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Decoherence in an anharmonic oscillator coupled to a thermal environment:
A semiclassical forward-backward approach
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The decoherence of an anharmonic oscillator in a thermal harmonic bath is examined via a
semiclassical approach. A computational strategy is presented and exploited to calculate the time
dependence of the purity and the decay of individual matrix elements in the energy representation
for a variety of initial states. The time dependence of the decoherence is found to depend on the
temperature of the bath, the coupling strength, the initial state of the oscillator, and the choice of
quantity measuring the decoherence. Recurrences in the purity and in the off-diagonal matrix
elements are observed, as well as the collapse of these matrix elements to the diagonal, providing
evidence for the retention of quantum coherence for time scales longer than that indicated by the
purity. The results are used to analyze the utility of the Caldeira-Leggett and Redfield models of
decoherence and to assess the dependence of dephasing rates on the degree of structure in phase
space. In several cases we find that the dephasing dynamics can be described as an initial
Zeno-effect regime, followed by a Caldeira-Leggett region, followed by recurrence2002@
American Institute of Physics[DOI: 10.1063/1.1766009

I. INTRODUCTION state Trp?) (Refs. 12—1% and the time evolution of the
A great deal of current research is dedicated to under(-?ﬁ'dIagonaI matn?( elem_ents (ﬁ in the energy repres_enta-

. . . tjon. The former is basis set independent and provides an
standing decoherence, i.e., the loss of quantum phase mfor-v rall view of the | f oh information tem
mation when a quantum system is coupled to an environ® ea;} 24 SO .]f o"ss .?. P as,te f ormatio ?St a sydsg
ment. Quantifying decoherence is important since it plays éjeco eres. Specitically, 1t Is unity for a pure staté and 15

. . ~ _ 71 . .
crucial role in the transition between quantum and classicajr/N for a tor:allly |ncoher§(rj\t mixture =N EfilzlyN|'>f<'|h°f i
behaviot and is a negative influence on any area relying\ Statés. The latter provides a measure of loss of phase in-

upon quantum coherence effects, such as quanturfﬁ?rmation in precisely that representation responsible for the
computatiod and the quantum control of atomic and mo- time evolution ofp. That is, in this representation, the re-
lecular processes® Decoherence is also central to the duced density matrix is diagonal when all the coherences
chemistry of reactions in solution and plays an important rold12ve completely decayed and the populations are constant in
in the generic vibrational relaxation process of a molecule ifime. Further, comparing the rates of decay of these off-
the condensed phase. diagonal elements, which provid&s, with the decoherence
Until recently, most of the related research, both theoretfate obtained from Ti#®) provides important insights into
ical and experimental, has focused on obtaining vibrationathe relative magnitude of these rates. _
relaxation rategsee, e.g., Refs. 6}9With the availability of _ Inthis paper, we consider decoherence in a system com-
ultrafast spectroscopic techniques, more detailed informatiofrising an anharmonic oscillator that is linearly coupled to a
can be obtained for these dynamical processes, as well as fdrermal bath of harmonic modes. We study the dependence

the loss of quantum coherent®. of the decoherence on the initial state of the system, where
The theoretical approach to decoherence considers tiniée initial states include coherent states, cat states, and super-

evolution of the density matrik, position states, the temperature of the environment and the
dpr A system-bath coupling. The results are also used to assess the
rr in[H,pr], (1) utility of models, such as those due to Redfi€ldnd various

guantum-master-equation-based modgts a review, see

where p; is the density operator for the system plus theRefs. 13 and 14
environment andH is the total Hamiltonian. The evolution In this paper we compute decoherence rates by using a
of py is unitary. However, we are often not interested in thecorrelation function approach in conjunction with a FB-IVR
dynamics of the environment. Hence, we trace over the endorward-Backward Initial Value Representatisemiclassi-
vironmental degrees of freedom. The dynamics of the resulteal propagation method:” The introduction of this ap-
ing reduced density operat@r, which obeys a generalized proach is motivated by noting the limitations associated with
master equation, is no longer unitary. currently available approaches to computational studies of

In this paper we focus on a number of measures of theelaxation and dephasing. For example, the reduced density
time evolution of the decoherence, including the purity of thematrix can be obtained by propagating the full density op-

0021-9606/2004/121(6)/2673/12/$22.00 2673 © 2004 American Institute of Physics
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erator and then tracing out the bath degrees of freedom. In e—ﬁl:lB . .

this case, it is convenient to use Feynifguath integrals to pij () =Tr| —=— | Do) Dol | ) (y;]le HVE|. (5)
formulate the expression for the reduced density madfax Qs A
a review see Ref. J9However, although these methodolo- Here, | i) are eigenkets of the system Hamiltoniaty

gies are, in general, both accurate and efficient for short timg the Hamiltonian for the thermal bath with partition func-
dynamics, they are not applicable for long times due to theion Qg, |®,) is the initial state for the vibrational coordi-
well-known “sign problem.?® Alternatively, the influence nate, 3=1/kgT, and T is the temperature of the bath. In
functional approact®*is both accurate and efficient even principle, we may choose any propagation scheme to evolve
for long times, but this method cannot at present accuratelg however, since the environment is multidimensional and
describe anharmonic interactions in the liquid phase withougne initial state of the system can be rather complicéted
introducing  additional approximations. By contrast, theexample, a coherent state studied in this paper is described
method that we introduce works for both large and smallby sixty-one vibrational levels a natural choice is to use
systems for time scales over which the semiclassical mesemjclassical techniques. Such methods are able to describe
chanics is reliable. quantum effects accurately while maintaining the advantage
Another approach studied here replaces the quantum megf computational simplicity characteristic of purely classical
chanical operators with their Wigner representdti@nd in-  methods. Below we use the FB-IVR variant of the semiclas-
troduces semiclassical approximations. The resultingical initial value representation techniques which have
expressiorf, also known as the linearized IVR?®is easier proven to be accurate in a wide variety of studie¥:2529-37
to employ than the FB-IVR, and we compare the results O{Jn particular, we adapt the forward-backward version of the

the two methods. semiclassical IVRRefs. 16 and 17to this study. We also

In addition to quantifying decoherence we comparegxamine the utility of the linearized IVR method.
model theories based on master equations for the reduced

density matrix to our results and find that the predictions of
the Redfield theory?’ and of the Caldeira-Leggett || THE DENSITY MATRIX
equatioR® are unable to properly describe, either quantita-
tively or qualitatively, the results obtained numerically. How- ~ Consider first the FB-IVR expression for a system
ever, we do identify a range over which exponential decay igoupled to a bath. The semiclassical IVR procedureether
observed. The origins of these differences, in the approximaull Herman-Kluk (HK) or forward-backwardireplaces the
tions inherent in these master equation models, are discuss#gitary quantum time evolution operator,
below. .- -

