion). The insets of frames (a)–(d) graph the depth of the bleach feature as
a function of τ2. The insets of frames (e) and (f) present the corresponding
2D spectra obtained for a longer scan time of T scan = 20 ps (compared with
T scan = 3 ps in the main frame).

of Fig. 1. The corresponding quantum signals, as predicted by
the third-order response function, are provided for comparison
in frames (b), (d), and (f). As in the quantum case, the clas-
sical signal is separated into a nonrephasing/double-quantum
coherence (NR/DQC) component characterized by the signals
at positive frequencies inω1 [frames (a) and (b)] and a rephas-
ing (R) component characterized by negative frequencies in
ω1 [frames (c) and (d)]. In accord with convention, theω1 axis
for the rephasing pathway is inverted so as to plot all signals
at positive frequencies. Panels (e) and (f) represent the corre-
lation surfaces formed, as described below, by combining the
rephasing and nonrephasing signals.

Comparison of the quantum and classical spectra reveals a
close similarity in form, particularly the symmetry of the mixed
absorptive/dispersive features, but differences in precise fre-
quencies. This qualitative similarity is further emphasized in
the τ2-dependence of the signals. The inset plots in frames (a)–
(d) graph as a function of τ2 the depth of the bleaching feature
(negative signal, red shading) at a fixed frequency correspond-
ing to the maximum depth at τ2 = 0. (All signals are normalized
to a maximum depth of 1.) In the quantum response-function
formalism, the R and NR signals for an isolated oscillator
exhibit no variation with τ2, while the DQC signal, although

identical to the NR signal at τ2 = 0, oscillates rapidly at the
0 → 2 transition frequency (here ∼10 fs). A nearly identical
behavior is exhibited in the classical simulation; the R signal
is static in time, while the NR/DQC signal displays two sepa-
rate frequency components. At τ2 = 0, the two components are
identical, each equal to half of the NR/DQC spectrum plotted
in frame (a); as τ2 varies, the first component is static in time,
while the second oscillates with a period of ∼10 fs, as illus-
trated in the inset of frame (a). In analogy to the quantum case,
we regard the static NR/DQC component as the NR spectrum
and the oscillatory component as the DQC spectrum.

This separation into distinct Fourier components suggests
that, just as in the quantum case, we can obtain cleaner signals
by combining the R and NR spectra to obtain pure absorp-
tive features without the unsightly “phase twist” exhibited in
frames (a)–(d).31 The resulting correlation surfaces are pre-
sented in frames (e) and (f) and, indeed, take the form of purely
absorptive features. Negative signals in the classical spectrum
closely resemble the ground state bleach of the quantum spec-
trum, while positive signals resemble an induced-absorption
feature.

These correlation surfaces allow for a straightforward
comparison of the frequency differences between quantum
and classical signals. Overall, the classical spectrum appears
∼23 cm�1 higher in frequency than the quantum spectrum
and exhibits a slightly lower apparent anharmonicity (the fre-
quency difference between positive and negative features). In
fact, the observed anharmonicity of the classical signal is deter-
mined almost entirely by the frequency resolution afforded by
the simulated scan time of T scan = 3 ps. In a higher-resolution
simulation with T scan = 20 ps [see the insets of frames (e) and
(f)], the apparent anharmonicity is reduced to less than 3 cm�1.
This is in stark contrast to the 16 cm�1 anharmonicity of the
quantum spectrum, which for T scan ≥ 3 ps is essentially inde-
pendent of the scan time. Note that the similarity of quantum
and classical spectra at low resolution reflects a similarity
of the time-domain responses at short times, as observed in
Refs. 20, 21, and 32.

These observations are suggestive of a weaker effective
anharmonicity for the classical oscillator relative to its quan-
tum counterpart. Physically, this observation can be under-
stood as a zero-point energy effect since the uncertainty-
limited width of the quantum ground state wave function
ensures that the particle samples anharmonic regions of the
potential even in the absence of thermal excitation. The clas-
sical oscillator, in contrast, is initially localized exactly at the
minimum-energy—and thus the most harmonic—point in the
Morse potential.

Finally, note that the observed identity of the NR and
DQC signals at τ2 = 0 is extremely useful computationally.
Formally, of course, the NR spectrum in a third-order signal
should be isolated from the full signal via a Fourier filter in
τ2, as performed in Fig. 1. Considerable computational effort
is avoided, however, if the NR spectrum is defined as half the
NR/DQC signal at τ2 = 0; in what follows, we adopt this defini-
tion. For nonperturbative simulations, this convention has the
considerable advantage that it is physically meaningful even
in the presence of higher-order nonlinearities (fifth, seventh,
etc.) which, due to the possibility of multiple interactions with
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a single pulse, are expected to produce additional frequency
components in τ2. Indeed, as explored in Sec. II C, such sig-
nals become dominant in the classical simulation at even rather
modest laser intensities.

