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Decoherence in an anharmonic oscillator coupled to a thermal environment:
A semiclassical forward-backward approach

Yossi Elran and Paul Brumer
Chemical Physics Theory Group, Department of Chemistry, and Center for Quantum Information
and Quantum Control, University of Toronto, Toronto M5S 3H6, Canada

~Received 15 March 2004; accepted 5 May 2004!

The decoherence of an anharmonic oscillator in a thermal harmonic bath is examined via a
semiclassical approach. A computational strategy is presented and exploited to calculate the time
dependence of the purity and the decay of individual matrix elements in the energy representation
for a variety of initial states. The time dependence of the decoherence is found to depend on the
temperature of the bath, the coupling strength, the initial state of the oscillator, and the choice of
quantity measuring the decoherence. Recurrences in the purity and in the off-diagonal matrix
elements are observed, as well as the collapse of these matrix elements to the diagonal, providing
evidence for the retention of quantum coherence for time scales longer than that indicated by the
purity. The results are used to analyze the utility of the Caldeira-Leggett and Redfield models of
decoherence and to assess the dependence of dephasing rates on the degree of structure in phase
space. In several cases we find that the dephasing dynamics can be described as an initial
Zeno-effect regime, followed by a Caldeira-Leggett region, followed by recurrences. ©2004
American Institute of Physics.@DOI: 10.1063/1.1766009#

I. INTRODUCTION

A great deal of current research is dedicated to under-
standing decoherence, i.e., the loss of quantum phase infor-
mation when a quantum system is coupled to an environ-
ment. Quantifying decoherence is important since it plays a
crucial role in the transition between quantum and classical
behavior1 and is a negative influence on any area relying
upon quantum coherence effects, such as quantum
computation2 and the quantum control of atomic and mo-
lecular processes.3–5 Decoherence is also central to the
chemistry of reactions in solution and plays an important role
in the generic vibrational relaxation process of a molecule in
the condensed phase.

Until recently, most of the related research, both theoret-
ical and experimental, has focused on obtaining vibrational
relaxation rates~see, e.g., Refs. 6–9!. With the availability of
ultrafast spectroscopic techniques, more detailed information
can be obtained for these dynamical processes, as well as for
the loss of quantum coherence.10

The theoretical approach to decoherence considers time
evolution of the density matrix,11

dr̂T

dt
5 i\@Ĥ,r̂T#, ~1!

where r̂T is the density operator for the system plus the
environment andĤ is the total Hamiltonian. The evolution
of r̂T is unitary. However, we are often not interested in the
dynamics of the environment. Hence, we trace over the en-
vironmental degrees of freedom. The dynamics of the result-
ing reduced density operatorr̂, which obeys a generalized
master equation, is no longer unitary.

In this paper we focus on a number of measures of the
time evolution of the decoherence, including the purity of the

state Tr(r̂2) ~Refs. 12–14! and the time evolution of the
off-diagonal matrix elements ofr̂ in the energy representa-
tion. The former is basis set independent and provides an
overall view of the loss of phase information as a system
decoheres.14 Specifically, it is unity for a pure state and is
1/N for a totally incoherent mixturer̂5N21( i 51,Nu i &^ i u of
N states. The latter provides a measure of loss of phase in-
formation in precisely that representation responsible for the
time evolution ofr̂. That is, in this representation, the re-
duced density matrix is diagonal when all the coherences
have completely decayed and the populations are constant in
time. Further, comparing the rates of decay of these off-
diagonal elements, which providesT2 , with the decoherence
rate obtained from Tr(r̂2) provides important insights into
the relative magnitude of these rates.

In this paper, we consider decoherence in a system com-
prising an anharmonic oscillator that is linearly coupled to a
thermal bath of harmonic modes. We study the dependence
of the decoherence on the initial state of the system, where
the initial states include coherent states, cat states, and super-
position states, the temperature of the environment and the
system-bath coupling. The results are also used to assess the
utility of models, such as those due to Redfield,15 and various
quantum-master-equation-based models~for a review, see
Refs. 13 and 14!.

In this paper we compute decoherence rates by using a
correlation function approach in conjunction with a FB-IVR
~Forward-Backward Initial Value Representation! semiclassi-
cal propagation method.16,17 The introduction of this ap-
proach is motivated by noting the limitations associated with
currently available approaches to computational studies of
relaxation and dephasing. For example, the reduced density
matrix can be obtained by propagating the full density op-
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erator and then tracing out the bath degrees of freedom. In
this case, it is convenient to use Feynman18 path integrals to
formulate the expression for the reduced density matrix~for
a review see Ref. 19!. However, although these methodolo-
gies are, in general, both accurate and efficient for short time
dynamics, they are not applicable for long times due to the
well-known ‘‘sign problem.’’20 Alternatively, the influence
functional approach21,22 is both accurate and efficient even
for long times, but this method cannot at present accurately
describe anharmonic interactions in the liquid phase without
introducing additional approximations. By contrast, the
method that we introduce works for both large and small
systems for time scales over which the semiclassical me-
chanics is reliable.

Another approach studied here replaces the quantum me-
chanical operators with their Wigner representation23 and in-
troduces semiclassical approximations. The resulting
expression,24 also known as the linearized IVR,25,26 is easier
to employ than the FB-IVR, and we compare the results of
the two methods.

In addition to quantifying decoherence we compare
model theories based on master equations for the reduced
density matrix to our results and find that the predictions of
the Redfield theory15,27 and of the Caldeira-Leggett
equation28 are unable to properly describe, either quantita-
tively or qualitatively, the results obtained numerically. How-
ever, we do identify a range over which exponential decay is
observed. The origins of these differences, in the approxima-
tions inherent in these master equation models, are discussed
below.

This paper is organized as follows: Section II introduces
the correlation function approach and Sec. III summarizes
the theory for the calculation of density matrix elements. In
Sec. IV we discuss the computational application of the for-
mulas to a system-bath model. In Sec. V, we discuss the
results and finally, in Sec. VI, we summarize. For conve-
nience, the phrase ‘‘density matrix’’ refers to the reduced
density matrix for the remainder of this paper.

