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Coherent control of quantum chaotic diffusion: Diatomic molecules
in a pulsed microwave field

Jiangbin Gong and Paul Brumera)

Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Toronto, M5S 3H6 Canada

~Received 16 May 2001; accepted 12 June 2001!

Extensive phase control of quantum chaotic diffusion is demonstrated for diatomic molecules
periodically kicked with microwave pulses. In particular, both complete suppression of chaotic
diffusion as well as its enhancement can be achieved by varying the phase of the initial
superposition state. The origin of this control in deviations from random matrix theory is also
discussed. The results should motivate experiments that are relevant to both coherent control and to
quantum chaos. ©2001 American Institute of Physics.@DOI: 10.1063/1.1389306#

I. INTRODUCTION

Interference is at the heart of quantum mechanics. The
observation that quantum interference and hence molecular
dynamics can be altered via experimentally controllable pa-
rameters motivated the rapidly developing field of coherent
control ~CC! of molecular processes.1 The essence of several
scenarios of CC of molecular processes consists of three
steps:~1! create a superposition state composed of several
basis states;~2! control the relative phases of these basis
states; and~3! subject the molecular system to external fields
that yield multiple coherent pathways to the same target
state. Successful control results when the cross section of
particular target states can be extensively and selectively al-
tered by changing the relative phases in the second step.
Studies of this kind include, for example, our original bichro-
matic control scenarios,2 two-pulse control schemes applied
to various problems,3 and the CC of molecular scattering.4

Traditional studies in coherent control typically deal
with integrable systems where very few energy levels are
involved in the dynamics. By contrast, the majority of real
molecular systems is complex: the quantum dynamics may
involve many energy levels and the underlying classical dy-
namics may be strongly chaotic. For this reason, consider-
ation of control for chaotic systems is of general interest and
importance.

Classical chaotic systems display intrinsic stochasticity
that is generated by the dynamics itself.5 Thus, even without
external noise, a classical chaotic system ‘‘loses its memory’’
of the initial state exponentially fast. Considering the
quantum-classical correspondence principle in quantized
chaotic systems,6 it is expected that various manifestations of
classical chaos should occur in the quantum dynamics when
the relevant actions are much larger than Planck’s constant.7

With this perspective, there are those who intuitively believe
that quantum phases embedded in initial states should play a
minor role in classically chaotic systems, and that controlling
quantized chaotic dynamics in the semiclassical regime
could be just as difficult as controlling classical Hamiltonian
chaos.8 This is in fact the case. However, coherent control

over quantum chaotic dynamics far from the classical limit,
as demonstrated below, should be feasible.

Recently, we computationally demonstrated that exten-
sive phase control of quantum chaotic diffusion is
achievable9 using the delta-kicked planetary rotor~DKPR!
model10 in the quantum regime. In particular, preparing a
simple superposition state comprising two basis states al-
lowed for a wide range of control over the ensuing diffusive
dynamics. Further, the control was found to persist in the
presence of weak decoherence, and diminished, as expected,
with increasing decoherence strength. This result opened an
interesting direction for coherent control, overlapping with
fields such as quantum chaos and chaos control.

In this paper, we consider quantum chaotic diffusion in
diatomic molecules in pulsed microwave fields in an effort to
extend our studies to realistic systems and in order to moti-
vate experimental coherent control studies of quantum cha-
otic diffusion. Indeed, experimental studies of microwave-
pulse-kicked diatomic molecules appear feasible today and
may be easier to realize than, for example, atomic physics
approaches discussed in Ref. 9~e.g., kicked atoms in a single
quantum well, or ultracold atoms in a periodic standing wave
of near-resonant light!.

This paper is organized as follows. In Sec. II, we briefly
introduce the DKPR model. In Sec. III, we consider both the
classical dynamics and quantum dynamics in detail for di-
atomic systems kicked by periodic microwave pulses. In Sec.
IV, we present representative results, followed by discussions
on the mechanism of phase control. Conclusions and a sum-
mary comprise Sec. V.