C. Power dependence

It is informative to now investigate the dependence of the
classical 2D signal on laser intensity. Frames (a) and (b) of
Fig. 2 present the 2D correlation spectra of the Morse oscilla-
tor at τ2 = 0 for pulse powers of 0.1 nJ and 10 nJ, respectively,
with a simulated scan time of T scan = 20 ps. These classical
signals may be directly compared with the quantum signal in
the inset of frame (f) of Fig. 1; for these parameters, the quan-
tum signal is dominated by the third-order response and so is
essentially independent of fluence.33 For the classical signals,
we find qualitatively similar features but a continuous shift
toward lower frequencies and larger apparent anharmonici-
ties with increasing fluence. At 0.1 nJ, the bleaching signal
appears above the diagonal at ω3 = 1649.9 cm�1, and the
separation between bleach and induced-absorption figures is
still resolution-limited with an apparent anharmonicity less
than 2 cm�1. At 10 nJ pulse energy, the bleach signal shifts
below the diagonal to ω3 = 1646.9 cm�1, and the bleach and
induced-absorption features are well resolved with an apparent
anharmonicity of 2.6 cm�1. In addition, in the 10 nJ spectrum,
a weak positive feature is faintly visible above the diago-
nal, suggesting the presence of higher-order (fifth, seventh,
etc.) signals. For higher pulse energies (not shown), this trend
continues, with continuously decreasing signal frequencies
and increasingly well-resolved bleach and induced-absorption
features.

Further insight is offered by the τ2-dependence of the sig-
nal, plotted in frame (c); blue corresponds to a pulse energy
of 0.1 nJ, and green corresponds to 10 nJ. As in Fig. 1, the
plotted signal is the normalized depth of the rephasing bleach,

FIG. 2. High-resolution 2D spectra for a classical Morse oscillator with T scan
= 20 ps and pulse energies of 0.1 nJ [frame (a)] and 10 nJ [frame (b)]. Frame
(c) plots the depth of the rephasing bleaches as a function of τ2; the blue line
corresponds to 0.1 nJ pulse energy, and the green line corresponds to 10 nJ.

sampled at a fixed frequency corresponding to the maximum
depth at τ2 = 0. As in Fig. 1, the rephasing signal is essentially
static in time at 0.1 nJ; at a higher power, however, oscilla-
tions appear at approximate multiples of the laser frequency
ωL = 1650 cm�1. In a quantum framework, these oscillations
would be clear indicators of higher-order nonlinear processes
involving multiple interactions with at least one of the three
perturbing pulses; however, quantum theory predicts that such
signals should appear only at much higher pulse energies. We
will return to this observation in an analytic model where we
find that high-order nonlinearities indeed provide a simple
explanation for these features.

D. Cross peaks and classical beats

One of the signature features of 2D spectroscopy is its
ability to detect correlation between energy eigenstates via
the formation of off-diagonal cross-peaks. In classical spec-
troscopy, there are no quantum eigenstates, but correlations
still exist between interacting vibrational modes. To explore
the formation of cross-peaks in classical spectroscopy, the 2D
simulation results for a pair of coupled Morse oscillators with
antiparallel [frames (a), (c), and (e)] or perpendicular [frames

FIG. 3. Classical 2D correlation spectra for a pair of coupled Morse oscilla-
tors, together with time traces in τ2 of the rephasing bleach. Frames (a), (c),
and (e) are for a dimer with antiparallel dipole moments; frames (b), (d), and
(f) are for a dimer with perpendicular dipole moments. Frames (a) and (b) are
at T = 0 K; frames (c) and (d) are at T = 300 K. In frames (e) and (f), the
lines represent traces at T = 0 K, while the filled circles represent traces at
T = 300 K.
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(b), (d), and (f)] dipoles are presented in Fig. 3. In both geome-
tries, the isolated frequencies of the two oscillators are set to
1657.5 cm�1 and 1642.5 cm�1, and the bilinear interaction
potential is scaled so as to correspond in the quantum case to
a 15 cm�1 coupling constant. For the simulation with perpen-
dicular dipoles, orientational averaging is accomplished using
the standard procedure34 for a third-order spectroscopy.35 For
the antiparallel geometry, such parameters might, for example,
model a pair of Amide I cross-strand nearest-neighbors in an
antiparallel β-sheet. Frames (a) and (b) of Fig. 3 show the 2D
correlation surfaces for the two geometries with τ2 = 0 and
a pulse energy of 2 nJ. As in the quantum case (not shown),
coupling between the oscillators shifts the frequencies of the
two diagonal features, suppresses the amplitude of the higher-
frequency mode, and produces cross-peaks in the off-diagonal
regions. Note that for the antiparallel geometry, black contours
are plotted only from �0.1 to +0.1 times the amplitude of the
enhanced low-frequency peak to emphasize the low-amplitude
cross-peak features.