II. CORRELATION FUNCTIONS
AND THE DENSITY MATRIX

Consider the time correlation function between two op-
eratorsÂ and B̂,

CAB~ t !5Tr@ÂeiĤ t/\B̂e2 iĤ t/\#, ~2!

whereeiĤ t/\ is the time evolution operator of the system plus
bath and the trace is performed over both the bath and the
system degrees of freedom. We can obtain a formally exact
expression for the time-dependent reduced density matrix el-
ement in the energy representationr i j (t), where the bath is
in thermal equilibrium, by choosingÂ as

Â5
e2bĤB

QB
uF0&^F0u ~3!

and B̂ as the projection operator

B̂5uc i&^c j u, ~4!

so that

r i j ~ t !5TrFe2bĤB

QB
uF0&^F0ueiĤ t/\uc i&^c j ue2 iĤ t/\G . ~5!

Here,uck& are eigenkets of the system Hamiltonian,ĤB

is the Hamiltonian for the thermal bath with partition func-
tion QB , uF0& is the initial state for the vibrational coordi-
nate, b[1/kBT, and T is the temperature of the bath. In
principle, we may choose any propagation scheme to evolve
B̂, however, since the environment is multidimensional and
the initial state of the system can be rather complicated~for
example, a coherent state studied in this paper is described
by sixty-one vibrational levels!, a natural choice is to use
semiclassical techniques. Such methods are able to describe
quantum effects accurately while maintaining the advantage
of computational simplicity characteristic of purely classical
methods. Below we use the FB-IVR variant of the semiclas-
sical initial value representation techniques which have
proven to be accurate in a wide variety of studies.16,17,25,29–37

In particular, we adapt the forward-backward version of the
semiclassical IVR~Refs. 16 and 17! to this study. We also
examine the utility of the linearized IVR method.

III. THE DENSITY MATRIX

Consider first the FB-IVR expression for a system
coupled to a bath. The semiclassical IVR procedure@whether
full Herman-Kluk ~HK! or forward-backward# replaces the
unitary quantum time evolution operator,

Û5eiĤ t/\uc i&^c j ue2 iĤ t/\, ~6!

in Eq. ~5! with an integral expression over initial phase space
variables. The full HK-IVR procedure29 requires replacing

each of the operatorseiĤ t/\, e2 iĤ t/\ with such an integral
expression, resulting in a double phase space IVR expression
of dimensionality 2f , where f is the number of degrees of
freedom in the system.

Unfortunately, this high-dimensional expression also has
a highly oscillatory integrand with large complex amplitudes
and cannot be accurately computed for systems with many
degrees of freedom. A more practical expression can be ob-
tained by using the FB-IVR expression for the evolution op-
erator in Eq.~6! since it does not have these numerical prob-
lems. This procedure has been used before for problems with
local operators.16,17 In our case, however, the operator
uc i&^c j u can, in general, be nonlocal, and applying the FB-
IVR requires that we rewrite it in terms of exponential op-
erators. This can be done by expressinguc i&^c j u in terms of
the Weyl ordered product,17,38

uc i&^c j u5E dpE dqB̃i j ~p,q!e~ i /\!p"q̂e2~ i /\!q"p̂, ~7!

where

B̃i j ~p,q!5S 1

2p\ D NE dq̄e2~ i /\!pq̄^q̄uc i&^c j uq̄2q& ~8!

and $p,q% are theN degree of freedom system phase space
variables that provide a representation ofuc i&^c j u. Inserting
Eq. ~7! into Eq. ~6! gives the evolution operator as
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Û5E dpE dqB̃i j ~p,q!eiĤ t/\e~ i /\!pq̂e2~ i /\!qp̂e2 iĤ t/\.

~9!

We now replaceÛ with the FB-IVR approximation so
that

Û;S 1

2p\ D fE dpE dqB̃i j ~p,q!E dq0E dp0

3C~q0 ,p0 ,q,p,t !3ei /\S~q0 ,p0 ,q,p,t !uq08p08&^q0p0u,

~10!

where f is the number of degrees of freedom in the system
and$q0 ,p0% is a set of coordinates and momenta describing
initial conditions~at time zero! for a classical trajectory. The
quantities$q08 ,p08% are phase space points that are obtained
by integrating the classical equations of motion for$q0 ,p0%
until time t, making a ‘‘phase space jump’’ at timet in the
system variables according to the equations

qt→qt1q, ~11!

pt→pt1p ~12!

and then propagating the point$qt1q,pt1p% back to time
t50. The quantityS(q0 ,p0 ,q,p,t) is the FB action integral
for the trajectory,

S~q0 ,p0 ,q,p,t !5E
0

t

dt@pt"q̇t2H~pt ,qt!#1p•~qt1q!

1E
t

0

dt@pt"q̇t2H~pt ,qt!#. ~13!

The complex preexponential factorC(q0 ,p0 ,t), the mono-
dromy matrix, is defined as

C~q0 ,p0 ,q,p,t !

5detF1

2 S g21/2
]p08

]p0
g1/21g1/2

]q08

]q0
g21/2

2 i\g1/2
]q08

]p0
g1/21

i

\
g1/2

]p08

]q0
g1/2D G1/2

, ~14!

whereg denotes anf-dimensional diagonal matrix. The real,
positive, arbitrary elementsg i of this matrix are the width
parameters in the coordinate space representation of theith
degree of freedom Gaussian wave packet

^xi uqi ,pi&5S g i

p D 1/4

expH 2
g i

2
uxi2qi u21

i

\
pi•~xi2qi !J .

~15!

The dependence ofC(q0 ,p0 ,q,p,t) on $q,p% arises from the
fact that the phase space jump at timet affects the backward
evolution of the derivatives inC(q0 ,p0 ,q,p,t).

Finally, when Eq.~10! is inserted into Eq.~5!, the semi-
classical FB-IVR expression for the (i , j ) element of the den-
sity matrix is obtained,

r i j ~ t !5S 1

2p\ D 2 fE dpE dqB̃i j (p,q)E dq0

3E dp0C(q0 ,p0 ,q,p,t)e~ i /h!S~q0 ,p0 ,q,p,t !

3^q0p0u
e2bĤB

QB
u F0&^F0uq08p08&, ~16!

where^q0p0ue2bĤB/QBuF0&^F0uq08p08& is the coherent state
representation of the thermal density operator

(e2bĤB/QB)uF0&^F0u, whose explicit form is described in
the following section.