This paper is organized as follows: Section Il introduces U:elHt/h|‘//i><'/’J|e e 6)
the correlation function approach and Sec. Ill summarizesn Eq. (5) with an integral expression over initial phase space
the theory for the calculation of density matrix elements. Invariables. The full HK-IVR proceduf@ requires replacing
Sec. IV we discuss the computational application of the forqgch of the Operatoreilrlt/h, efilrlt/h with such an integral

mulas to a system-bath model. In Sec. V, we discuss thgypression, resulting in a double phase space IVR expression
results and finally, in Sec. VI, we summarize. For conve-g¢ dimensionality Z, wheref is the number of degrees of
nience, the phrase “density matrix” refers to the reducedfreedom in the system.

density matrix for the remainder of this paper. Unfortunately, this high-dimensional expression also has
a highly oscillatory integrand with large complex amplitudes
and cannot be accurately computed for systems with many
degrees of freedom. A more practical expression can be ob-
Consider the time correlation function between two op-tained by using the FB-IVR expression for the evolution op-

1. CORRELATION FUNCTIONS
AND THE DENSITY MATRIX

eratorsA andB, erator in Eq.(6) since it does not have these numerical prob-
e A - lems. This procedure has been used before for problems with
Cag(t)=Tr[Ae" BeHUA], (2)  local operator$®'” In our case, however, the operator

. . . | i) can, in general, be nonlocal, and applying the FB-
wheree is the time evolution operator of the system plus I S .

. IVR requires that we rewrite it in terms of exponential op-
bath and the trace is performed over both the bath and thg equires that we rewrite [t in terms of exponential op

system degrees of freedom. We can obtain a formally exacf rators. This can be done by expres§|¢g<¢j| in terms of

iHt/

38
expression for the time-dependent reduced density matrix e Ewe Weyl ordered product,

ement in the energy representatipf(t), where the bath is

N | = B.. (i/h)p-dg—(i/h)a-p
in thermal equilibrium, by choosing as |90l f dpf daBij(p.q)e € ' ™

. e BHp where

A= O |Do) (Dol ) B 1 \Np -

. Bij(DyQ):(m) fdqe‘“’“"q(ﬁw»wjlq—m (8)
andB as the projection operator

A and{p,q} are theN degree of freedom system phase space

B=lu)(, (4 ipaj 9 ystem phase sp

variables that provide a representation #f)(;|. Inserting
so that Eq. (7) into Eq. (6) gives the evolution operator as
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- ~ Ao 1\°f ~

U:f dpJ quij(p,q)elHt/he(I/h)pqe—(I/ﬁ)qpe—lHt/h_ p”(t): n) j dpf qu”(p,q)J qu

T
€)
~ (i/h) 1Po.0.P,t)

We now replaceJ with the FB-IVR approximation so Xf dPoC(Qo.Po,q,p,t)e!!/ S0P P

that
*BHB
~ 1 ~ ><<qu0| | Po)(PoldoPo). (16)
U~lo 7 fdpj quij(p,q)quof dpo

where(qopole*BHB/QBlCI)O)(Cbolq(’)p()) is the coherent state
representation of the thermal density operator

(e™P"8/Qpg) | Do) (Dy|, whose explicit form is described in

the following section.
wheref is the number of degrees of freedom in the system

and{qo,pg} is a set of coordinates and momenta describing

initial conditions(at time zerg for a classical trajectory. The |v. APPLICATION TO A SYSTEM-BATH MODEL
quantities{q,,p,} are phase space points that are obtained

X C(%apo ,q,p,t) X ei/hS(qo,po,q,p,t)|q(’)p6><qopo| 1
(10

by integrating the classical equations of motion fqg,po}
until time t, making a “phase space jump” at tintein the
system variables according to the equations

g— 0+, (12)

Pi—petpP (12

and then propagating the poifd,+q,p;+p} back to time
t=0. The quantityS(qq,po,d.p,t) is the FB action integral
for the trajectory,

t
S(do+Po. 0P, t) = fodT[pT'qT_H(pTaqT)]"'p'(Qt"’Q)

0
+ ft dr{p,-q,—H(p,,q,)]. (13

The complex preexponential fact@(qq,pg,t), the mono-
dromy matrix, is defined as

C(QO!DO!qvpvt)

’ !
= de{l( y 12 9Po V2 102 99 y 12
JPo ddo

! H !
Ve 9Pg ,yllz)

1/2
+
7 f do

1/2

dqy
172 ™ ' (14)

—ifhy 300

wherey denotes arf-dimensional diagonal matrix. The real,

positive, arbitrary elements; of this matrix are the width
parameters in the coordinate space representation attthe
degree of freedom Gaussian wave packet

N\ 14 , :
<Xi|Qiipi>:(%) eXp{_g|xi_qi|2+;i_pi’(xi_Qi)]-
(15

The dependence &@(qq,po,q,p,t) on{q,p} arises from the
fact that the phase space jump at tinedfects the backward
evolution of the derivatives i€(dg,pPg.d,p,t).