Repeating the simulation as a function of τ2 reveals that
classical spectroscopy matches its quantum analog in the beat-
ing patterns observed in both diagonal and cross-peak features.
Frames (e) and (f) of Fig. 3 present the normalized amplitude
traces for the diagonal (blue lines) and cross-peak (red lines)
features of the rephasing bleach. Just as in the quantum case,
beating signals are obtained in the rephasing cross-peak, with a
frequency corresponding to the splitting between diagonal fea-
tures. Additional high-frequency small-amplitude oscillations
can be observed in both diagonal and off-diagonal features,
reflecting weak contributions from higher-order nonlineari-
ties; the amplitude of these signals increases with increasing
pulse energy.

An important conceptual question for vibrational spec-
troscopy is whether coherent signals persist at ambient tem-
perature. Although our simulations so far correspond to a
low-temperature limit (since the oscillator is initially at rest), it
is expected a priori that increased temperatures should have lit-
tle effect on the spectrum for the systems studied here. Indeed,
even at room temperature, an ωo = 1650 cm�1 Morse oscilla-
tor is confined to a narrow region of the potential so that the
frequencies sampled by the thermal ensemble are comparable
to those in the T = 0 K limit. To check this prediction, we
repeated the simulation of the coupled dimer for an ensem-
ble of randomly sampled initial configurations for the cou-
pled system from the T = 300 K Boltzmann distribution (see
Appendix A for further computational details). The resulting
averaged surfaces are presented in frames (c) and (d) of Fig. 3,
while the τ2-dependence of the signal is illustrated in frames
(e) and (f) by closed circles. Aside from a slight shift toward
lower frequencies, reflecting a thermal shift of the popula-
tion away from the harmonic minimum, and the addition of
some sampling noise, the signals are seen to be essentially
unchanged from the T = 0 K result.

III. A NONPERTURBATIVE MODEL

These results demonstrate clearly that classical theory can
provide a conceptually simple description of 2D vibrational
spectroscopy for weakly anharmonic systems. This finding

may seem at odds with the well-known instability of classical
nonlinear response functions,36–39 documented generally by
Kryvohuz and Cao for integrable anharmonic systems.21 To
reconcile these apparently conflicting results, we consider the
physical origins and significance of the classical divergence
of nonlinear response functions for a simple nonperturbative
analytical model.

A. A single-pulse measurement

As a preliminary example, consider the dynamics of a sin-
gle anharmonic oscillator that is initially at rest and perturbed
by an electric field of the form

E(t) =
Eo√
2πτ2

L

e
−

(t−to)2

2τ2
L cosωL(t − to). (4)

The interaction Hamiltonian is described by the linear form

V (t) = −xµoE(t), (5)

where xµo is the oscillator dipole moment.
For an harmonic oscillator, the interaction of the system

with the perturbing field can be evaluated analytically. In the
short-pulse limit, the motion of the oscillator at times t > 0 is
simply

x(t) =
µoEo

2ωo
sinωot, (6)

whereωo is the oscillator frequency. For an anharmonic oscil-
lator, the dynamics are more complicated and cannot be solved
exactly. As a simple approximation, however, assume a weakly
anharmonic oscillator, with the sole deviation from harmonic-
ity appearing in the dependence of the oscillation frequency
on the amplitude of the motion. In place of sinωot, we thus
write sinωt, where ω = ω(a) is a function of the amplitude a
of the motion. For the Morse oscillator, for example, we have
to first order in the anharmonicity40

ω(a) ≈ ωo

(
1 −

ω2
oa2

4D

)
, (7)

where D is the dissociation energy. Physically, this decrease in
frequency results from the slowed acceleration of the oscillator
in regions of the potential with lower curvature.

As the intensity of the perturbing field approaches zero,
this oscillation frequencyω converges to the limiting valueωo,
representing small displacements around equilibrium. For suf-
ficiently weak fields, the dynamics will thus be well described
by the linear approximation

x(t) ≈ αo sinωot, (8)

where

αo =
µoEo

2ωo
(9)

The range of field strengths for which this approximation
accurately describes the dynamics is the linear response
regime.

Suppose now we wish to determine, for some finite field
strength Eo, the nonlinear component of the response. By
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definition, this is the difference between the actual oscilla-
tor dynamics and the linearized approximation of Eq. (8),
i.e.,

xNL(t) = αo (sinωt − sinωot)

= 2αo sin

(
ω3

oα
2
o

8D
t

)
cos

(
ω + ωo

2
t
)

. (10)

For any finite field strength Eo, the nonlinear component of
the response is thus a stable bounded function of the time t.
In the Fourier domain, this signal contains two peaks, corre-
sponding to a loss in signal (relative to the linear response) at
the fundamental frequency ωo and an increase in signal at the
anharmonically induced frequency ω. This nonlinear compo-
nent thus looks very much like the pump-probe response of a
quantum system, which shows a bleach at the frequency of the
linear 0 → 1 transition and an induced absorption at the fre-
quency of the 1→ 2 transition. The key difference classically is
that, as we saw in our numerical simulations, the frequency ω
of the induced absorption is a function of the excitation inten-
sity since it depends on how far into the anharmonic region of
the potential the oscillator is driven.