II. THE DELTA-KICKED PLANETARY ROTOR

Before considering molecular systems, it is beneficial to
introduce the DKPR model, a paradigm of both classical and
quantum chaos, that will be compared to the kicked diatom.
The DKPR Hamiltonian is given by

H~ L̂,u!5
L̂2

2I
1l cos~u!(

n
d~ t/T2n!, ~1!

whereL̂52 i\(]/]u) is the angular momentum operator,u
is the conjugate angle,I is the moment of inertia,l is thea!Electronic mail: pbrumer@tikva.chem.utoronto.ca
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strength of the kicking field, andT is the time interval be-
tween kicks. The Hilbert space is spanned by the angular
momentum eigenstates exp(imu)/A2p (m50,61,62,...).
The quantum time evolution operatorM̂ between two kicks
is given by10

M̂5expF i
t

4

]2

]u2Gexp@2 ik cos~u!#expF i
t

4

]2

]u2G , ~2!

wheret[\T/I andk[lT/\ are dimensionless parameters.
The parametert plays the role of the effective Planck con-
stant of the system. If we fix the value of the productkt and
decrease the value oft, the system approaches the classical
limit. This classical limit is given by the standard map,10

which, when expressed in terms of dimensionless variablesu
and the scaled classical angular momentumL̃5Lt/\, takes
the following form:

uN5uN211~ L̃N1L̃N21!/2,
~3!

L̃N5L̃N211~kt!sin~uN211L̃N21/2!.

As is seen from Eq.~3!, the classical dynamics depends only
on the productkt. Whenkt.0.9716, the last Kolmogorov–
Arnold–Moser~KAM ! invariant curve vanishes and chaotic
trajectories can diffuse into the entire unbounded phase
space. The scaled mean energy^L̃2/2& of classical ensembles
then displays unrestricted diffusive growth, whose approxi-
mate diffusion constant can be evaluated analytically. By
contrast, the quantum DKPR displays ‘‘quantum
localization.’’11 That is, energy absorption is restricted; the
external field only excites a finite number of unperturbed
energy levels that is related to the classical diffusion
constant.12 Thus, there is a marked difference between the
classical and quantum dynamics manifest in qualitatively dif-
ferent energy absorption behavior.

Recently,9 we found that the extent of quantum chaotic
diffusion can be actively controlled by manipulating the
initial-state coherence. Specifically, we considered the dy-
namics resulting from an initial superposition state compris-
ing two basis states exp(imu)/A2p and exp(inu)/A2p. By
varying the relative phase between the two basis states, we
were able to change the quantum diffusion from almost-
completely suppressed to much enhanced with the latter be-
havior much closer to classical diffusion. Thus, quantum
chaotic dynamics in the DKPR is both vulnerable to deco-
herence effects13 and sensitive to initial-state coherence ef-
fects. The DKPR model is experimentally achievable via
atom optics,14 but the control experiment in such a system
would be difficult. In addition, the system is somewhat con-
trived. To this end we examine microwave absorption in di-
atomics, which provides an alternative realistic system for
consideration.

III. MICROWAVE KICKED DIATOMIC MOLECULES

The proposal to use microwave kicked diatomic mol-
ecules as a molecular analog of the DKPR was advanced
more than a decade ago.15 In particular, with the vibrational
degree of freedom frozen, the Hamiltonian for the rotational
motion of diatomic molecules subject to periodic microwave

pulses resembles that of the DKPR. That is, if the orientation
of a diatomic molecule is described by two anglesu andf,16

then the corresponding Hamiltonian is

Ĥ5
Ĵ2

2I
1mE0 cos~u!(

n
DS t

T
2nD , ~4!

where Ĵ is the angular momentum operator in three dimen-
sions

Ĵ252\2F 1

sin~u!

]

]u Fsin~u!
]

]uG1
1

sin2~u!

]2

]f2G , ~5!

m is the molecular electric dipole moment,E0 is the ampli-
tude of the driving field whose polarization direction defines
the z direction, I is the moment of inertia of the molecule
about an axis perpendicular to the symmetry axis, and
D(t/T2n) is the pulse shape function simulating the delta
kicking in the DKPR model. Microwave pulses may be re-
alized by an array of phase-locked microwave generators
and, following Blümel et al.,15 we assumeD takes the form

DS t

T
2nD5112 (

m51

m57

cosF2mpS t

T
2n21/2D G . ~6!

