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Enantiomeric purification of nonpolarized racemic mixtures
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Angular momentum constraints for coherently controlling chiral purification of racemic mixtures
using the dipole-electric field interaction are examined in detail for two different scenarios. First
shown is that achieving enantiomeric control in our earlier scheme@M. Shapiro, E. Frishman, and
P. Brumer, Phys. Rev. Lett.84, 1669~2000!#, using parallel laser pulses, requires that the system be
M-polarized, whereM is the projection of the total angular momentum along the axis of laser
polarization. An alternate scenario is then introduced that allows chiral control in anunpolarized
racemic mixture by using three mutually perpendicular linearly polarized light fields. Analytic
expressions for the enantiomeric excess in both cases are derived and computational results are
presented. ©2003 American Institute of Physics.@DOI: 10.1063/1.1603732#

I. INTRODUCTION

Enantio-selective processes,1,2 i.e., the class of processes
designed to preferentially increase the concentration of a se-
lected enantiomer in a racemic mixture, is of great interest,
both practically as well as theoretically. The possibility of
achieving enantio-selectivity using optical methods has been
the focus of recent attention.3–12

Earlier suggestions of optical methods designed to selec-
tively enhance a desired enantiomer centered on the use of
circularly polarized light,2,3 relying upon the very weak
magnetic-dipole interaction with the field. Recently, how-
ever, we4–8 and others9–11have designed methods that utilize
the far stronger electric electric dipole interaction with the
field ~i.e., m•E! for achieving enantio-selectivity. We were
also able to formulate a general theorem,12 according to
which enantio-selectivity can be achieved in a laser–
molecule scenario that is reliant upon them•E interaction
only when the time evolution resulting from the laser–
molecule interaction is dependent upon the sign of the elec-
tric field vector~i.e., the time evolution changes upon inver-
sion of E!.

A promising approach was introduced in Refs. 4 and 5 in
which we examined control in a four level system coupled
by linearly polarized light. Specifically, three parallel linearly
polarized pulsed lasers were used to selectively excite a ra-
cemic mixture of two enantiomers, denotedD ~dextrorota-
tory! and L ~levorotatory!. The chosen laser configuration
~discussed below! allowed for preferential excitation of ei-
ther D or L, hence discriminating between the enantiomers.
Repeated application of this laser sequence, followed by re-
laxation, resulted in the selective enhancement of the con-
centration of eitherD or L. It turns out, as shown explicitly
below, that since the three lasers are parallel and linearly
polarized, this corresponds to control in a system of fixedM,
whereM is the projection of the total angular momentumJ

along the polarization direction of the incident light. This
method was applied5 to a realistic model13 of dimethylallene,
where we computationally demonstrated enantiomeric ex-
cesses of over 90%, using lasers of reasonable intensity.

RequiringM-selection adds an experimental complexity
we would like to avoid. For this reason we consider here the
effects ofM averaging in two scenarios for optical enantio-
meric purification using linearly polarized light. The first is
that introduced above, and termed laser configurationA. In
this case a racemic mixture is irradiated with three laser fre-
quencies of the same linear polarization. In the second, de-
noted laser configurationB, the mixture is irradiated with
three mutually perpendicular beams of linearly polarized
light. Here, we focus on the case of the symmetric top; ex-
tensions to the asymmetric top are straightforward and will
be briefly discussed. A more detailed consideration concern-
ing the asymmetric top, with realistic applications, is found
elsewhere.14

In both cases we first consider control for one value of
M, limiting attention to the ladder of states accessed by weak
to moderately strong laser fields. In the case of configuration
A this corresponds to the eight level scheme in Fig. 1. For
configurationB, ten levels are involved, as shown in Fig. 2.
Subsequently, we consider averaging overM. In both con-
figurations this can be done analytically to show that control
is lost in configurationA uponM-averaging, but retained in
configurationB. Extending configurationB beyond the ten
level case, which would occur with higher fields, requires a
numerical study, as provided in Sec. IV.