In an effort to isolate a second-order signal, consider
now the limit that Eo → 0 and hence ω → ωo. The last
factor in Eq. (10) converges to a cosine signal at the fun-
damental frequency ωo. The sine term, however, represents
a low-frequency modulation whose period increases without
limit as Eo decreases. To the lowest order in αo, we thus obtain
the linearly divergent form

xNL(t) ≈ t
ω3

oα
3
o

4D
cos (ωot) . (11)

Although our total nonlinear signal is stable and bounded, it
approaches a linearly divergent form when extrapolated to zero
fluence. The only exception is for an harmonic system, where
ω is independent of the field strength.

Although this result is overly simplistic in several respects,
it neatly illustrates the type of divergence demonstrated much
more generally by Kryvohuz and Cao.21 Just as in our exam-
ple, these divergences are not due to an underlying instability
of classical mechanics; rather they are a result of the con-
tinuous range of dynamical frequencies that are classically
allowed.21 For a quantized system, the decreasing frequency
gap ω � ωo of Eq. (10) would eventually converge to some
minimum frequency difference between quantized energy lev-
els; indeed, the divergence may be eliminated completely by
introducing ad hoc discreteness into the dynamics.41 In a clas-
sical system, no such minimum frequency difference exists,
and hence classical response functions generically diverge in
time.

B. 2D signals

It is straightforward to extend this model to describe
the three-pulse experiments relevant to 2D spectroscopy. As
detailed in Appendix B, we obtain a 2D signal:

S2D =
µ2

oEo

2ωo
[sinω123τ3 + sinω1τ3 − sinω23τ3 − sinω13τ3] ,

(12)

whereω1, . . .,ω123 are the anharmonic oscillation frequencies
of the oscillator after perturbation by all three pulses (ω123), a
pair of pulses (ω13 and ω23), or a single pulse (ω1).

There are two key observations to make regarding this
result. First, each multi-pulse oscillation frequency depends
sensitively on the time delay between the various pulses in the
experiment. For example, an oscillator excited by pulses 1 and
2 (separated by time delay τ1) oscillates with a frequency

ω12 ≈ ωo

(
1 −

µ2
oE2

o

4D
cos2 ω1

2
τ1

)
. (13)

This frequency modulation reflects the fact that an excited
oscillator may be driven further from or back toward equilib-
rium, depending on the relative phase of the oscillator and the
driving field. When excitation is in phase with the oscillator’s
motion (i.e., τ1 is an integer multiple of 2π

ω1
), the oscillation

frequency is maximally anharmonic, reflecting the two pulses
working together to drive the oscillator away from equilibrium.
Conversely, when the two pulses are exactly out of phase, the
oscillation frequency drops to the limiting valueωo, reflecting
the driving of the oscillator back to its equilibrium position. It
is through this frequency modulation of the signal in τ3 that
information regarding interactions with the first two pulses is
encoded.

Second, the response is highly nonlinear in the amplitude
Eo of the perturbing field. In fact, since the deviation of each
frequency ωn from the limiting value ωo is quadratic in Eo,
the lowest-order contribution to the expansion is of third order
[see Eq. (B12)]:

S2D ≈ −τ3
µ4

oE3
o

16ωoD
cosωoτ1 cosωoτ3. (14)

For short times, the signal thus increases linearly in τ3, much
like the divergent third-order response function.21 At longer
times, however, higher-order nonlinearities eventually force it
back into the periodic variation indicated by Eq. (12). Phys-
ically, the time scale of this linear divergence carries consid-
erable significance since it determines the effective splitting
along the ω3 axis between bleaching and induced-absorption
features.42

In terms of this simple model, we can easily rationalize
several features of the above numerical simulations. For low
pulse energies, the linear “divergence” of Eq. (14) occurs over
a time scale that is long relative to our detection window. The
resulting 2D spectrum exhibits closely-spaced fundamental
and overtone features, closely resembling the quantum result
but with a very weak anharmonicity. At higher pulse ener-
gies, the effective anharmonicity increases and higher-order
nonlinearities begin to appear, as observed in Fig. 2.