Finally, when Eq(10) is inserted into Eq(5), the semi-
classical FB-IVR expression for the,{) element of the den-
sity matrix is obtained,

In this section this treatment is applied to a Morse oscil-
lator coupled to a bath of harmonic oscillators. This model
was previously used by Wargf al® to study quantum ef-
fects in the coordinate space probability distribution in the
vibrational coordinate. The total Hamiltonian for this case,
where the bath hasf 1) oscillators, is

p2
= _eaa-ge))2
2 +D[1—e #979)]

5

where {p,q} are the system phase space variables and
{P;.Q;} are the mass-scaled momenta and coordinates of the
bath. The Morse potential parameters used for the system
correspond to the ground state potential of molecular iodine:
D=1.2547x10°cm !, q.=2.6663 A, anda=1.8576 A1,

The quantityu is the reduced mass of.I The harmonic bath
was chosen to have an Ohmic spectral density,

w
- L
We

where 7]sb is the system-bath coupling coefficient aad
=20cm ! is the characteristic bath frequency. The discrete
bath frequenmez:;)J and the coupling constants are related

to J(w) vial®

2
Cj—a) \/

and

H:

P2 w2

2
+—(Q,+—(q qe)) (17)

J(@)=nspw eXP( (18

NshWc

-1

e ) (19

——(1-e7?)|. (20)

J
S (f-1)
In this work, we examine decoherence associated with dif-

ferent initial states of the diatomic. Specifically, we first con-
sider decoherence from coherent states given by

wj=—o:In1

1/4 ;
<Q|¢’o>:(%) exr{—%(q—qi)%%—pi(q—qi)},
(21)

where @Q; ,p;) are the average position and momentum of the
initial wave packet andy is the width of the coherent state.
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Second, we consider a superposition of two different coher{®,|qgp(), differs for each initial state of the diatomic. An
ent stategSchralinger “cat” stateg given by analytic formula for these wave functions can be obtained

14 from
Y Y
(al®)= > (E) exp[— 5(a-q)?
e (Gopolbo)= [ da(aopola(al o). @
i
+gpj(q—qj)}. (22 where
¥ 1/4 )
Finally, we consider superposition states given by (q0p0|q):(—) e~ (72(a=a0)"~iPo(d—do) (29
o
<q|q>0>=2 Chibn(2), (23 Using this, we obtain for an initial coherent state,
n

_ _ _ (QoPo| ®g) =~ (G0~ )~ (L4 (Po=P)*+ (12 (Po+ P) (G0 Gi),
where ¢,(z) is the nth bound state eigenfunction of the | (29)

Morse oscillator, N
and for a superposition of coherent stafest state

z
Un(2)=N, EX[{ - E) <q0p0|q)0>
X ZZiDla)=n=(12) (2VZuDla)=2n=1(7) (4 - i[e—<y/4><q0—qa)2—(1/4y><po—pa>2+<i/2><po+ Pa)(do—dg)
2
In this expressioniN, is a normalization constanit,:(z) are , ,
the Laguerre polynomials as defined in Abramowitz and + e~ (Y4 (a0~ ap)* ~ (14y)(Po=Pp)*+(i/2)(Po+ Pp) (G0~ ap) ],
Stegur’®® andz=2/2D/a exf —a(q—0)]. (30
To calculate the density matrix from E¢L6) note that
the “jump” phase space variablesy(p) are one dimen- Obtaining an analytical formula fotqopo|®o) when

sional, the action S(qq,po.q,p,t) and prefactor |®o) is a superposition of Morse oscillator eigenfunctions is
C(0o.Po.0,p,t) are given by Egs.(13) and (14), and a tedious taskif possible at all. However, for(qopg| ¥ ),
B;;(p,q) is given in Eq.(8). Finally, the explicit form of the ~ Where(q|¥,)=¥,(q—qe) is a harmonic oscillator eigen-
coherent state representation of the thermal density operatfinction corresponding to theth (harmonig energy level,

is (hereafter, we sei=1) an analytical expression is straightforward,
N —n/2 . n
e AHs 27" y(do—de) —iPo
(GoPol =g~ Po)(®oltpo) (GoPol )=~ Ty
-1 o Blig @~ (V400 de)®~ (P5/4Y) +(iP/2 (G0
=(QoPol Po){Po|qy pé)H <Q10P10| |QJOPJO> (31)
(25 We can therefore expand the superposition of Morse oscilla-
wherd® tor eigenfunctions in Harmonic oscillator eigenfunctions and
then calculate gopo| ) using
_BHB
<QJOPJO| |QJ0PJ0> <%Po|‘bo>5<%po % Cm¢m>
- Bwj [ 2 ’2
=(1—e PY)xexp — - (Qjo+Qjo ={ goPo En: d. ¥,
1 /2 I ’ ’
", ar (Plo* Pi)+ 5 (PjoQjo— PjoQjo) =2 dn(doPo| V). (32)
n
><exp: 1 [ I'Q,Q! = 1 p! One of Egs(29), (30), or (32), depending on the initial con-
2° IXI0%0 PioPjo ditions, is inserted into E¢(16) and the density matrix can
be calculated. The computational effort in calculating the
+i(P/oQjo—PjoQ)o) ] (26)  density matrix elementEEq. (16)] is formidable. We there-
fore implement the following strategy to minimize this ef-

Here the width parameters of the bath coherent states and tfft: Equation(16) can be rewritten as

Morse oscillator are chosen d3=w; and y— J2D pa? 1 \f _

=ul),, respectively, whered,=213. 7cm is the har- p(t)= o7 J' dpf dgB(p,q)l(q,p,t), (33
monic frequency of the Morse oscillator. The coherent state

representation of the system wave functioftgpo|®,) and  where
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, X1(q,p,t), is calculated and integrated to complete the cal-
1(q,p.t)= f ddo f dpoC(do,Po.q,p,t)e!’MS(do-Po. 4P culation of the density matrix.
. A total of 4x10° trajectories were needed for conver-
e AHs gence for the coherent initial states andx1B’ trajectories
><<(10FJ0|Q—B| Do){(Po|dopo), (349 were needed for the superposition initial states. These num-

bers can be reduced by a factor-e4 if only averaged quan-
tities (such as the purifyare requiredas distinct from indi-
vidual density matrix elementsThis appears to be a rather

_nlflcantly po_pulated levels of the dlatom|c._Note tugt o large number of trajectories compared to the modest number
in Eq. (34) includesall system+-bath coordinates and mo- (50 000—100 00D reported by Wanget a8 in their semi-

menta, whereag, g corresponds only to the system and pro- : . : ) .