IV. APPLICATION TO A SYSTEM-BATH MODEL

In this section this treatment is applied to a Morse oscil-
lator coupled to a bath of harmonic oscillators. This model
was previously used by Wanget al.16 to study quantum ef-
fects in the coordinate space probability distribution in the
vibrational coordinate. The total Hamiltonian for this case,
where the bath has (f 21) oscillators, is

H5
p2

2m
1D@12e2a~q2qe!#2

1(
j 51

f 21 F Pj
2

2
1

v j
2

2 S Qj1
cj

v j
2 ~q2qe!D 2G , ~17!

where $p,q% are the system phase space variables and
$Pj ,Qj% are the mass-scaled momenta and coordinates of the
bath. The Morse potential parameters used for the system
correspond to the ground state potential of molecular iodine:
D51.25473104 cm21, qe52.6663 Å, anda51.8576 Å21.
The quantitym is the reduced mass of I2 . The harmonic bath
was chosen to have an Ohmic spectral density,

J~v!5hsbv expS 2
v

vc
D , ~18!

where hsb is the system-bath coupling coefficient andvc

520 cm21 is the characteristic bath frequency. The discrete
bath frequenciesv j and the coupling constantscj are related
to J(v) via16

cj5v jA 2hsbvc

p~ f 21!
~12e25! ~19!

and

v j52vc lnF12
j

~ f 21!
~12e25!G . ~20!

In this work, we examine decoherence associated with dif-
ferent initial states of the diatomic. Specifically, we first con-
sider decoherence from coherent states given by

^quF0&5S g

p D 1/4

expF2
g

2
~q2qi !

21
i

\
pi~q2qi !G ,

~21!

where (qi ,pi) are the average position and momentum of the
initial wave packet andg is the width of the coherent state.
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Second, we consider a superposition of two different coher-
ent states~Schrödinger ‘‘cat’’ states! given by

^quF0&5 (
j 5a,b

S g

4p D 1/4

expF2
g

2
~q2qj !

2

1
i

\
pj~q2qj !G . ~22!

Finally, we consider superposition states given by

^quF0&5(
n

Cncn~z!, ~23!

wherecn(z) is the nth bound state eigenfunction of the I2

Morse oscillator,

cn~z!5Nn expS 2
z

2D
3z~A2mD/a!2n2~1/2!Ln

~2A2mD/a!22n21~z!. ~24!

In this expression,Nn is a normalization constant,Ln
x(z) are

the Laguerre polynomials as defined in Abramowitz and
Stegun,39 andz[2A2mD/a exp@2a(q2qe)#.

To calculate the density matrix from Eq.~16! note that
the ‘‘jump’’ phase space variables (q,p) are one dimen-
sional, the action S(q0 ,p0 ,q,p,t) and prefactor
C(q0 ,p0 ,q,p,t) are given by Eqs.~13! and ~14!, and
B̃i j (p,q) is given in Eq.~8!. Finally, the explicit form of the
coherent state representation of the thermal density operator
is ~hereafter, we set\51!

^q0p0u
e2bĤB

QB
u F0&^F0uq08p08&

5^q0p0uF0&^F0uq08p08&)
j 51

f 21

^Qj 0Pj 0u
e2bĤB

QB
uQj 08 Pj 08 &,

~25!

where16

^Qj 0Pj 0u
e2bĤB

QB
uQj 08 Pj 08 &

5~12e2bv j !3expF2
G j

4
~Qj 0

2 1Qj 08
2!

2
1

4G j
~Pj 0

2 1Pj 08
2!1

i

2
~Pj 0Qj 02Pj 08 Qj 08 !G

3expH 1

2
e2bv jFG jQj 0Qj 08 1

1

G j
Pj 0Pj 08

1 i ~Pj 08 Qj 02Pj 0Qj 08 !G J . ~26!

Here the width parameters of the bath coherent states and the
Morse oscillator are chosen asG j5v j and g5A2Dma2

[mVs , respectively, whereVs5213.7 cm21 is the har-
monic frequency of the Morse oscillator. The coherent state
representation of the system wave functions,^q0p0uF0& and

^F0uq08p08&, differs for each initial state of the diatomic. An
analytic formula for these wave functions can be obtained
from

^q0p0uF0&5E dq^q0p0uq&^quF0&, ~27!

where

^q0p0uq&5S g

p D 1/4

e2~g/2!~q2q0!22 ip0~q2q0!. ~28!

Using this, we obtain for an initial coherent state,

^q0p0uF0&5e2~g/4!~q02qi !
22~1/4g!~p02pi !

21~ i /2!~p01pi !~q02qi !,
~29!

and for a superposition of coherent states~cat state!,

^q0p0uF0&

5
1

A2
@e2~g/4!~q02qa!22~1/4g!~p02pa!21~ i /2!~p01pa!~q02qa!

1e2~g/4!~q02qb!22~1/4g!~p02pb!21~ i /2!~p01pb!~q02qb!#.

~30!

Obtaining an analytical formula for̂q0p0uF0& when
uF0& is a superposition of Morse oscillator eigenfunctions is
a tedious task~if possible at all!. However, for^q0p0uCn&,
where ^quCn&[Cn(q2qe) is a harmonic oscillator eigen-
function corresponding to thenth ~harmonic! energy level,
an analytical expression is straightforward,

^q0p0uCn&5
22n/2

An!
Fg~q02qe!2 ip0

Ag
G n

3e2~g/4!~q02qe!22~p0
2/4g!1~ ip0/2!~q02qe!.

~31!

We can therefore expand the superposition of Morse oscilla-
tor eigenfunctions in Harmonic oscillator eigenfunctions and
then calculatêq0p0uF0& using

^q0p0uF0&[K q0p0U(
m

cmcmL
5K q0p0U(

n
dnCnL

5(
n

dn^q0p0uCn&. ~32!