The kickedCsI molecule appears to be an excellent can-
didate for experimental studies of chaotic rotational excita-
tion by microwave pulses15 since: ~1! it has a large dipole
moment, thus dramatically increasing the molecule–field
coupling strength; and~2! the excitation energy of the first
vibrational energy level inCsI corresponds to that of the
71st rotational energy level, so that vibrational excitation and
rotation–vibration coupling can generally be neglected.
Blümel et al. also estimated15,16 that for CsI, t[\T/I
51.0 translates into a driving frequency ofT21'9 GHz,
and thatk[mE0T/\55.0 translates into the relatively mod-
erate field amplitudeE0'1 kV/cm.

Since the projection of the angular momentum onto thez
direction is a constant, we choose it to be zero. As a result,
the second term in Eq.~5! gives zero contribution, and the
kicked diatomic molecule has only one relevant degree of
freedom~u!. Nonetheless, there still remain several impor-
tant differences between the DKPR model and the kicked
diatomic systems. First, the kicking microwave field can
only approximate the delta kicks. Second,u ranges from 0 to
2p in the DKPR model, whereas it ranges from 0 top for a
three-dimensional rotor. Third, the Hilbert space for the
kicked molecule case is spanned by the basis statesu j ,0&,
where 0 denotes the zero projection of the angular momen-
tum onto thez axis, andj is the rotational quantum number;
in the DKPR model rotational quantum numbersm can be
both positive and negative, representing two possible direc-
tions of the angular momentum of the planetary rotor.
Fourth, in the DKPR model, the matrix elements of the cou-
pling potential cos~u! are given by

^mucos~u!um8&5 1
2~dm8,m211dm8,m11!, ~7!

while in the kicked molecule case, we have

^ j ,0ucos~u!u j 8,0&5Cjd j 8, j 211Cj 11d j 8, j 11 , ~8!
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where

Cj[
j

A~2 j 21!~2 j 11!
. ~9!

Given these differences, it is necessary to independently es-
tablish conditions for phase control of quantum diffusion in
kicked diatomic systems.

A. Classical dynamics

With the vibrational degree of freedom frozen and the
projection of the angular momentum onto the polarization
vector of the driving field being zero, the classical Hamil-
tonian Hcl for diatomic molecules kicked by microwave
pulses is given by

Hcl5
I u̇2

2
1mE0 cos~u!(

n
DS t

T
2nD . ~10!

The classical equation of motion foru is then

I
d2

dt2
u5mE0 sin~u!(

n
DS t

T
2nD . ~11!

If we definej[t/T, J̃[u̇T, the above equation can be re-
expressed as two canonical equations inJ̃ andu

du

dj
5 J̃,

~12!
dJ̃

dj
5~kt!sin~u!(

n
D~j2n!.

Clearly, J̃ is the counterpart ofL̃ in the DKPR model@see
Eq. ~3!#, and the classical dynamics depends only on the
product ofk andt. Note also that the quantum counterpart of
J̃2 is j ( j 11)t2, wherej is the rotational quantum number.

Figure 1 displays the Poincare´ surfaces of section for
kt50.5, 1.0, 2.5, and 5.0. The results are obtained by nu-
merical integration of 15 different initial trajectories with
J̃(0)50 and u(0)5 lp/16, l 51,2,...,15, for time equal to
720 kicks. It is clear from Fig. 1 that whenkt>5.0, the
classical dynamics is predominately chaotic in the entireJ̃
region. We focus below on quantum dynamics in thiskt
regime.

B. Quantum dynamics

To solve for the time-evolving wave functionuc(t)& for
the kicked molecule, we first expand the wave function in the
Hilbert space basis

uc~ t !&5(
j

Aj~ t !u j ,0&. ~13!

Substituting this expansion into the time-dependent Schro¨-
dinger equation and using Eq.~8!, we have

i\
dAj~ t !

dt
5

j ~ j 11!\2

2I
Aj~ t !1mE0(

n
DS t

T
2nD

3~CjAj 21~ t !1Cj 11Aj 11~ t !!. ~14!