A perhaps more interesting prediction of this model is
that nonlinearities higher than third-order should grow in not
only with increasing pulse energy but also with longer detec-
tion time scales. At short times, as seen above, the third-order
signal dominates; at longer times, fifth- and higher-order pro-
cesses gradually become more significant. In spectroscopic
terms, this suggests the somewhat counter-intuitive notion that
a high-resolution low-fluence 2D spectrum should—in the
appearance of higher-order features—mimic a low-resolution
high-fluence spectrum.
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FIG. 4. Classical 2D spectra for a single Morse oscillator at a pulse energy of
2 nJ and scan times of 3 ps [frame (a)] or 50 ps [frame (b)]; note the different
frequency scales for the two plots, reflecting the higher-resolution afforded
by the 50 ps scan time. Frame (c) plots the depth of the rephasing bleach for
each spectrum as a function of τ2; blue corresponds to T scan = 3 ps, and green
corresponds to T scan = 50 ps.

This suggestion is easily tested numerically. Figure 4
compares the correlation surfaces and rephasing-bleach time
traces [frame (c)] for a single Morse oscillator with a pulse
energy of 2 nJ and simulated scan times of T scan = 3 ps
[frame (a), as in Fig. 1] and T scan = 50 ps [frame (b)]. As
predicted by the analytical model, the high-resolution spec-
trum shows the feature characteristic of higher-order nonlinear
processes: the bleaching signal is shifted below the diago-
nal (plotted as a thin black line for reference), and weak
induced-absorption signals are beginning to appear above the
diagonal, just as in the 10 nJ spectrum of Fig. 2. (Note the
difference in frequency scales on the two plots.) These fea-
tures are even more apparent in the rephasing-bleach τ2 traces
presented in the lower panel of Fig. 4. At low resolution, the
signal is static in time, indicating the dominance of third-order
processes. At high resolution, strong beating signals appear,
identical in form to those obtained at high pulse energy in
Fig. 2.

Finally, although an explicit description of the coupled-
oscillator case is more complicated, it is not difficult to see
physically how coupling produces spectroscopic features such
as cross peaks and coherent beating in classical 2D spectra.
For weak anharmonicity, the coupled system may again be
treated as effectively harmonic, but with a set of normal mode
frequencies and coefficients that depend on the total excitation
energy of the system. As a result, repeated excitation of each
normal mode modifies not only its own oscillation frequency
(resulting in the diagonal peaks already discussed) but also the
frequencies of other coupled modes, producing cross peaks in
the 2D spectrum. Coherent beating signals—one might say
“classical beats”—in τ2 likewise arise naturally as a result of
normal mode oscillations coming in and out of phase with
one another on a time scale inversely proportional to their
frequency difference.

IV. DISCUSSION
A. Classical spectroscopy

The key result of this study is that classical mechanics
admits of a well-defined conceptual description of nonlinear
vibrational spectroscopy, even when nonlinear response theory
fails. This finding is consistent with, for example, the obser-
vation of van Kampen nearly a half-century ago that, at the
molecular scale, even macroscopically weak perturbations can
induce highly nonlinear dynamics.43 In short, at the micro-
scopic scale, there is no such thing as a “weakly nonlinear”
perturbation to a non-dissipative classical system; on some
time scale, all perturbations are highly nonlinear. Therefore,
as van Kampen argued, reliance on the nonlinear response
framework can obscure interesting physics.

At the same time, our comparison of quantum and classi-
cal signals highlights the critical role that quantization plays
in stabilizing nonlinear response, a distinction that is perhaps
unclear in van Kampen’s discussion. Whereas the continuous
range of frequencies available to a classical anharmonic oscil-
lator defies the separation of its response into an orderly power
series, the quantized oscillator possesses a natural energy scale
(the eigenstate splitting) below which perturbations can rigor-
ously be considered weak. In spectroscopic terms, this dis-
tinction between classical and quantized responses is neatly
illustrated by the continuous variation of signal frequencies
and anharmonicity observed in the classical 2D surfaces with
changing pulse power. Indeed, for closed systems, this continu-
ous tuning might well be regarded as a defining feature of clas-
sicality. Conversely, the appearance of clearly resolved transi-
tion frequencies that do not shift with excitation power seems
(for closed systems) to be a distinctly quantum-mechanical
feature.

For open systems, the situation is complicated by dissi-
pation and dephasing induced by the environment. Although
such processes are beyond the scope of this work, it should
be noted that the generic divergence demonstrated by Kryvo-
huz and Cao21 applies only to closed integrable systems. The
nonlinear response of chaotic systems is much less well under-
stood.44 Moreover, it is entirely possible for an open classical
system to possess stable response functions.39 Indeed, if a
system returns to equilibrium on a characteristic time scale
τthermal, one may expect its response to perturbation—and
hence its response functions—to decay on a similar scale. This
observation helps to explain why classical molecular dynamics
(MD)-based methods for evaluating nonlinear response ten-
sors have proven successful for some systems, notably the 2D
IR calculations of Jeon and Cho45,46 and the 2D Raman sim-
ulations of various groups.29,47–50 Even if thermalization is
not explicitly included in such simulations, the high dimen-
sionality afforded by an explicit solvent provides an effective
thermal environment for the oscillator of interest. Moreover,
from a practical standpoint, the long-time stability of such
simulations may be of supplementary interest since the short-
time response may already provide a useful probe of system
dynamics.