. . : . classical calculations. However, in their propagation scheme,
vides independent system phase-space jumps. It is computa- h of the 50 000 traiectories branches off int80 addi-
tionally advantageous to calculate these equations in threge o O . e T .

) ] ~ ] tional trajectories at timé, resulting in an effective number
stages: First, the calculation and storag@(,q) ona grid. ot trajectories comparable to the number that we use. In ad-
Second, the evaluation of E@4), and finally the calculation  jition, the quantity investigated in their work required the
of the producB(p,q) X 1(q,p,t) followed by the integration propagation of a local operator and hence the integration
in Eg. (33). The code for the second step can be executedver system jump variables was one-dimensional and could
separately from the first and third stages and hence can hg performed using numerical quadrature, as opposed to the
very efficiently parallelized, without the need to include the Monte Carlo integration required here. The larger number of
extremely large(and computationally expensivematrix  trajectories needed for the superpositions states results from
B(p,q) in the code. 5 the fact that the integrand is less localized in the system

In the first stage, the matrix elemeBf;(p,q) is calcu-  variables and the initial conditions for the diatomic are se-
lated numerically using Morse wave functions for levels lected via uniform sampling.
andj [Eq. (24)] via Eq. (8) using the trapezoidal rule. The The results presented in the following section are also
range of the p,q) grid on whichB(p,q) is calculated is convergent with respect to the number of bath oscillators,
determined by the spatial spread of tith level wave func- Which was taken to be twenty for all the cases studied. This
tion. For the highest level considerea= 60) a typical range IS the lowest number of oscillators found to be required to
for the wave function coordinate is 2—4 A. Convergence offéProduce the spectral density given in Ef8) and was
By;(p,q) required 264 grid points in each dimension. sincefound sufficient to provide accurate results for the decoher-

Bij(p.q) is the only function in the calculation that is depen- ence measures, as discussed below.
dent oni andj, we iterate over all possibigj levels to create
the matrixE(p,q), which is stored for the third step. V. RESULTS AND DISCUSSION
_To compute the integral_s, Eq393) is eva_luated using  z gsemiclassical results
uniform Monte Carlo sampling and E¢34) is evaluated
using importance sampling Monte Carlo for the bath vari- We have done numerous computations on systems with
ables using the Husimi distributic(lQoPo|e‘B'A*B|QOPO>, see varying temperatures, system-bath coupling parameters

[Eq. (25)] as the sampling function. The system variables ard9iven in terms of 7=17g,/ul)y) and initial vibrational

sampled with importance Monte Carlo when the diatomic jStates. To present these results we first consider a specific

initially in a coherent state, usinggopo|®o)| as the sam- case that typifies the general behavior obsef¥mthis case,
pling function, and sampled with uniform Monte Carlo for results were obtained at time intervals of 16 fs until tilme

the initial superposition states. A typical trajectory for this i288 fs, and time intervals of 64 fs from=3201s tot
calculation involves the following algorithm: First, the ran- =6401s). We then examine how different conditions effect

domly generated “phase space jump” variabteand q are decoherencéusing for this analysis time intervals of 64) fs

interpolated to the “nearest-neighbor” valupsandg; used _ We note at the outset, as obsc_arved in a set of represen-
~ . ~ . tative cases, that both the dynamics of g&Y and of indi-
for the B(p,q) grid. If B(p;,q;) <k=0, wherek is a cutoff ! .
= ; =\t . - vidual p;; depend upon theroduct T. Figure 1 shows the
orders of magnitude smaller than a typical minimum value of_ " 2 . ) o
i i ~ purity Tr(p“) as a function of time for an initial coherent
1(9,p,t) (chosen in this work to be 0.0B1B(p.d)  state placed af =2.4, p,=0.0. This coherent state, termed
x1(q,p.t) will have negligible contribution to the integral he multilevel coherent state, populates the first 61 vibra-
and there is no need to run the dynamics. WE¢p, ,d;)  tional levels of the Morse oscillator peaked around the 24th
>k, 1(q,p,t) must be evaluated. Af2dimensional initial  state. The temperature of the bath was taken as 300 K and
phase space poinigg,po) is chosen, and Newton's equa- the coupling coefficient;=0.25. Figure 1 shows that the
tions, together with the action and the derivatives that appegsurity of the system falls off very slowly unti100 fs, when
in the prefactor, are integrated until tireAt time t, a phase it abruptly decays, showing short recurrences~@50 and
space jump in the system \_/arlable_s IS _performed accc_)rd_mg ta450 fs. The decay betweer: 100 and 250 fs, can be fitted
Egs.(11) and(12) and the integration is reversed until time to an exponential decay with excellent agreement. The recur-
t=0, culminating at the phase space poig§ {0;). The in-  rence frequency is slightly larger than the harmonic vibra-
tegrand is now calculated and stored for the third ftep In thlﬁona| period of the Morse oscillator 156 fs for the present
final step, the product of the stored function8(p,q) parameter set, suggesting a correlation between the vibra-

andp andB arenxn matrices, withn the number of sig-
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FIG. 1. Purity as a function of time for the multilevel coherent stdte. E|g. 3. Map of the off-diagonal density matrix elements that Ohﬁﬂ
=300K, #=0.25. The group of points corresponding to the first abrupt >.0,02 at three different times. For clarity note that those elemignts
decay of this function have been fitted to an exponential curve described by. g 92 at timet also satisfy this condition at earlier times. Note the collapse

the given equation. of the density to the diagonal with increasing time.