One of Eqs.~29!, ~30!, or ~32!, depending on the initial con-
ditions, is inserted into Eq.~16! and the density matrix can
be calculated. The computational effort in calculating the
density matrix elements@Eq. ~16!# is formidable. We there-
fore implement the following strategy to minimize this ef-
fort. Equation~16! can be rewritten as

r= ~ t !5S 1

2p\ D 2 fE dpE dqB=̃ ~p,q!I ~q,p,t !, ~33!

where
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I ~q,p,t ![E dq0E dp0C(q0 ,p0 ,q,p,t)e~ i /h!S~q0 ,p0 ,q,p,t !

3^q0p0u
e2bĤB

QB
u F0&^F0uq08p08&, ~34!

and r= and B=̃ are n3n matrices, withn the number of sig-
nificantly populated levels of the diatomic. Note thatq0 , p0

in Eq. ~34! includesall system1bath coordinates and mo-
menta, whereasp, q corresponds only to the system and pro-
vides independent system phase-space jumps. It is computa-
tionally advantageous to calculate these equations in three
stages: First, the calculation and storage ofB=̃ (p,q) on a grid.
Second, the evaluation of Eq.~34!, and finally the calculation
of the productB=̃ (p,q)3I (q,p,t) followed by the integration
in Eq. ~33!. The code for the second step can be executed
separately from the first and third stages and hence can be
very efficiently parallelized, without the need to include the
extremely large ~and computationally expensive! matrix
B=̃ (p,q) in the code.

In the first stage, the matrix elementB̃i j (p,q) is calcu-
lated numerically using Morse wave functions for levelsi
and j @Eq. ~24!# via Eq. ~8! using the trapezoidal rule. The
range of the (p,q) grid on which B=̃ (p,q) is calculated is
determined by the spatial spread of thenth level wave func-
tion. For the highest level considered (n560) a typical range
for the wave function coordinate is 2–4 Å. Convergence of
B̃i j (p,q) required 264 grid points in each dimension. Since
B̃i j (p,q) is the only function in the calculation that is depen-
dent oni andj, we iterate over all possiblei, j levels to create
the matrixB=̃ (p,q), which is stored for the third step.

To compute the integrals, Eq.~33! is evaluated using
uniform Monte Carlo sampling and Eq.~34! is evaluated
using importance sampling Monte Carlo for the bath vari-

ables using the Husimi distribution̂Q0P0ue2bĤBuQ0P0&, see
@Eq. ~25!# as the sampling function. The system variables are
sampled with importance Monte Carlo when the diatomic is
initially in a coherent state, usingu^q0p0uF0&u as the sam-
pling function, and sampled with uniform Monte Carlo for
the initial superposition states. A typical trajectory for this
calculation involves the following algorithm: First, the ran-
domly generated ‘‘phase space jump’’ variablesp andq are
interpolated to the ‘‘nearest-neighbor’’ valuespj andqj used
for the B=̃ (p,q) grid. If B=̃ (pj ,qj ),k'0, wherek is a cutoff
orders of magnitude smaller than a typical minimum value of
I (q,p,t) ~chosen in this work to be 0.001!, B=̃ (p,q)
3I (q,p,t) will have negligible contribution to the integral
and there is no need to run the dynamics. WhenB=̃ (pj ,qj )
.k, I (q,p,t) must be evaluated. A 2f -dimensional initial
phase space point (q0 ,p0) is chosen, and Newton’s equa-
tions, together with the action and the derivatives that appear
in the prefactor, are integrated until timet. At time t, a phase
space jump in the system variables is performed according to
Eqs.~11! and ~12! and the integration is reversed until time
t50, culminating at the phase space point (q08 ,p08). The in-
tegrand is now calculated and stored for the third step. In this
final step, the product of the stored functions:B=̃ (p,q)

3I (q,p,t), is calculated and integrated to complete the cal-
culation of the density matrix.

A total of 43106 trajectories were needed for conver-
gence for the coherent initial states and 163106 trajectories
were needed for the superposition initial states. These num-
bers can be reduced by a factor of'4 if only averaged quan-
tities ~such as the purity! are required~as distinct from indi-
vidual density matrix elements!. This appears to be a rather
large number of trajectories compared to the modest number
~50 000–100 000! reported by Wanget al.16 in their semi-
classical calculations. However, in their propagation scheme,
each of the 50 000 trajectories branches off into;80 addi-
tional trajectories at timet, resulting in an effective number
of trajectories comparable to the number that we use. In ad-
dition, the quantity investigated in their work required the
propagation of a local operator and hence the integration
over system jump variables was one-dimensional and could
be performed using numerical quadrature, as opposed to the
Monte Carlo integration required here. The larger number of
trajectories needed for the superpositions states results from
the fact that the integrand is less localized in the system
variables and the initial conditions for the diatomic are se-
lected via uniform sampling.

The results presented in the following section are also
convergent with respect to the number of bath oscillators,
which was taken to be twenty for all the cases studied. This
is the lowest number of oscillators found to be required to
reproduce the spectral density given in Eq.~18! and was
found sufficient to provide accurate results for the decoher-
ence measures, as discussed below.

V. RESULTS AND DISCUSSION

A. Semiclassical results

We have done numerous computations on systems with
varying temperatures, system-bath coupling parameters
~given in terms of h[hsb /mVs) and initial vibrational
states. To present these results we first consider a specific
case that typifies the general behavior observed~for this case,
results were obtained at time intervals of 16 fs until timet
5288 fs, and time intervals of 64 fs fromt5320 fs to t
5640 fs). We then examine how different conditions effect
decoherence~using for this analysis time intervals of 64 fs!.

We note at the outset, as observed in a set of represen-
tative cases, that both the dynamics of Tr(r2) and of indi-
vidual r i j depend upon theproducthT. Figure 1 shows the
purity Tr(r2) as a function of time for an initial coherent
state placed atqi52.4, pi50.0. This coherent state, termed
the multilevel coherent state, populates the first 61 vibra-
tional levels of the Morse oscillator peaked around the 24th
state. The temperature of the bath was taken as 300 K and
the coupling coefficienth50.25. Figure 1 shows that the
purity of the system falls off very slowly until'100 fs, when
it abruptly decays, showing short recurrences at'250 and
'450 fs. The decay betweent'100 and 250 fs, can be fitted
to an exponential decay with excellent agreement. The recur-
rence frequency is slightly larger than the harmonic vibra-
tional period of the Morse oscillator;156 fs for the present
parameter set, suggesting a correlation between the vibra-
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tional motion and the quantum coherences. The value of
Tr(r2) at the largest time computed is'0.1. If, at this time,
r were a statistically mixed state with equal probabilities, it
would imply that the total number of states in the system
wereN510. Clearly this is inconsistent with the actual num-
ber of states that are in the wave packet, and with Fig. 3,
discussed below, which shows the involvement of far more
states. Nonetheless, this ‘‘effective number of levels’’ pro-
vides us with some idea as to how far the system is from
complete relaxation. The time scale of these coherences is
shown in greater detail in Fig. 2, which plots the real and
imaginary parts of a sample matrix element near the diago-
nal: r23,27 and r27,23. Here the overall decay of this matrix
element is evident, but on a far longer time scale than pro-
jected by the purity measure.