Finally, it should be noted that strong system-bath inter-
actions can even bring quantum and classical predictions for
nonlinear response into agreement with each other.39 Indeed,
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if thermalization occurs on a time scale that is short rela-
tive to the frequency gap between quantized energy levels,
one may expect classical and quantum predictions to be sim-
ilar since dissipation effectively coarse-grains over the quan-
tized energy levels. This convergence is illustrated nicely
in Ref. 51, where quantum and classical computations for
the third-order response tensor for a dissipative system are
found to largely agree for strong (but not for weak) system-
bath interactions. (Note, however, that in that work only the
absolute value of the 2D signal is calculated so that in the pres-
ence of strong dephasing the distinct signs of the fundamen-
tal and overtone transitions are not resolved.) Qualitatively,
then, classical theory should be expected to provide an accu-
rate description of nonlinear spectroscopy for systems where
environmental damping is large relative to vibrational anhar-
monicity. By the same token, one may speculate—although
our closed-system results provide no direct evidence—that
well-separated, fluence-independent fundamental and over-
tone frequencies may serve as an indicator for quantum
behavior in open systems as well as closed systems. A defini-
tive test of this suggestion, however, requires a more gen-
eral study of the nonlinear spectroscopic properties of open
systems.

B. Coherence in ultrafast spectroscopy

Returning now to the physical interpretation of 2D sig-
nals, our results demonstrate that the coherent dynamics often
observed in 2D vibrational spectroscopies may be qualita-
tively understood as an essentially classical phenomenon.
While quantization alters the effective anharmonicity of the
dynamics, it evidently plays little role in producing the
“quantum beats” characteristic of 2D signals in underdamped
systems. This finding may be taken as a generalization to
the fully classical case of previous results using semiclas-
sical methods.52,53 Thus, in developing a cohesive phys-
ical understanding of 2D vibrational spectroscopies, sim-
ple nonperturbative classical models may provide consider-
able conceptual clarity, if not quantitative accuracy. Rather
than relying on population and coherence terms in a density
matrix, such models offer a description of nonlinear spectro-
scopies in the considerably more concrete terms of mechan-
ical oscillations entering and leaving resonance with one
another.

To extend these results to electronic spectroscopy would
require an assumed electronic potential energy surface. In con-
trast to the vibrational case, however, the physical relevance of
a classical electronic potential is unclear.54 In a fully classical
framework, there thus appears to be no direct and physi-
cally unambiguous extension of our results to the electronic
domain. However, Loring and co-workers have demonstrated
that semiclassical quantization provides an accurate descrip-
tion of both vibrational and electronic 2D surfaces.52,53,55,56

Indeed, at least to this point, there appears to be little evi-
dence that more exotic quantum features57 such as wave-
particle duality or entanglement (as distinct from classical
correlation) play a significant role in any classical-light 2D
experiment. In short, semiclassical quantization appears to
be the key quantum-mechanical ingredient for 2D spectros-
copy.

V. CONCLUSIONS

In conclusion, we have demonstrated through nonpertur-
bative numerical simulations that the key qualitative features
of 2D vibrational spectroscopy are well described by classical
dynamics, even for systems for which the nonlinear response
expansion fails. In addition, we describe a simple nonperturba-
tive model which analytically captures the essential features
of classical 2D signals for weakly anharmonic systems and
offers useful insight into the classical divergence of nonlinear
response functions. This suggests that nonperturbative classi-
cal models can offer a useful resource in developing a cohesive
physical description of nonlinear spectroscopic experiments.
A particularly interesting feature of these classical simulations
is that they capture the coherent beating patterns sometimes
observed in 2D vibrational spectroscopy. This observation
makes clear that such features cannot be regarded as hallmarks
of quantum mechanics but may be equally well understood
classically. Instead, our findings indicate that the essential dis-
tinction between quantum and classical mechanics is the same
in both linear and nonlinear spectroscopies: the semiclassical
quantization of transition frequencies.
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APPENDIX A: COMPUTATIONAL DETAILS
1. Model parameters

For single-oscillator simulations, we study an oscillator
subject to the Morse potential

v(x) = D
(
1 − e−κx)2 , (A1)

where

κ =

√
Mω2

o

2D
, (A2)

with M being the oscillator mass, ωo being the harmonic fre-
quency of the potential, and D being the anharmonicity. For
multi-oscillator simulations, we consider two such oscillators
with coordinates x1 and x2 coupled by a bilinear interaction
term Jx1x2.