tional motion and the quantum coherences. The value q"npressive' Genera”y Speaking’ the h|gher frequency coher-
Tr(p?) at the largest time computed 40.1. If, at this time,  ences arising from levels that are widely separated decay
p were a statistically mixed state with equal probabilities, itmych faster than levels that are close to each other. This
would imply that the total number of states in the systempehavior is qualitatively consistent with predictidhsof
wereN=10. Clearly this is inconsistent with the actual num- Redfield theory, but are quantitatively different, as discussed
ber of states that are in the wave packet, and with Fig. 3pelow. These results illustrate the persistence of quantum
discussed below, which shows the involvement of far moregherence for longer times than predicted by the purity.
states. Nonetheless, this “effective number of levels” pro- The combination of F|gs 1,2,and 3 p|us auxi“ary stud-
vides us with some idea as to how far the system is fromes of the matrix elements make clear that the primary deco-
Complete relaxation. The time scale of these coherences iﬁerence process that we are Seeing in F|g 1is the disappear-

shown in greater detail in Fig. 2, which plots the real andance of the extreme high frequency off-diagonal components
imaginary parts of a sample matrix element near the diagopf the density matrix. Since

nal: p,3,7and py7,3. Here the overall decay of this matrix
element is evident, but on a far longer time scale than pro- Tr(p2)=2 Glplidlplid
jected by the purity measure. 0
A more general view of the time evolution of the off-
diagonal density matrix element® the energy representa- =2 [ilpli)>+ 2 (ilpliXilpli), (35
tion) is given in Fig. 3. Here, each point depicts a density i 1#]
matrix element whose absolute value is larger than the cutothe gdecrease of the high frequency components reduces the
of 0.02. Results are shown at three different times. The COlsecond term in Eq35), leading to a reduction in the size of
lapse of these matrix elements towards the diagonal is visibly( ;2.

Despite the fact that exponential decay is observed over
a small time region, the total falloff in Fig. 1 is distinctly
nonexponential. Nevertheless, we can extract some sort of
dephasing time by noting that Tr{) has fallen below ¥ by
t~200fs. By contrast, the off-diagonal matrix element in
Fig. 2 appears to be falling off, with oscillations, over a
. much longer timescale. Specifically, we would very crudely
1 estimate that the peaks of the oscillations would reaetofl/
| their initial value by~700 fs, a considerably longer time.
. One note regarding computational accuracy is in order.
1 Formally, the map in Fig. 3 should be completely symmetric,
7 as a result of microreversibility. Similarly, complex conju-
| gate matrix elements in Fig. 2, computed independently,
L should be equal. In general, we do observe good agreement

0 100 200 300 200 500 600 700 with the expectation that[Re(;)=Refp;;), Im(p;;)
t(fs) =—Im(p;;)], for most of the time studied, but with small

FIG. 2. Samplep, ; as a function of time. Solid lines: Re(); dotted lines: ~ deviations from complete symmetry due to errors in the
Im(p;;). Circles:i =27, j=23; squaresi=23, j=27. Monte Carlo evaluation of the integrals.
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FIG. 4. Purity as a function of time for: upper left pane: multilevel initial FIG. 5. Purity as a function of time for different initial states &t
coherent state; upper right pane: six-level coherent state; lower left pane=300 K, »=0.25; solid line: cat state; dotted line: multilevel coherent state;
superposition state; lower right pane: cat state. Solid lifles:100 K, dashed line: six-level coherent state; dot-dashed line: superposition state.
7=0.15; dotted linesT =300 K, »=0.15; dashed line§:=300 K, =0.25;

dot-dashed linesT=400 K, »=0.9.

Fig. 6, which shows the distribution of the populations of the
The general behavior seen in Figs. 1-3, in both the pui_nitial states among the eigenstates of the oscillator, shows

rity as well as the off-diagonal density matrix elements, wadhat the larger the quantum number of the maximal level
observed for all the cases that we studied. These cases, af@Pulated, the faster the decoherence rate. We discuss, later
lyzed in greater detail below, differ primarily in the time P€low, a more general phase space method for quantifying
scale and magnitude of the behavior. this dependence.

Consider now the effects of different conditions, includ- B. Model master equation approaches
ing the initial state, on the rates of decoherence. In Fig. 4 we . L .
observe the dependence of the decoherence on the tempera- \UMerous model master equations exist, incorporating

ture of the bath and on the coupling as portrayed by thé/arious approximations. It is of importance, in order to as-

purity. Results are shown for the multilevel coherent state>©SS th.e utility of _these models, to compare the resu_lts O,f
(described aboveas well as an initial coherent state p|acedsome simple theories to the exact semiclassical results in this

atq;=2.75,p,= 2.5 that populates the first six levelsere- paper, which do not invoke approximations other than the

after termed the six-level coherent spatier a superposition use of semiclassical mechanics. Before making specific com-
of two states, given by Eq32) with parisons to two well-known models, we first note that the

appearance of recurrences in the decay opF)r(as we have

1 i n=9.10 observed, calls into question the utility of many Markovian
— | =9,

D — \/E (36) master equation treatments that predict exponential decay
. _ (e.g., Ref. 40 These observed recurrences are important and
0  otherwise, provide evidence that although initial decoherence may be

and for cat states, defined as a superposition of localized
Gaussians Eq(30), here withg,=2.6, p,=0.0, q,=3.0,
pp,=0.0. In all cases and consistent with expectation, the
system decoheres much faster when the temperature is highe
and when the coupling is more substantial. We also observe
the same qualitative behavior for all cases: an abrupt initial
exponential decay, often following an initial flat region, fol-
lowed by a series of recurrencéalithough the exponential §
decay region is hardly observable in the six-level coherent 03
statg. These recurrences occur, in all cases, and at the sam &
times for each initial state, regardless of the temperature anc ,,
the coupling. However, the magnitude of the recurrences de-
creases as the produgll increasegthe significance of this o1l
product will be discussed belgw
Figure 5 compares the decoherence rate of the four dif- ;=) RSN ‘
ferent initial states at the same bath and coupling conditions ~ ° 10 % o “ % 60
(T=300K and7=0.25. The order of the overall observed
decoherence rates is that the multilevel state decoheres fasfé e ; ; SRR
. e ine), the initial multilevel coherent stat@lotted ling, the initial six-level
than the cat state, which is faster than the superposition statgperent statédashed lingand the initial cat statésolid line). The initial
which is faster than the six level state. A comparison withcat state wave function appears in the inset.