A more general view of the time evolution of the off-
diagonal density matrix elements~in the energy representa-
tion! is given in Fig. 3. Here, each point depicts a density
matrix element whose absolute value is larger than the cutoff
of 0.02. Results are shown at three different times. The col-
lapse of these matrix elements towards the diagonal is visibly

impressive. Generally speaking, the higher frequency coher-
ences arising from levels that are widely separated decay
much faster than levels that are close to each other. This
behavior is qualitatively consistent with predictions27 of
Redfield theory, but are quantitatively different, as discussed
below. These results illustrate the persistence of quantum
coherence for longer times than predicted by the purity.

The combination of Figs. 1, 2, and 3 plus auxiliary stud-
ies of the matrix elements make clear that the primary deco-
herence process that we are seeing in Fig. 1 is the disappear-
ance of the extreme high frequency off-diagonal components
of the density matrix. Since

Tr~r2!5(
i , j

^ i uru j &^ j uru i &

5(
i

u^ i uru i &u21(
iÞ j

^ i uru j &^ j uru i &, ~35!

the decrease of the high frequency components reduces the
second term in Eq.~35!, leading to a reduction in the size of
Tr(r2).

Despite the fact that exponential decay is observed over
a small time region, the total falloff in Fig. 1 is distinctly
nonexponential. Nevertheless, we can extract some sort of
dephasing time by noting that Tr(r2) has fallen below 1/e by
t'200 fs. By contrast, the off-diagonal matrix element in
Fig. 2 appears to be falling off, with oscillations, over a
much longer timescale. Specifically, we would very crudely
estimate that the peaks of the oscillations would reach 1/e of
their initial value by'700 fs, a considerably longer time.

One note regarding computational accuracy is in order.
Formally, the map in Fig. 3 should be completely symmetric,
as a result of microreversibility. Similarly, complex conju-
gate matrix elements in Fig. 2, computed independently,
should be equal. In general, we do observe good agreement
with the expectation that @Re(ri,j)5Re(rj,i), Im(ri,j)
52Im(rj,i)], for most of the time studied, but with small
deviations from complete symmetry due to errors in the
Monte Carlo evaluation of the integrals.

FIG. 1. Purity as a function of time for the multilevel coherent state.T
5300 K, h50.25. The group of points corresponding to the first abrupt
decay of this function have been fitted to an exponential curve described by
the given equation.

FIG. 2. Sampler i , j as a function of time. Solid lines: Re(ri,j); dotted lines:
Im(ri,j). Circles: i 527, j 523; squares:i 523, j 527.

FIG. 3. Map of the off-diagonal density matrix elements that obeyur i j u
.0.02 at three different times. For clarity note that those elementsur i j u
.0.02 at timet also satisfy this condition at earlier times. Note the collapse
of the density to the diagonal with increasing time.
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The general behavior seen in Figs. 1–3, in both the pu-
rity as well as the off-diagonal density matrix elements, was
observed for all the cases that we studied. These cases, ana-
lyzed in greater detail below, differ primarily in the time
scale and magnitude of the behavior.

Consider now the effects of different conditions, includ-
ing the initial state, on the rates of decoherence. In Fig. 4 we
observe the dependence of the decoherence on the tempera-
ture of the bath and on the coupling as portrayed by the
purity. Results are shown for the multilevel coherent state
~described above!, as well as an initial coherent state placed
at qi52.75, pi52.5 that populates the first six levels~here-
after termed the six-level coherent state!, for a superposition
of two states, given by Eq.~32! with

Dn5H 1

A2
if n59,10

0 otherwise,

~36!

and for cat states, defined as a superposition of localized
Gaussians Eq.~30!, here with qa52.6, pa50.0, qb53.0,
pb50.0. In all cases and consistent with expectation, the
system decoheres much faster when the temperature is higher
and when the coupling is more substantial. We also observe
the same qualitative behavior for all cases: an abrupt initial
exponential decay, often following an initial flat region, fol-
lowed by a series of recurrences~although the exponential
decay region is hardly observable in the six-level coherent
state!. These recurrences occur, in all cases, and at the same
times for each initial state, regardless of the temperature and
the coupling. However, the magnitude of the recurrences de-
creases as the producthT increases~the significance of this
product will be discussed below!.

Figure 5 compares the decoherence rate of the four dif-
ferent initial states at the same bath and coupling conditions
(T5300 K andh50.25!. The order of the overall observed
decoherence rates is that the multilevel state decoheres faster
than the cat state, which is faster than the superposition state,
which is faster than the six level state. A comparison with

Fig. 6, which shows the distribution of the populations of the
initial states among the eigenstates of the oscillator, shows
that the larger the quantum number of the maximal level
populated, the faster the decoherence rate. We discuss, later
below, a more general phase space method for quantifying
this dependence.

B. Model master equation approaches

Numerous model master equations exist, incorporating
various approximations. It is of importance, in order to as-
sess the utility of these models, to compare the results of
some simple theories to the exact semiclassical results in this
paper, which do not invoke approximations other than the
use of semiclassical mechanics. Before making specific com-
parisons to two well-known models, we first note that the
appearance of recurrences in the decay of Tr(r2), as we have
observed, calls into question the utility of many Markovian
master equation treatments that predict exponential decay
~e.g., Ref. 40!. These observed recurrences are important and
provide evidence that although initial decoherence may be

FIG. 4. Purity as a function of time for: upper left pane: multilevel initial
coherent state; upper right pane: six-level coherent state; lower left pane:
superposition state; lower right pane: cat state. Solid lines:T5100 K,
h50.15; dotted lines:T5300 K, h50.15; dashed lines:T5300 K, h50.25;
dot-dashed lines:T5400 K, h50.9.