The dynamical equations can be further simplified by work-
ing with an interaction picture.16 Specifically, let Bj (t)
5Aj (t)exp@i\j(j11)t/(2I)#; we finally get

FIG. 1. The Poincare´ surfaces of sec-
tion for the classical dynamics of the
kicked diatomic molecule~see Sec.
III !. J̃ is the scaled angular momentum
in dimensionless units. Results are ob-
tained by numerical integration of 15
different initial trajectories withJ̃(0)
50 and u(0)5 lp/16, l 51,2,...,15,
for time equal to 720 kicks.~a! kt
50.5. ~b! kt51.0. ~c! kt52.5. ~d!
kt55.0. Apparently, the classical dy-
namics is predominantly chaotic when
kt>5.0.
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i
dBj~j!

dj
5k(

n
D~j2n!$exp@ i t j j#CjBj 21~j!

1exp@2 i t~ j 11!j#Cj 11Bj 11~j!%. ~15!

Clearly, in contrast to classical dynamics, the quantum dy-
namics of the kicked molecule depends on two parameters,t
andk. Thus, by decreasing the magnitude oft with kt fixed,
we can arbitrarily decrease the quantum effects due to the
quantization of angular momentum while keeping the under-
lying classical dynamics unaffected.

The coupled equations of motion for the expansion co-
efficientsBj (t) can be readily solved using the fourth-order
Runger–Kutta method, with a time step of 1024T, and with
the number of basis states chosen to be 500/t. With these
choices, convergence of the results was excellent.

IV. PHASE CONTROL OF QUANTUM CHAOTIC
DIFFUSION IN KICKED MOLECULES

As clearly seen from Eqs.~4! and~6!, the Hamiltonian of
the system considered here is strictly periodic with time.
Hence, the time-evolution operatorF̂ associated with one
periodT is of particular interest and will prove useful in the
analysis of the results. The formal solution forF̂ can be
written, with the help of the time-ordering operatorG, as

F̂5GFexpH 2 i

\ E
0

T

dt8 Ĥ~ t8!J G , ~16!

where

G@Ĉ~ t !D̂~ t8!#5Ĉ~ t !D̂~ t8!, if t.t8,
~17!

G@Ĉ~ t !D̂~ t8!#5D̂~ t8!Ĉ~ t !, if t,t8.

Although it is not possible to give an explicit form ofF̂ in
the kicked molecule case, the existence of this formal solu-
tion yields a stroboscopic description of the dynamics

uc~nT!&5F̂n21uc~~n21!T!&5F̂nuc~0!&. ~18!

More importantly, as we will see below, eigenfunctions and
eigenphases of the quantum map operatorF̂ help provide
clear insights on how chaotic rotational excitations may be
controlled by manipulating quantum phase in the initial state.

A. Formal dynamics and initial-state coherence
effects

Consider now an initial superposition state prepared as

uc~0!&5cos~a!u j 1,0&1sin~a!exp~2 ib!u j 2,0&. ~19!

Here, we use only two basis states~more basis states can be
considered, providing more adjustable parameters for con-
trol!. After the molecule is kickedN times, the quantum state
evolves toF̂Nuc(0)&. In order to compare quantum results
for our case with that for the DKPR model and the classical
limit, we define the dimensionless rotational energyẼ
[( j Pj j ( j 11)t2/2, wherePj5uBj u2 is the occupation prob-
ability of the u j ,0& state. The classical limit ofẼ is given by
^J̃2/2&. F̂ can be formally diagonalized by a unitary transfor-
mation

^ j a,0uF̂u j b,0&5(
j c

exp~2 if j c
!U j c , j a

* U j c , j b
, ~20!

whereU j c , j a
[^ j c,0uÛu j a,0&( j a50,1,2,...) is the eigenvector

with eigenphasef j c
. Moreover, since the basis statesu j ,0&

are time-reversal invariant, one can prove that the matrix
elementsU j c , j b

can be chosen as real numbers,7 i.e.,

U j c , j a
* 5U j c , j a

, j a , j c50,1,2,... . ~21!

Further, evaluatingẼ at t5NT with Eqs.~19!, ~20!, and~21!
gives

2Ẽ

t2 5^c~0!uF̂2N
Ĵ2

\2 F̂Nuc~0!&

5cos2~a! (
j j aj b

j ~ j 11!U j aj 1
U j bjU j ajU j bj 1

3eiN~f j a
2f j b

!1sin2~a! (
j j aj b

j ~ j 11!