0.6

0.5

0.4

g. 6. Relative population of the initial superposition stétet-dashed
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0.04 - , ' T ; T - tors via linear coupling, i.e., the case considered here. They
I T T T T then adopt the Markovian approximation and consider the
_osk ] high temperature, low coupling limit. The resultant equation
003 4 26l 4 4 of motion for the density matrixwith coupling through the
" oal- ] position operatdr in the Wigner approximation, is given by
0'20 I l(J)O I 2(|]0 I 3(|J0‘ 4(|)0 l S(I)O ‘ 6(J)0 ‘ 700

o0 t(fs) ~
= i ﬁ_ y y +2 h2n(_1)n a2n+l v
] o —He" 24 22 ant 1)1 9qP (a)
0.01 4
: " 0—,2n+1 pW+Da2pW (37)
Or,p2n+1 ﬁpz ’

0 0.2 0.4 0.6 0.8 1

S . ) ) The first term on the RHS of this equation is the Poisson
FIG. 7. Bath spectral density; solid line: exact; diamonds: 20 oscillators; . - .
squares: 80 oscillators. In the inset: convergence of the linearized IVR wittPracket, which generates the classical evolution for the
respect to the number of bath oscillator for an initial six-level coherent statdVigner representation of the density mat¥; the terms in
at T=300K, =0.25; solid line: 20 oscillators; dotted line: 40 oscillators; # add the quantal evolution, with the expansion being for-
dashed line: 80 oscillators, mally valid for a system potential(q) analytic inq (in our
case the Morse potentjalThe last term describes the deco-
herence. The paramet& depends monotonically on the
rapid, some coherence is retained for much longer periods gfoupling and temperature of the environment. The standard
time. One may be tempted to dismiss these recoherences afoam for D for coordinate coupling i® =2yMkgT, whereT
nonphysical result of the finite number of oscillators used inis the temperature of the batly,is an unknown measure of
the calculation. However, as previously noted, our resultshe system-environment couplinki is the Boltzmann con-
converge with an increasing number of oscillators, so evestant, andV is the system mass.
with 80 bath oscillators these recoherences are observed. For Pattanayak and Brunf€rshowed that the rate of decay
example, Fig. 7 compares the discrete spectral density usirgf the Renyi entropyS=In(Tr[ (p")?]), which is evidently
two different numbers of bath oscillators to the exact resultelated to the purity, is given for the Caldeira-Leggett model
and also shows the convergence ofgfi( for a bath with 20, by
40, and 80 oscillators using an initial coherent state placed at
g;=2.75,p;=2.5, and the linearized IVR that is described

later below. Calculations at a few specific times using the full Trl o 7*p"
FB-IVR for these numbers of bath oscillators suggest similar  qg P ap?
convergence. Hence, the absence of recurrences in Markov- —-=2D—————==-2Dx?, (39
ian models is an artifact of the assumptions upon which they (™)1

are based. In particular, memory and backreaction that can

play an important role in the dynamics of decoherence iSNhereXZ is implicitly defined in Eq.(38). (Note that here,
often missed by conventional modéfs. unlike Ref. 42, we use the second derivative with respect to

We now consider, in more detail, a comparison withthe momentum, rather than derivatives with respect to both
some aspects of two common approaches, the Caldeirgpordinates and momenta, since the system-bath coupling
Leggett master equatiéhand the Redfield theory.*’ adopted here depends on the coordinate piflye physical

) interpretation ofy? can be understood by Fourier analyzing

1. Caldeira-Leggett model the Wigner density  p"(p,q) as 2"(p,q)

The Caldeira-Leggett model arises upon considering a= [ du p"(u,q)e?™#P. Inserting this into the definition of
Hamiltonian system coupled to a bath of harmonic oscilla-y? as given by Eq(38),

2p
op® | Jdpfdafdufdu’ (= 4w u®)p" (. q)p"(p' q)e?m H 1P
Tl (p%)?] Trl(p%)?]
_Am’[ daf du p?[p"(p.9)|?

T (p")?] '

W

p

Tr

2

(39
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Hence, in this casg? is a measure of the structure in mo- 40
mentum space, averaged over coordinate space. Note the
sincey? is a positive real numbed S dt is negative definite L
in the Caldeira-Leggett model. Thus, at the outset, the 3o~ -
Caldeira-Leggett result is inconsistent with the exact semi- :
classical dynamics that show recurrences inp?)( i.e., that

show both negative and positive valuesd& dt. In particu- 20
lar, for the multidimensional coherent state in Fig. 1, the
Caldeira-Leggett prediction that exponential decay occurs is
only valid for the first abrupt decay between the times: |,
t~100 and 250 fs, where there is excellent agreement with

an exponential fit. However, the Caldeira-Leggett model .
does not predict the first plateati={0—100fs), that is re- pEmmmm e e e e g e 2
lated to the Zeno effeét or the recurrences at times later 0 200 () 400 600
than 250 fs. This discrepancy appears in all the cases studied.

The quantity X2 provides a measure of phase SpaceFIG. 8. x2(t) as a function of time af =300 K, »=0.25 for different initial
truct bodied in®. Furth the Caldeira-L it phase space structures. Solid line: superposition state; dotted line: cat state;
structure embodied Irp™. Further, e Lalaeira-Leggell y,qheq fine: six-level coherent state. Note that straight lines are used to

model implies, via Eq(38), that the larger the?, i.e., the  connect computed points. Multiply? by 2.219< 10 to obtain the result in
higher the phase space structure, the faster the dec&y of units of J*Kg ™.