Results in this paper show thatM averaging leads to the
loss of control in configurationA since the enantiomeric ex-
cesses generated by states with quantum numbersJ, M ex-
actly cancels those with quantum numbersJ, 2M . However,
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enantiomeric control survivesM-averaging in configuration
B, with the M and 2M terms contributing constructively.
This then provides a general method for enantiomeric con-
trol, via the m•E interaction, in traditional racemic
mixtures.15 The mechanism, an implementation of coherent
control,16 is distinctly different from that recently proposed11

for three laser chiral control, where one laser is specifically
designed to orient the molecule.

In all cases considered below we assume the symmetry
of the potential surfaces is that of Ref. 4, i.e., the ground
state is assumed to possess a high barrier for enantio-
conversion which is hence forbidden~a ‘‘chiral’’ situation!,
whereas enantio-conversion is assumed facile in the excited
state~an ‘‘achiral’’ situation!. A follow-up paper14 considers
control in a realistic model of dimethylallene.

II. LASER CONFIGURATION A: FOUR STATE MODEL

We consider first the simplified model in Ref. 4. In this
case a racemic mixture of the two enantiomers,D andL, in
the ground electronic state and in the ground vibrational
eigenstatesuD& and uL&, of energyED5EL . We choose the
electric field so as to excite the system to two vib-rotational
eigenstatesu1& andu2&, of energyE1 andE2 , of the electroni-

cally excited state. Since the excited electronic state is
achiral we can chooseu1& to be symmetric with respect to
inversion andu2& to be antisymmetric. The statesu1& and u2&
are coupled to one another by an additional laser field~see
Fig. 1!. Specifically, we chooseE(t) to be composed of three
parallel linearly polarized light pulses,

E~ t !5 (
k50,1,2

Ek~ t !

5 (
k50,1,2

@ek~ t !exp~ inkt !1ek* ~ t !exp~2 inkt !#êk , ~1!

whereek is the pulse envelope,nk is the central laser fre-
quency, andêk is the polarization direction. The frequency
n0 is chosen in near-resonance with the transition frequency
v21[(E22E1)/\, n1 is chosen nearv1D[(E12ED)/\ and
n2 is chosen nearv2D[(E22ED)/\.

With the above configuration, the time dependent Schro¨-
dinger equation for the molecule in the presence of radiation
assumes the form,

i\]uC&/]t5H tot~ t !uC&,
~2!

H tot~ t !5HM2(
k

mk•Ek~ t !,

where HM is the molecular Hamiltonian andmk is the
transition-dipole moment for the electronic transition in-
duced byEk(t).

Equation~2! is converted to a set of differential equa-
tions by expandinguC& in eigenstatesu j & of the molecular
Hamiltonian@i.e., HMu j &5Ej u j &],

uC&5(
j

bj~ t !exp~2 iE j t/\!u j & ~3!

and substituting Eq.~3! into Eq. ~2! to give

ḃi5
i

\ (
jk

bj exp~2 iv j i t !^ i umk•Ek~ t !u j &, ~4!

wherev j i 5(Ej2Ei)/\.
Considering the laser coupling, only four molecular

states are relevant and Eq.~3! becomes

uC&5bD~ t !exp~2 iEDt/\!uD&

1bL~ t !exp~2 iELt/\!uL&1b1~ t !exp~2 iE1t/\!u1&

1b2~ t !exp~2 iE2t/\!u2&. ~5!

Equation~4!, in the rotating wave approximation, is then
given by

ḃ15 i exp~ iD1t !@VD,1* bD1VL,1* bL#1 i exp~2 iD0t !V0* b2 ,

ḃ25 i exp~ iD2t !@VD,2* bD1VL,2* bL#1 i exp~ iD0t !V0b1 ,
~6!