FIG. 5. Purity as a function of time for different initial states atT
5300 K, h50.25; solid line: cat state; dotted line: multilevel coherent state;
dashed line: six-level coherent state; dot-dashed line: superposition state.

FIG. 6. Relative population of the initial superposition state~dot-dashed
line!, the initial multilevel coherent state~dotted line!, the initial six-level
coherent state~dashed line! and the initial cat state~solid line!. The initial
cat state wave function appears in the inset.
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rapid, some coherence is retained for much longer periods of
time. One may be tempted to dismiss these recoherences as a
nonphysical result of the finite number of oscillators used in
the calculation. However, as previously noted, our results
converge with an increasing number of oscillators, so even
with 80 bath oscillators these recoherences are observed. For
example, Fig. 7 compares the discrete spectral density using
two different numbers of bath oscillators to the exact result
and also shows the convergence of Tr(r2) for a bath with 20,
40, and 80 oscillators using an initial coherent state placed at
qi52.75, pi52.5, and the linearized IVR that is described
later below. Calculations at a few specific times using the full
FB-IVR for these numbers of bath oscillators suggest similar
convergence. Hence, the absence of recurrences in Markov-
ian models is an artifact of the assumptions upon which they
are based. In particular, memory and backreaction that can
play an important role in the dynamics of decoherence is
often missed by conventional models.41

We now consider, in more detail, a comparison with
some aspects of two common approaches, the Caldeira-
Leggett master equation28 and the Redfield theory.15,27

1. Caldeira-Leggett model

The Caldeira-Leggett model arises upon considering a
Hamiltonian system coupled to a bath of harmonic oscilla-

tors via linear coupling, i.e., the case considered here. They
then adopt the Markovian approximation and consider the
high temperature, low coupling limit. The resultant equation
of motion for the density matrix~with coupling through the
position operator!, in the Wigner approximation, is given by

]rw

]t
5$H,rw%1 (

n>1

\2n~21!n

22n~2n11!!

]2n11

]q2n11
V~q!

3
]2n11

]p2n11
rw1D

]2rw

]p2
. ~37!

The first term on the RHS of this equation is the Poisson
bracket, which generates the classical evolution for the
Wigner representation of the density matrixrw; the terms in
\ add the quantal evolution, with the expansion being for-
mally valid for a system potentialV(q) analytic inq ~in our
case the Morse potential!. The last term describes the deco-
herence. The parameterD depends monotonically on the
coupling and temperature of the environment. The standard
form for D for coordinate coupling isD52gMkBT, whereT
is the temperature of the bath,g is an unknown measure of
the system-environment coupling,kB is the Boltzmann con-
stant, andM is the system mass.

Pattanayak and Brumer42 showed that the rate of decay
of the Renyi entropy,S5 ln(Tr@(rw)2#), which is evidently
related to the purity, is given for the Caldeira-Leggett model
by

dS

dt
52D

TrFrw
]2rw

]p2 G
Tr@~rw!2#

[22Dx2, ~38!

wherex2 is implicitly defined in Eq.~38!. ~Note that here,
unlike Ref. 42, we use the second derivative with respect to
the momentum, rather than derivatives with respect to both
coordinates and momenta, since the system-bath coupling
adopted here depends on the coordinate only.! The physical
interpretation ofx2 can be understood by Fourier analyzing
the Wigner density rw(p,q) as rw(p,q)
5* dm r̃w(m,q)e2p imp. Inserting this into the definition of
x2 as given by Eq.~38!,

x252

TrFrw
]2rw

]p2 G
Tr@~rw!2#

52
* dp* dq* dm* dm8~24p2m2!r̃w~m,q!r̃w~m8,q!e2p i ~m1m8!p

Tr@~rw!2#

5
4p2* dq* dm m2ur̃w~m,q!u2

Tr@~rw!2#
. ~39!

FIG. 7. Bath spectral density; solid line: exact; diamonds: 20 oscillators;
squares: 80 oscillators. In the inset: convergence of the linearized IVR with
respect to the number of bath oscillator for an initial six-level coherent state
at T5300 K, h50.25; solid line: 20 oscillators; dotted line: 40 oscillators;
dashed line: 80 oscillators.
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Hence, in this casex2 is a measure of the structure in mo-
mentum space, averaged over coordinate space. Note that
sincex2 is a positive real number,dS/dt is negative definite
in the Caldeira-Leggett model. Thus, at the outset, the
Caldeira-Leggett result is inconsistent with the exact semi-
classical dynamics that show recurrences in Tr(r2), i.e., that
show both negative and positive values ofdS/dt. In particu-
lar, for the multidimensional coherent state in Fig. 1, the
Caldeira-Leggett prediction that exponential decay occurs is
only valid for the first abrupt decay between the times:
t'100 and 250 fs, where there is excellent agreement with
an exponential fit. However, the Caldeira-Leggett model
does not predict the first plateau (t'0 – 100 fs), that is re-
lated to the Zeno effect,43 or the recurrences at times later
than 250 fs. This discrepancy appears in all the cases studied.

The quantity x2 provides a measure of phase space
structure embodied inrw. Further, the Caldeira-Leggett
model implies, via Eq.~38!, that the larger thex2, i.e., the
higher the phase space structure, the faster the decay ofS.
Our semiclassical results provide us with the opportunity to
test the validity of the latter Caldeira-Leggett-based associa-
tion. Consider first the relationship betweenx2 and phase
space structure~in our case, averaged over the coordinate!.
The Wigner densityrw can be calculated from the reduced
density matrix elements obtained using the FB-IVR method
described here, since

rw~p,q,t !5
1

2p E
2`

`

dyeipyK q2
y

2Ur̂~ t !Uq1
y

2L
5

1

2p (
i , j

E
2`

`

dyeipyK q2
y

2Uc i L r i j ~ t !