3U j aj 2
U j bjU j ajU j bj 2

eiN~f j a
2f j b

!1 1
2 sin~2a!

3S e2 ib (
j j aj b

j ~ j 11!U j aj 1
U j bj 2

U j ajU j bj

3eiN~f j a
2f j b

!1c.c.D . ~22!

Evidently, the first two terms are incoherent since they do not
depend on the value ofb. They represent quantum dynamics
associated with each of the statesu j 1,0& and u j 2,0& indepen-
dently. The last two terms represent interference effects due
to initial-state coherence betweenu j 1,0& and u j 2,0&. Below
we show that quantum diffusion over the energy space can
be extensively controlled by manipulating the initial quan-
tum phase described byb, which corresponds to manipulat-
ing the interference term in Eq.~22!.

B. Phase control results

In Fig. 2 we present two representative examples
@t51.0,k55.0 in Fig. 2~a! andt51.2,k54.8 in Fig. 2~b!# to
illustrate phase control of quantum chaotic diffusion in
kicked diatomic molecules. In both examples the underlying
classical dynamics of rotational excitation is strongly cha-
otic, as shown in Fig. 1. We choosej 151 and j 252 to
create the initial superposition state~u1,0&6u2,0&!/&, i.e.,
a5p/4 andb50, p in Eq. ~19! ~reasons for choosingb to be
0 or p will be explained in subsection C!. As seen in Fig. 2,
the phase control is striking. For both examples,~u1,0&
2u2,0&!/& results in almost no diffusion over the energy
space whereas~u1,0&1u2,0&!/& shows extraordinarily fast
diffusion ~even faster than the semiclassical diffusion shown
in Fig. 5 later below! before it essentially stops att'10T.
Note ~1! that this huge difference is achieved solely by
changing the initial relative phase between the two partici-
pating statesu1,0& and u2,0& in the initial superposition state,
and ~2! that by contrast, each ofu1,0& or u2,0& individually
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would give very similar diffusion behavior lying between the
solid and dashed lines in Fig. 2. In effect, the two participat-
ing statesu1,0& and u2,0& can either constructively or destruc-
tively interfere with each other, even though the underlying
classical dynamics is strongly chaotic. Details of the respec-
tive wave functions att560T are shown in Fig. 3 in terms of
the occupation probabilityPj versusj. In both Fig. 3~a! and
Fig. 3~b!, one sees vividly that changingb from 0 top alters
the occupation probability of many states by almost an order
of magnitude. This further demonstrates the role of the initial
quantum phase embedded in the initial nonclassical states in
chaotic molecular processes.

In an effort to gain insight into the nature of this control
we examined the evolving wave functionsuc(nT)& in the u
representation. Figure 4 displaysu^uuc(nT)&u2sin(u) versus
u/p for n50, 2, 10, and 20, for the case oft51.0k55.0 and

for c~0!&5~u1,0&1u2,0&!/& or ~u1,0&2u2,0&!/&. Note that due
to wave function normalization*0

pu^uuc(nT)&u2sin(u)du51.
At t50 @Fig. 4~a!#, the relative phase between the basis
statesu1,0& and u2,0& is manifest as a difference in molecular
orientation. In particular, for the initial state~u1,0&2u2,0&!/&,
the highest of the three significant peaks of
u^uuc(0T)&u2 sin(u) is located atu0'0.15p, whereas for
uc~0!&5~u1,0&1u2,0&!/&! the peak is atp2u0'0.85p. How-
ever, since the kicking force is proportional to sin~u! and
since sin(u0)5sin(p2u0), such orientation effects cannot be
the direct origin of our phase control. Indeed, after only two
kicks @Fig. 4~b!#, it becomes very hard to see any significant
difference between the two evolving wave functions in theu
representation, although their energy absorption behavior af-
terwards@see Fig. 2~a!# continues to be completely different.
Also of interest is the comparison in Fig. 4~c! and Fig. 4~d!
at timest510T and 20T @at these times the energy absorp-
tion shown in Fig. 2~a! has stopped#. We find that, in the
suppressed diffusion cases, the wave function displays fairly
smooth behavior over the entire range ofu, whereas in the
enhanced diffusion cases the magnitude of the wave function
drastically oscillates withu. However, the wave functions in
Fig. 4~c! and Fig. 4~d! for both the suppressed and the en-
hanced cases show similar behavior on the average. Hence,
the u dependence of the wave function sheds little light on
the origins of the observed control. Indeed, gaining insight
into the origins of the control is difficult insofar as it is a
nonresonant multiphoton absorption process.