Model parameters are chosen as typical for the Amide I
vibrational group (peptide backbone C==O stretch), which
has been extensively studied via 2D IR spectroscopy.58 The
oscillator mass M is equal to the reduced mass of the C==O
oscillator, i.e., M ≈ 6.86 amu. Harmonic frequencies are in
the range of 1600–1700 cm�1, as reported in the text. The
anharmonicity D is set to 50.5~ωo, in order to reproduce, in
the quantized oscillator, the experimentally measured anhar-
monicity of 16 cm�1 for Amide I vibrations. For comparison
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with quantum simulations, the value of J is reported in units
of cm�1

J(cm−1) =
~

2Mωo
J , (A3)

representing the coupling matrix element 〈10|Jx1x2 |01〉
between two harmonic oscillators in the single-excitation man-
ifold. The transition dipole moment strength is set to the
experimentally measured value59 of∼0.12 D2. In the harmonic
dipole approximation,

〈1|qi |0〉 =

√
~

2ω10
, (A4)

this gives an estimate of |µi | ≈ 3.4 D/(Å amu
1
2 ) (i.e.,≈8.9 D/Å

in unweighted coordinates).
The pulse width τL of the incident laser field is set to

20 fs. The amplitude of the perturbing field is determined by
the pulse energy employed in each simulation. For convert-
ing between field amplitude and pulse power, we assume a
25 µm-diameter beam size so that a 2 nJ pulse energy cor-
responds to a maximum field amplitude of ∼3 MV/cm. All
simulations are carried out in the ZZZZ polarization sequence,
i.e., all excitation polarizations are identical to the final detec-
tion polarization. Note that these parameters represent ideal
experimental conditions (ultrafast pulses, Gaussian profiles,
etc.) and that the response is evaluated for perfect alignment
between the perturbed oscillator and the laser field. For a
given pulse power, our calculated response is thus expected
to be somewhat larger than would be observed in a typical
experiment.

2. MD simulations

Classical oscillator simulations were carried out by MD
integration using the velocity-Verlet algorithm60 under the
explicit force due to the electric laser field. For simulations
at finite temperature, the system was initialized at rest at
the potential energy minimum and then thermalized to the
Boltzmann ensemble by propagation under Langevin dynam-
ics using the modified Verlet-type integrator of Ref. 60.
Langevin thermalization employed a friction coefficient of
γ = 0.1 amu/fs and an equilibration period of 7 ps, i.e., 10
times the single-particle relaxation time τrel = M/γ ≈ 70 fs.
The equilibrated system was then propagated under determin-
istic velocity-Verlet dynamics during the interaction with the
perturbing fields. For T = 300 K simulations, ensembles of
320 000 random samples were employed for the τ2 = 0 fs
spectra plotted in Fig. 3. For τ2 , 0, the simulation ensem-
bles consisted of 80 000 realizations for the antiparallel dimer
and 40 000 realizations for the perpendicular dimer. All sim-
ulations were carried out on the GPC supercomputer at the
SciNet HPC Consortium.61

3. Signal processing

The sample polarization

P(t) = 〈µ(t)〉 (A5)

was calculated explicitly from classical MD simulations. The
averaging brackets here refer to finite-temperature simulations
noted above. This polarization vector is then converted to a

spectroscopic signal by explicitly heterodyning against the
amplitude of the final pulse, i.e., the time-domain signal is cal-
culated as the Fourier transform of the frequency-domain prod-
uct between the polarization vector P and the time-derivative
of the electric field vector E due to the last pulse. (The time
derivative here accounts for the π

2 phase shift associated with
emission of the electromagnetic field from the sample.62)

Note that, although phase-matching is not explicitly con-
sidered in these simulations, it is automatically enforced by
the fact that the signal amplitude is monitored only in the
experimentally relevant frequency range near 1650 cm�1.
Since all generated signals must approximately satisfy the
sum restriction ωs =

∑
i ωi (where the interaction frequencies

ωi are plus or minus the laser frequency ±ωL), the corre-
sponding propagation wavevectors are likewise expected to
satisfy the wavevector-matching condition ks =

∑
i ki, so long

as each interaction wavevector ki is either parallel or antipar-
allel to the same propagation axis. The simulation results thus
match the signal generated experimentally in an all-collinear
geometry where phase-matching for the propagated signal is
automatically enforced by frequency conservation.

Finally, the spectroscopic signal is converted to a 2D
spectrum via the double Fourier transform

S(ω1, τ2,ω3) = <
∫

dτ1

∫
dτ3eiω1τ1 eiω3τ3

× S123(τ3; τ2, τ1)W (τ1)W (τ3) (A6)

where W (τ) is a windowing function that avoids numerical
instability in the discrete Fourier transform by ensuring that
the signal converges smoothly to zero outside of the simulation
window.