3 K c jUq1
y

2L , ~40!

where the wave functionŝq2y/2uc i& and ^c j uq1y/2& are
the ~numerically exact! Morse oscillator wave functions and
r i j (t) are the time-dependent reduced density matrix ele-
ments in the energy representation. An expression forx2 can
be derived by inserting Eq.~40! and its second derivative
into Eq.~39! and performing the integrations overp andy to
give

x2~ t !5
21

2p (
i , j ,k,l

E
2`

`

dq dy y2K q2
y

2Uc i L r i j ~ t !

3 K c jUq1
y

2L K q1
y

2UckL rkl~ t !K c lUq2
y

2L .

~41!

Figure 8 comparesx2(t) for three different initial states:
the six-level coherent state, the cat state and the superposi-
tion state, all at the same temperature (T5300 K) and cou-
pling ~h50.25!. Figure 9 showsrw(p,q) at initial time t
50 and a relatively long timet5384 for these same cases.
Qualitatively, we expect decoherence to reduce the amount
of phase space structure, and this is indeed what we see,
quantified by comparing Figs. 5, 8, and 9. That is, Fig. 8
suggests that the cat state has lost considerable phase struc-
ture by 400 fs that the six-level state remains similar at long

times to when it started, and the superposition state loses and
recoheres its structure, at various times. This is indeed con-
sistent with Fig. 9~with structure visualized as averaged over
coordinate space!. However, things are only very weakly cor-
related with the loss of decoherence shown in Fig. 5. More
specifically, there is absolutely no manifestation of the
Caldeira-Leggett prediction@Eq. ~38!# of a proportionality
betweendS/dt andx2.

We can, nonetheless, attempt to obtain an estimate ofD
from the relationshipD52(dS/dt)/(2x2), by inserting the
values ofx2 from the exponential region of our dynamical
calculations@Eq. ~41!#. Using the finite differences value of
dS/dt, for the eight points in the exponential region of the
initial superposition state atT5300 K andh50.95~Fig. 10!,
gives us a range ofD52.56310234 to 6.44310235

kg J s21. Despite the limited range of applicability of the

FIG. 8. x2(t) as a function of time atT5300 K, h50.25 for different initial
phase space structures. Solid line: superposition state; dotted line: cat state;
dashed line: six-level coherent state. Note that straight lines are used to
connect computed points. Multiplyx2 by 2.21931045 to obtain the result in
units of J21 Kg21.

FIG. 9. rw(t) at time t50 ~left column! and t5384 ~right column! with
T5300 K, h50.25 for different initial phase space structures. Upper panels:
superposition state; middle panels: cat state; lower panels: six-level coherent
state.
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Caldeira-Leggett model, we have observed that our results
do show a dependence onhT, consistent with this model.

2. Redfield theory

Kohen and Tannor27 considered the dynamics of a dis-
placed Gaussian phase space distribution evolving on a har-
monic oscillator potential using Redfield theory. They found
a simple, linear relationship between the rate of decay of
individual off-diagonal density matrix elementsr i j and the
difference in quantum levelsu i 2 j u. To test this we show, in
Fig. 11, the time decay of off-diagonal density matrix levels
with u i 2 j u51, 2, respectively. In both cases, only two ma-
trix elements are seen to decay in a similar fashion and at
approximately the same rate, while the other matrix elements
behave quite differently. The off-diagonal density matrix el-
ement that exhibit similar behavior correspond to ther i j be-
tween highly populated quantum levels. This behavior is
consistent for all the cases studied here. This disagreement
with Redfield theory is not attributable to the fact that the
Redfield theory predictions are based on a simple, one-

dimensional, harmonic model. Specifically, we observed the
same behavior even when the anharmonic potential is re-
placed by an harmonic potential.

C. Linearized IVR

The computations described above are time consuming,
due to the large number of trajectories needed to fully con-
verge the results. In an effort to simplify the computations
we also performed the same calculations using a classical
analog approach.24 In this approach, also termed the linear-
ized IVR ~Refs. 17, 25, 26, and 44! we replace the quantum
operators in Eq.~5! by their Wigner representation and then
perform the required dynamics classically. The density ma-
trix is then given by

r i j ~ t !5S 1

2p\ D 2 fE dq0E dp0Aw~q0 ,p0!Bw
i j ~qt ,pt!,

~42!

whereAw andBw
i j are the Wigner representations of the op-

erators defined by Eqs.~3! and~4!. An attempt to relate this
approximation to the FB-IVR results by using the exact re-
lationship betweenB̃i j (p,q) andBw

i j (qt ,pt),
17

Bw
i j ~qt ,pt!5E dpE dqB̃i j ~p,q!e~ i /\!~p•q/21qt•p2pt•q!,

~43!

giving, for Eq. ~42!,

r i j ~ t !5S 1

2p\ D 2 fE dpE dqE dq0

3E dp0Aw~q0 ,p0!B̃i j ~p,q!e~ i /\!~p•q/21qt•p2pt•q!.

~44!

This expression should be compared to Eq.~16!, i.e., the
FB-IVR result. However, we have not been able to derive
Eq. ~44! from Eq. ~16!, even by using the linearization
scheme proposed in Ref. 17, since the approximation

^q0p0u
e2bĤB

QB
u F0&^F0uq0p0&'Aw(q0 ,p0) ~45!

is not valid in this case. To show this, note that

^q0p0ue2bĤB/QBuF0&^F0uq0p0& is the Husimi
distribution16,45which differs from the Wigner distribution as
noted by the same authors in Appendix B of Ref. 46. In
addition, the phase factorp•q/2 in Eq. ~44! is important and
cannot simply be discarded. Hence we prefer to ‘‘derive’’ Eq.
~42! by the more direct approach described above, which
follows the ‘‘classical analog’’ philosophy developed
elsewhere24 and which provides Eq.~44! directly.

The computational advantage of Eq.~44! is that there is
no need to evaluate the time-consuming monodromy matrix,
making the linearized IVR computation'30 times faster.
Hence, it would be advantageous to ascertain the extent to
which this approach reproduces results of the FB-IVR. Fur-
ther, this comparison should provide insight into quantum
classical correspondence in this model.

FIG. 10. Plot ofD as a function of time for an initial superposition state
with T5300 K, h50.95. In the inset is the purity corresponding to these
parameters. MultiplyD by 1.112310233 to obtain the result in units of
J Kg s21.