To further demonstrate that our phase control results are
quantal in nature, we show~Fig. 5! the dynamics after reduc-
ing the effective Planck constantt by 50 times, while keep-
ing kt constant. As further discussed below, when the system
is closer to the semiclassical limit, one expects the extent of
phase control to decrease. This is confirmed in Fig. 5. For
both the case oft50.02 andk5250 in Fig. 5~a! and the case
of t50.024 andk5240 in Fig. 5~b!, the energy diffusion
shows only slight dependence onb. In essence, phase control
disappears. We therefore confirm the expectation that quan-

FIG. 2. The dimensionless rotational energy of the kicked diatomic mol-
ecule Ẽ5( j Pj j ( j 11)t2/2 vs time ~in units of T!. Solid line and dashed
lines are for the initial states~u1,0&1u2,0&!/& and ~u1,0&2u2,0&!/&, respec-
tively. ~a! t51.0, k55.0. ~b! t51.2, k54.8.

FIG. 3. The occupation probabilityPj vs the rotational quantum numberj at
t560T. Solid line and dashed lines are for the initial states~u1,0&1u2,0&!/&
and ~u1,0&2u2,0&!/&, respectively.~a! t51.0, k55.0. ~b! t51.2, k54.8.

FIG. 4. u^uuc(nT)&u2 sin(u) vs u/p for ~a! n50; ~b! n52; ~c! n510; and
~d! n520. Solid and dashed lines are for the initial states~u1,0&1u2,0&!/&
and ~u1,0&2u2,0&!/&, respectively.t51.0, k55.0.
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tum chaotic dynamics in the classical limit is insensitive to
initial-state coherence.

We have also examined the stability of the results in Fig.
2 for t far from resonance. We have checked that control in
Fig. 2~a! @Fig. 2~b!# remains essentially the same whent is
changed from 1.01 to 1.0 to 0.99, or from 1.21 to 1.20 to
1.19. This insensitivity may be important for experimental
studies, suggesting that extensive control of quantum diffu-
sion should be robust to small fluctuations of the frequency
of the periodic kicking field. It should be noted that for pe-
riodically kicked systems, the dynamics can be very sensitive
to the exact value oft. For example, whent5pp/q, where
p,q are integers, the free evolution of the kicked system is in
resonance with the kicking field, and the corresponding
quantum diffusion can be extremely fast.7,10 Indeed, when
the resonance condition is satisfied, the spectrum of the sys-
tem assumes a completely different form~for example, in the
DKPR model, the spectrum is continuous at resonance!.
Here, we have examined cases oft far from resonance since
the uncontrolled dynamics for the case of resonantt is still
poorly understood. Nevertheless, we note that the possible
range of quantum diffusion rates due to phase control, as
shown in Fig. 2, is comparable to, or even larger than, that
induced by quantum resonances in kicked diatomic systems.
For t near-or on resonance, we also observed extensive
phase control in many cases~e.g., for t5p/2, k54.5; or
t52p/5, k55.0!. However, due to the sensitivity of the dy-
namics tot, the phase control fort near-or on resonance is
also very sensitive tot.

Finally, we examine the pulse-shape dependence of our
phase control. Our previous calculations have used the mi-
crowave pulse given by Eq.~6!, which needs seven consecu-
tive harmonically related microwave frequencies. Although
this case is indeed very close to delta-kicked dynamics, it is
challenging experimentally since one has to phase lock so
many different microwave fields. Fortunately, we found that
similar phase control can be observed using only three con-
secutive harmonically related microwave fields. Figure 6 dis-
plays the somewhat less extensive phase control results,

where the pulse shape functionD(t/T2n) in Eq. ~4! is re-
placed by

D8S t

T
2nD5112 (

m51

m53

cosF2mpS t

T
2n21/2D G . ~23!