APPENDIX B: ANALYTICAL MODEL

As described in the text, we consider the dynamics of
an anharmonic oscillator perturbed by a series of three laser
pulses. To make the calculation tractable, a series of approx-
imations applicable to weakly anharmonic systems and weak
ultrafast pulses are adopted.

First, the oscillator motion is assumed to be a simple sinu-
soidal variation in time, with a frequency that depends on the
amplitude of the motion:

x(t) = a sin (ω(a)t + φ) , (B1)

that is, higher-frequency Fourier components40 that in gen-
eral should appear at integer multiples of ω(a) are neglected.
(This approximation will necessarily prevent our model from
capturing the DQC signal which involves oscillations at∼2ωo.)
For a Morse oscillator, the frequency of motion can be
expanded to the first order in the anharmonicity of the potential
(as measured by the inverse dissociation energy D�1) as40

ω(a) ≈ ωo

(
1 −

ω2
oa2

4D

)
, (B2)

a form assumed for all analytical calculations.
Second, we assume that the dynamics of the oscillator’s

interaction with the pulse may (for very short pulses) be treated
approximately harmonically. For an harmonic oscillator ini-
tially in the state described by Eq. (B1), interaction with a
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Gaussian pulse of form 4 induces in the limit τL → 0 the
perturbed motion

x′(t) = a sin (ωot + φ) + αo sin ωo(t − to) (B3)

for times t > to, with

αo =
µoEo

2ωo
. (B4)

For the anharmonic oscillator, the same form is assumed for
the post-interaction motion, but the oscillation frequency in
the two terms is allowed to differ:

x′(t) = a sin (ωat + φ) + α sin ωa′(t − to) (B5)

where

α =
µoEo

ωa + ωa′
≈ αo

(
1 −

δωa + δωa′

2ωo

)
(B6)

and a′ is the amplitude of the post-interaction motion (taking
t = to)

a′ =
[
a2 + α2 + 2a α cos (φ + ωato)

] 1
2 . (B7)

Within these approximations, we can easily evaluate the
oscillator response in a multi-pulse experiment. We denote
by xk the position of the perturbed oscillator in an experiment
involving only pulse k = 1, 2, and 3; similarly, xjk is the position
of an oscillator in an experiment involving both pulses j < k,
and x123 is the position of the oscillator perturbed by all three
pulses. Then

xk = αo

(
1 −

δω1

2ωo

)
sin ω1(t − t(k)

o ) (B8a)

xjk = xj + αo

(
1 −

δω1 + δωjk

2ωo

)
sin ωjk(t − tk

o)

= 2αo cos
(ωj

2
τjk

)
sin

(
ωjk(t − t(k)

o ) +
ωj

2
τjk

)
(B8b)

x123 = x12 + αo

(
1 −

δω12 + δω123

2ωo

)
sin ω123(t − t(3)

o ),

(B8c)

where τjk = t(k)
o − t(j)

o , and for the Morse oscillator,

ω1 ≈ ωo

(
1 −

µ2
oE2

o

16D

)
(B9a)

ωjk ≈ ωo

(
1 −

µ2
oE2

o

4D
cos2 ωo

2
τjk

)
(B9b)

ω123 ≈ ωo

(
1 −

µ2
oE2

o

4D

[
1
4

+ cos2 ωo

2
τ1

+ cos
ωo

2
τ1 cos

(
ωo

2
τ1 + ωoτ2

) ])
. (B9c)

Note that in all cases only terms to linear order in the
anharmonicity D�1 have been retained.

As discussed in the main text, the component of the
response relevant to 2D spectroscopy is

x2D = x123 − x12 − (x23 − x2) − (x13 − x1) + x3

= α [sin ω123τ3 + sin ω1τ3 − sin ω23τ3 − sin ω13τ3] .

(B10)

Although written explicitly as only a function of τ3, the signal
implicitly depends on the time delays τ1 and τ2 through the
various frequency terms. For an harmonic system (with all
frequencies equal to ωo), the response vanishes, as expected.
In the linearized approximation,

sin x + ε = sin x + ε cos x, (B11)

we obtain to third-order in the perturbing field Eo

x2D ≈ τ3α [ω123 − ω23 − ω13 + ω1] cos ωoτ3

= −τ3
µ3

oE3
o

16ωoD
cos ωoτ1 cos ωoτ3. (B12)
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Chem. Res. 42, 1364 (2009).

3M. Cho, T. Brixner, I. Stiopkin, H. Vaswani, and G. R. Fleming, J. Chin.
Chem. Soc. 53, 15 (2006).

4A. L. Le Sueur, R. E. Horness, and M. C. Thielges, Analyst 140, 4336
(2015).

5T. Elsaesser, Acc. Chem. Res. 42, 1220 (2009).
6G. S. Engel, T. R. Calhoun, E. L. Read, T.-K. Ahn, T. Mančal, Y.-C. Cheng,
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