FIG. 11. Time dependence of off-diagonal matrix elementsr i j with u i 2 j u
51 ~upper pane! andu i 2 j u52 ~lower pane! for the initial six-level coherent
state atT5400 K andh50.9. Each line represents a differentr i j element.
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Figure 12 shows a comparison between the two methods
for the six-level coherent state withT5300 K, h50.25, and
for T5400 K, h50.90. In most cases the linearized version
agrees with the FB-IVR, however, there are some discrepan-
cies that cannot be attributed to Monte Carlo-based errors.
Specifically, at the early time:t564 fs, the two methods dis-
agree somewhat, especially for the higher temperature and
larger coupling. Figure 13 shows the comparison in terms of
some density matrix elements. Interestingly, the major dis-
crepancy att'64 fs relates to a slight, but nonetheless sig-
nificant, shift in the value of the off-diagonal matrix ele-
ments.

Wanget al.,16 who compared the linearized IVR with the
FB-IVR for a similar system, also found differences between
the two methods in their calculations of the time-dependent
probability distribution function. In contrast to the results
presented here, the differences were dominant at lower tem-
peratures and shorter times. The agreement at longer times
was attributed to the fact that effectively complete decoher-

ence had occurred and hence, classical mechanics is ad-
equate in describing the dynamics. An addition study of the
linearized approximation is therefore necessary to further ex-
plore the deviations from the FB-IVR seen in Fig. 12.

VI. SUMMARY

In this paper, we have studied the decoherence of an
anharmonic oscillator coupled to a bath of harmonic oscilla-
tors. In contrast with the common approach, master equa-
tions for the reduced density matrix were not used. Rather,
we implemented a dynamics approach using a semiclassical
formulation of density matrix evolution. We investigated the
effects of the temperature and coupling strength of the envi-
ronment, and the initial state of the system, on the decoher-
ence, through the time dependence of the purity, and the
off-diagonal density matrix elements in the energy represen-
tation. It was found that the decoherence is faster at higher
temperaturesT and stronger system-bath couplingsh, with
the dependence being onhT. In general, decoherence is
slower if the system’s low energy states are initially popu-
lated. However, decoherence occurs rapidly for Schro¨dinger
cat states, due to interference between the spatially separated
coherent states. It was found that the off-diagonal matrix
elements ‘‘collapse’’ to the diagonal as the system loses its
coherences, with decoherence occurring faster for coher-
ences between levels that are more energetically separated.

In the context of quantum computing, one usually
wishes to reduce decoherence effects as much as possible.
The results of this study suggest that the best way to achieve
this is to create a coherent wave packet of low lying states,
isolated from an environment which is kept at a low tem-
perature. These strict conditions may be relaxed, if only a
certain degree of coherence need be retained, since energy
levels that are close retain their coherence for longer times.
This may be the case for coherent control.

It is important to emphasize two specific dynamic fea-
tures that are absent in many models of decoherence: First,
both the purity and the off-diagonal matrix elements recur on
a time scale that corresponds approximately to the vibra-
tional period of the oscillator. Second, individual off-
diagonal density matrix elements decohere with different
rates, although similar rates were observed for coherences
between highly populated quantum levels with the same en-
ergy difference between the quantum levels. These features,
which have important consequences with respect to the time
scale and mechanism of decoherence, are absent in treat-
ments based on master equations such as the Caldeira-
Leggett approach. A measure of phase-space structure, pre-
viously derived for chaotic systems, was shown to provide
useful information for the system studied here, and agreed
completely with the phase-space picture of the Wigner den-
sity. Additionally, this expression can be used together with
our dynamical procedure as an independent method of ob-
taining values for the Caldeira-LeggettD parameter.

In this study, we formulated a FB-IVR expression for the
density matrix, and introduced a new, efficient, computa-
tional strategy that allows us to perform this multidimen-
sional complex calculation with relative ease and accuracy.
This IVR calculation reproduces individual density matrix

FIG. 12. Comparison of purity for the linearized IVR~dotted line! and the
FB-IVR ~solid line! using the initial six-level coherent state: circles:T
5300 K, h50.25; Squares:T5400 K, h50.9.

FIG. 13. Comparison of linearized IVR~dotted line and squares! and FB-
IVR ~solid line and circles! for the initial six-level coherent state atT
5400 K, h50.9. In order to show the values of all the density matrix
elements in one 2D plot, thex axis was chosen such as each~discrete! xi

labels a different density matrix elementr jk according toxi5( j ,k50,56 j
1k11.
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elements. Both the FB-IVR and linearized IVR produce
qualitatively accurate results, however, these methods are
still semiclassical and improvements might be sought. For
example, it would, perhaps, be preferable to use the general-
ized FB-IVR method,47 which treats the system with the full
~double phase space integral! HK treatment, while the bath is
treated with the FB-IVR. However, there seems to be no
advantage to this approach for the operator considered in this
work, since B̃i j (p,q) is, generally, delocalized in phase
space. In addition, the generalized FB-IVR method intro-
duces a further approximation in the form of a Filinov trans-
formation to enhance convergence of the method. If full HK
parameters are used for the system, it is questionable whether
convergence could be achieved, given the large computa-
tional effort in this work when the system is treated with the
faster converging FB-IVR.

There are several extensions of this study that should be
investigated. An effort should be made to enhance the com-
putational efficiency of the FB-IVR technique, especially for
initial states that are not coherent states, perhaps by using
importance sampling Monte Carlo. It would be interesting to
apply the methodology developed here to other models, par-
ticularly to models with nonlinear coupling. Further, the re-
sults obtained here encourage a review of the applicability of
coherent control to large scale systems, previously thought to
be impossible due to decoherence. Quantum-classical corre-
spondence also needs to be considered more carefully. In
particular, it would be nice to compare the accuracy of the
methods used in this work to other methods such as
quantum-classical methods48 and purely classical
calculations.24,49 These methods may provide more insight
into the origin of the discrepancies between the FB-IVR and
the linearized IVR. Work along these lines is in progress.
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24C. Jaffé and P. Brumer, J. Chem. Phys.82, 2330 ~1985!; C. Jaffé, S.
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