It is clear that the main characteristics of the phase control
results in Fig. 2 are also observed in Fig. 6. Thus, utilizing
Eq. ~23! should significantly reduce technical difficulties in
experimental studies of phase control of quantum chaotic
diffusion.

C. Discussion

The results obtained forCsI are similar to those in the
DKPR model,9 despite the fact that there are several differ-
ences between the DKPR model and the kicked molecule
case. This suggests that the mechanism for phase control of
microwave kicked diatomics may be the same as that for the
DKPR model. Below, we discuss the fact that phase control
is based upon, and is a manifestation of, strong statistical
deviations from random matrix theory~RMT!.

One of the main results of the study of quantum chaos is
that statistical properties of eigenfunctions and eigenvalues
of the quantum map operatorF̂ ~or the Hamiltonian operator
for conservative systems! tend to be well described by RMT
if the underlying classical dynamics is chaotic.7 Indeed, sta-
tistical behavior close to RMT predictions is regarded as a
clear signature of classical chaos. In particular, RMT claims
that eigenvector components ofF̂ are random and obey uni-
versal statistical laws. However, in the case of the DKPR
model and the kicked diatoms, deviations from RMT are
observed in the suppressed quantum diffusion.10 Here, we
demonstrate that quantum control is another strong manifes-
tation of the deviation from RMT.

We first note that Eq.~22! can be further simplified, for
relatively largeN, by making a fairly good approximation.
That is, the factoreiN(f j a

2f j b
) tends to oscillate so rapidly

that essentially only those terms withj a5 j b contribute in the
sum overj a and j b . We then obtain

FIG. 5. As in Fig. 2 except that the effective Planck constantt is 50 times
smaller.~a! t50.02,k5250. ~b! t50.024,k5240.

FIG. 6. As in Fig. 2 except that the pulse shape function is given by
Eq. ~23!.
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2Ẽ

t2 5cos2~a!(
j

j ~ j 11!(
j a

uU j aj u2uU j aj 1
u2

1sin2~a!(
j

j ~ j 11!(
j a

uU j aj u2uU j aj 2
u2

1sin~2a!cos~b!(
j

j ~ j 11!

3(
j a

uU j aj u2U j aj 1
U j aj 2

. ~24!

Evidently, the last term in Eq.~24! arising from quantum
interference is proportional to cos~b!, and would be most
effective whenb50 or b5p. This explains our previous
choice ofb50, p for the demonstration of extensive phase
control.

Consider then RMT applied to the statistics of the eigen-
vectorsU j c , j b

in Eq. ~24!. Suppose the effective dimension
of the Hilbert space isD}1/t, t being the effective Planck
constant. We then assume thatU j aj , U j aj 1

, and U j aj 2
are

independent random numbers with mean value 0 and vari-
ance 1/D, in accord with RMT. With this statistical descrip-
tion, we are now ready to compare the magnitudes of the
interference term and the incoherent terms in Eq.~24!. Con-
sider first the interference term. As an approximation,
( j a

uU j aj u2U j aj 1
U j aj 2

'1/D( j a
(U j aj 1

U j aj 2
), where high-

order correlations betweenuU j aj u2 and U j aj 1
U j aj 2

are ne-
glected. Note that the ensemble average ofU j aj 1

U j aj 2
( j 1

Þ j 2) is zero. Hence, the standard deviation of
1/D( j a

(U j aj 1
U j aj 2

) is given by 1/AD times the standard de-
viation of U j aj 1

U j aj 2
~which is of the order of 1/D!. It fol-

lows that the standard deviation of( j a
(U j aj 1

U j aj 2
) from

zero is of the order of 1/AD. On the other hand, for the
incoherent terms, say, the first term,( j a

uU j j a
u2uU j aj 1

u2

'1/D( j a
uU j aj 1

u251/D. Thus, according to RMT, the inter-
ference term is zero statistically, and the magnitude of the
fluctuation of the interference term is 1/AD times smaller
than that of the incoherent term. That is, RMT predicts that
phase control of quantum diffusion is bound to fail. Further,
sinceD scales with 1/t, the magnitude of the fluctuations of
the quantum interference term in Eq.~24! scales witht1/2.
As we approach the classical limit by decreasing the effec-
tive Planck constantt, initial-state coherent effects and thus
phase control necessarily vanish.