Our semiclassical results provide us with the opportunity to

test the validity of the latter Caldeira-Leggett-based associa-

tion. Consider first the relationship betwegA and phase  (imes to when it started, and the superposition state loses and
space structuréin our case, averaged over the coordifate recoheres its structure, at various times. This is indeed con-
The Wigner density™ can be calculated from the reduced gjstent with Fig. 9with structure visualized as averaged over
density matrix elements obtained using the FB-IVR method.qqginate spageHowever, things are only very weakly cor-

described here, since related with the loss of decoherence shown in Fig. 5. More
1 (= _ y| . y specifically, there is absolutely no manifestation of the
p"(p,q,t)= ﬁf_ dye'py<q— E‘P(t)’qu §> Caldeira-Leggett predictiofEq. (38)] of a proportionality

betweendS/dt and y2.

1 oc , y We can, nonetheless, attempt to obtain an estimaf of
= EZJ _wdyé”y<q—§ ¢i>pi,~(t) from the relationshifD = — (dS/dt)/(2x?), by inserting the
' values ofy? from the exponential region of our dynamical
y calculationg Eq. (41)]. Using the finite differences value of
><< gia+ §>* (40) dS/dt, for the eight points in the exponential region of the

) initial superposition state dt=300 K andz=0.95(Fig. 10),
where the wave funct|onsq—y/2|.¢i) and(z/xj|q+y{2> are  gives us a range ofD=2.56x10"%* to 6.44<10
the (numencally. exagtMorse oscillator wave fgnctlons_and kgJs . Despite the limited range of applicability of the
pij(t) are the time-dependent reduced density matrix ele-
ments in the energy representation. An expressionyfaran
be derived by inserting Eq40) and its second derivative

into Eq. (39) and performing the integrations overndy to 3 3 __
give Ry —— N =
. NG RS2
— o y . - - .
2 - — .
X (t)_ 2 i,j%,l J'—oodq dy y2<q 2‘ l//|>p”(t) 2—"1‘00 -50 g 50 100 2-“1‘00 -50 g 50 100
y y y 3 3
><<'/fj q+§><q+§ ‘/’k>Pkl(t)<¢l‘q_§>- L 28 2§08 Uz.s/ > \
1) 26 26
24
Figure 8 compareg?(t) for three different initial states: "o ; " e b v
the six-level coherent state, the cat state and the superposi 3 3
tion state, all at the same temperatufe=300 K) and cou- o 28 .28
pling (»=0.25. Figure 9 showsp"(p,q) at initial time t 26 26
=0 and a relatively long tim¢=384 for these same cases. ,, 24
Qualitatively, we expect decoherence to reduce the amount ™® = 7 ® @ e 0w

of phase space structure, and this is indeed what we see,

- . - : ; FIG. 9. p"(t) at timet=0 (left column andt=2384 (right column with
quantIﬂEd by comparing Figs. 3, 8, and 9. That is, Fig. 8T:?,OO K, n=0.25 for different initial phase space structures. Upper panels:

suggests that the cat Stfﬂe has lost consid_erab_le_phase StryGserposition state; middle panels: cat state; lower panels: six-level coherent
ture by 400 fs that the six-level state remains similar at longstate.
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! T ' " T ' dimensional, harmonic model. Specifically, we observed the
I same behavior even when the anharmonic potential is re-
17 placed by an harmonic potential.

0.25

0.2
| I S I S

ol Ll
50 100 150 200 250 300 /| . .
t(fs) C. Linearized IVR

Q0.15
The computations described above are time consuming,

due to the large number of trajectories needed to fully con-

verge the results. In an effort to simplify the computations

we also performed the same calculations using a classical

analog approacff. In this approach, also termed the linear-

, , | , | . ized IVR (Refs. 17, 25, 26, and 44ve replace the quantum

0 50 100 150 200 operators in Eq(5) by their Wigner representation and then

t(fs)
perform the required dynamics classically. The density ma-
FIG. 10. Plot ofD as a function of time for an initial superposition state trix s then given by
with T=300 K, »=0.95. In the inset is the purity corresponding to these
parameters. MultiplyD by 1.112<10 % to obtain the result in units of

1\°f y
IKgs™, Pij(t):<m) quof dpoAw(do,Po) By (ar . Py,
(42)
Caldeira-Leggett model, we have observed that our resulthereA,, and B{,iv are the Wigner representations of the op-

do show a dependence ofT, consistent with this model.  erators defined by Eq$3) and(4). An attempt to relate this
approximation to the FB-IVR results by using the exact re-

0.1

0.05

2. Redfield theory lationship betweei;;(p,q) andBy,(d;.py). "’

Kohen and Tanndf considered the dynamics of a dis- i _ = 15)(p- q/2+ Gy p—py-
placed Gaussian phase space distribution evolving on a har- B"{’(q"pt)_f dpf quij(p,q)e( e acRTRa),
monic oscillator potential using Redfield theory. They found (43
a simple, linear relationship between the rate of decay Ofjiving, for Eq.(42),
individual off-diagonal density matrix elemengg; and the i
difference in quantum levels—j|. To test this we show, in ()= L) f dpf dqf dq
Fig. 11, the time decay of off-diagonal density matrix levels’ " 2mh 0
with |[i—j|=1, 2, respectively. In both cases, only two ma-
trix elements are seen to decay in a similar fashion and at xf dpoAW(qO,po)”Bij(p,q)ea/h)(p.q/zmt.p,pt.q)_
approximately the same rate, while the other matrix elements
behave quite differently. The off-diagonal density matrix el- (44
ement that exhibit similar behavior correspond to phebe-  1hig expression should be compared to Etf), i.e., the
tween highly populated quantum levels. This behavior iscg /R result. However, we have not been able to derive
consistent for all the cases studied here. This disagreemef:}rq_ (44) from Eq. (16), even by using the linearization
with Redfield theory is not attributable to the fact that theq.heme proposed in Ref. 17, since the approximation
Redfield theory predictions are based on a simple, one-

e AHe
<quO|Q—B| ®o><¢o|QOpo>*Aw(%-po) (45)

0.4 T T T T

is not vglid in this case. To show this, note that

(doPole™ P8/ Qg|Po)(Po|doPo) is the Husimi
distributiont®#*which differs from the Wigner distribution as
noted by the same authors in Appendix B of Ref. 46. In
addition, the phase fact@r g/2 in Eq.(44) is important and
cannot simply be discarded. Hence we prefer to “derive” Eq.
(42) by the more direct approach described above, which
follows the “classical analog” philosophy developed
elsewheré& and which provides Eq44) directly.