Thus, our control results imply that RMT is not a good
statistical description when the periodically kicked molecular
system is not close to the semiclassical limit. Just as in the
DKPR model, when quantum effects are large, theF̂ matrix
and thus theÛ matrix are banded matrices17 in the represen-
tation of angular momentum eigenstates. This band structure
causes strong statistical deviations from RMT expectations.
In particular, in the sum( j a

uU j j a
u2U j aj 1

U j aj 2
, only those

terms withu j 2 j au less than the band width of theÛ matrix
~or the localization length of the eigenvectorU j , j a

! will con-
tribute, i.e., the number of contributing terms in the sum will
be much less thanD, the effective dimension of the Hilbert

space. This directly leads to enhanced fluctuations of
( j a

uU j j a
u2U j aj 1

U j aj 2
, i.e., the interference term in Eq.~24!

can be comparable to the first two incoherent terms. As a
result, extensive phase control of quantum chaotic diffusion
becomes possible.

Based on the observation that statistical deviations from
RMT are responsible for control, in Ref. 9 we quantitatively
obtained a necessary condition for extensive phase control.
Specifically, in the DKPR model we requirek,50/k or t
.k2/50 for control. The essence of this condition is evident.
That is, larger quantum effects induce more phase control. It
is thus very natural to conjecture that this condition could
also apply to the model of periodically kicked molecules.
Indeed,~1! under this condition, for numerous cases of vary-
ing a, b, k, andt, we have obtained extensive phase control
results similar to those in Fig. 2, and~2! outside that domain,
phase control is not extensive in general.

V. CONCLUSION AND SUMMARY

The results of this paper should impact strongly on two
research areas, that of quantum chaos and that of coherent
control. The focus of traditional studies in quantum chaos is
quantum-classical correspondence, i.e., the conditions under
which quantum and classical dynamics agree, and how this
agreement breaks down with time as a result of quantum
interference effects. In order to understand interference ef-
fects, most studies have used classical initial states and have
avoided using nonclassical initial states. As such, the litera-
ture of quantum chaos rarely considers initial-state coherence
effects. Rather, people often take the semiclassical view that
the classical chaotic dynamics leads to a randomization of
the phase in quantum evolution, and that the quantum dy-
namics is insensitive to the form of the initial condition.18 By
contrast, studies in coherent control1 emphasize the signifi-
cance of quantum phases, both in the initial state and the
ensuing dynamics.

Our study clearly demonstrates the importance of initial-
state coherence in quantized chaotic dynamics. Specifically,
we have demonstrated that initial-state coherence can dra-
matically alter the dynamics of quantum diffusion when the
system is far from the semiclassical limit. This sensitivity is
lost as the system approaches the classical limit. This phase
control is based on, and is a manifestation of, strong statis-
tical deviations from RMT. Further, it is distinct from other
studies of control in diatomic excitation,19,20 which can es-
sentially be described classically.21

Having shown theoretically that initial-state coherence
can be used to control chaotic rotational excitation of
diatomic molecules, the only issue remaining is the experi-
mental preparation of initial superposition states such as
~u1,0&6u2,0&!/&, or, more generally, the generation of rota-
tional coherence before the periodic kicking field is turned
on. We note that stimulated Raman adiabatic passage
~STIRAP!22 provides a natural choice for such superposition
state preparation. In particular, in the tripod-STIRAP
scheme,23 an additional laser couples the intermediate level
~through which the initial and final state are radiatively con-
nected via the pump and Stokes laser! with another unpopu-
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lated state. Depending on the overlap in time of the interac-
tion of the additional laser with that of the pump and Stokes
laser, any coherent superposition of the initial and final state
can be created.

In summary, the general principle of coherent control has
been successfully applied to chaotic rotational excitation of
diatomic molecules. Corresponding experimental studies on
the kickedCsI system are of interest to both areas of quan-
tum chaos and coherent control.
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