The computational advantage of Ed4) is that there is
no need to evaluate the time-consuming monodromy matrix,
making the linearized IVR computatioss30 times faster.
Hence, it would be advantageous to ascertain the extent to
FIG. 11. Time dependence of off-diagonal matrix elementswith |i —j| which thIS approqch reproduces re_SUIt$ OT the_FB_IVR' Fur-
=1 (upper panand|i — j| =2 (lower pang for the initial six-level coherent ~ ther, this comparison should provide insight into quantum
state afT=400 K and»=0.9. Each line represents a differgnf element.  classical correspondence in this model.
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ence had occurred and hence, classical mechanics is ad-
equate in describing the dynamics. An addition study of the
linearized approximation is therefore necessary to further ex-
plore the deviations from the FB-IVR seen in Fig. 12.

VI. SUMMARY

In this paper, we have studied the decoherence of an
anharmonic oscillator coupled to a bath of harmonic oscilla-
tors. In contrast with the common approach, master equa-
tions for the reduced density matrix were not used. Rather,
we implemented a dynamics approach using a semiclassical
formulation of density matrix evolution. We investigated the

L 1 L 1 L { L
200 400 600 800 1000 effects of the temperature and coupling strength of the envi-

L I
0.30

L) ronment, and the initial state of the system, on the decoher-

FIG. 12. Comparison of purity for the linearized IMBotted ling and the ~ €nce, through the time dependence of the purity, and the

FB-IVR (solid ling) using the initial six-level coherent state: circleB:  off-diagonal density matrix elements in the energy represen-

=300K, 7=0.25; SquaresT=400K, 7=0.9. tation. It was found that the decoherence is faster at higher
temperature§ and stronger system-bath couplings with

Figure 12 shows a comparison between the two methodthe dependence being opT. In general, decoherence is

for the six-level coherent state with=300 K, »=0.25, and sslower if the system's low energy states are initially popu-

for T=400K, »=0.90. In most cases the linearized versionlated' However, decoherence occurs rapidly for Simger

. , cat states, due to interference between the spatially separated
agrees with the FB-IVR, however, there are some dlscrepan(foherent states. It was found that the off-diagonal matrix
cies that cannot be attributed to Monte Carlo-based errors. ) 9

Specifically, at the early time=64 s, the two methods dis- elements “collapse” to the diagonal as the system loses its

. ) cpoherences, with decoherence occurring faster for coher-
agree somewhat, especially for the higher temperature an .
. . . . nces between levels that are more energetically separated.
larger coupling. Figure 13 shows the comparison in terms o

. : . ; . In the context of quantum computing, one usually
some density matrix elements. Interestingly, the major dis- . ;
. . “wishes to reduce decoherence effects as much as possible.
crepancy at~64fs relates to a slight, but nonetheless sig-

nificant, shift in the value of the off-diagonal matrix ele- The.results of this study suggest that the best way to achieve
ments this is to create a coherent wave packet of low lying states,

Wanget al, % who compared the linearized IVR with the isolated from an environment which is kept at a low tem-

FB-IVR for a similar system, also found differences betweenperature' These strict conditions may be relaxed, if only a

the two methods in their calculations of the time-dependenfertaln degree of cohere_nce n_eed be retained, since energy
” s . evels that are close retain their coherence for longer times.
probability distribution function. In contrast to the results

. : This may be the case for coherent control.
presented here, the differences were dominant at lower tem- S . o .
It is important to emphasize two specific dynamic fea-

peratures and shorter times. The agreement at longer tim?&res that are absent in many models of decoherence: First
was attributed to the fact that effectively complete decoher; y ' '

both the purity and the off-diagonal matrix elements recur on
a time scale that corresponds approximately to the vibra-
0.4 : | ‘ . : tional period of the oscillator. Second, individual off-
diagonal density matrix elements decohere with different
rates, although similar rates were observed for coherences
. between highly populated quantum levels with the same en-
ergy difference between the quantum levels. These features,
which have important consequences with respect to the time
_ scale and mechanism of decoherence, are absent in treat-
ments based on master equations such as the Caldeira-
Leggett approach. A measure of phase-space structure, pre-
i viously derived for chaotic systems, was shown to provide
useful information for the system studied here, and agreed
completely with the phase-space picture of the Wigner den-
sity. Additionally, this expression can be used together with
our dynamical procedure as an independent method of ob-
taining values for the Caldeira-Legg@tparameter.
FIG. 13. Comparison of linearized IVRiotted line and squargand FB- In this study, we formulated a FB-IVR expression for the
IVR (solid line and circles for the initial six-level coherent sta_lte at ' density matrix, and introduced a new, efficient, computa-
=400K, 7_720.9. In order to sh_ow the values of all the d(_ensny matrix tional strategy that allows us to perform this multidimen-
elements in one 2D plot, the axis was chosen such as eddiscrete x; ) . - .
labels a different density matrix elemepf, according tox;==, o] sional complex calculation with relative ease and accuracy.
+k+1. This IVR calculation reproduces individual density matrix

I.,16

SR,

1 ]
0 20 ]
density matrix element index

40
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