ḃD5 i exp~2 iD1t !VD,1b11 i exp~2 iD2t !VD,2b2 ,

ḃL5 i exp~2 iD1t !VL,1b11 i exp~2 iD2t !VL,2b2 ,

where

Vk j~ t ![^kum j u j &e j~ t !/\, k5D,L; j 51,2,

FIG. 1. Original scheme previously introduced in Ref. 4. For the symmetric
top thep’s assume values of61 so that there are eight levels.

FIG. 2. Ten level scenario for symmetric top in configuration B. Note that
the p’s assume values of61.
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V0~ t ![^2um0u1&e0~ t !/\, ~7!

D j[v jD2n j , D0[v212n0 ,

with m i[mi• ê i , i 50, 1, 2.
StatesuD& and uL& can be rewritten in terms of a sym-

metric stateuS& and an antisymmetric stateuA&,

uD&5uA&1uS&,
~8!uL&5uA&2uS&.

Using this relation, and the fact thatu1& andu2& have opposite
symmetry properties with respect to inversion, one can
readily show4 that

VL,15VD,15VA,1 ; VL,252VD,25VS,2 . ~9!

Hence, we can write Eq.~6! as

ḃ15 i exp~ iD1t !@VD,1* bD1VD,1* bL#1 i exp~2 iD0t !V0* b2 ,

ḃ25 i exp~ iD2t !@VD,2* bD2VD,2* bL#1 i exp~ iD0t !V0b1 ,
~10!

ḃD5 i exp~2 iD1t !VD,1b11 i exp~2 iD2t !VD,2b2 ,

ḃL5 i exp~2 iD1t !VD,1b12 i exp~2 iD2t !VD,2b2 .

A. Changing the sign of the fields

Equation~10! describes the time evolution of the ampli-
tude in levelsuD&, uL&, u1&, and u2&. As noted above, only if
the dynamics depend on the sign of the overall electric field,
then the scenario represented by these equations allows for
enantiomeric control.12 Consider then the effect of changing
E→2E, i.e., e0→2e0 , e1→2e1 , and e2→2e2 . Under
this transformation, Eq.~10! becomes

ḃ152 i exp~ iD1t !@VD,1* bD1VD,1* bL#

2 i exp~2 iD0t !V0* b2 ,

ḃ252 i exp~ iD2t !@VD,2* bD2VD,2* bL#

2 i exp~ iD0t !V0b1 ,
~11!

ḃD52 i exp~2 iD1t !VD,1b12 i exp~2 iD2t !VD,2b2 ,

ḃL52 i exp~2 iD1t !VD,1b11 i exp~2 iD2t !VD,2b2 .

By definingb1852b1 , Eq. ~11! can be rewritten as

ḃ185 i exp~ iD1t !@VD,1* bD1VD,1* bL#1 i exp~2 iD0t !V0* b2 ,

ḃ25 i exp~ iD2t !@2VD,2* bD1VD,2* bL#1 i exp~ iD0t !V0b18 ,
~12!

ḃD5 i exp~2 iD1t !VD,1b182 i exp~2 iD2t !VD,2b2 ,

ḃL5 i exp~2 iD1t !VD,1b181 i exp~2 iD2t !VD,2b2 .

These equations are identical to those in Eq.~10! except that
bD→bL , and vice versa. Hence,E→2E affects the dynam-
ics and enantiomeric control is possible, consistent with pre-
vious studies.4 Of additional interest is that the effect is pre-
cisely that which one would expect from the inversion of the
total system, i.e., of both the molecule and the electric field,
in which the dynamics of theD enantiomer and theL enan-
tiomer interchange with one another.

Note, for interest below, that in this scenario changing
the sign of any one of the three electric field constituentse i

has the same effect as changing the sign of total electric field
insofar as it reverses the roles of enantiomeric selectivity.
Specifically,L↔D reversal occurs when we change the sign
of eithere1 , e2 or e0 . This can easily be verified by defining
new ~primed! probability amplitudes such asb2852b2 for
e0→2e0 andbL852bD andbL852bL for e1→2e1 . Simi-
larly, changing the sign ofe2 in Eq. ~10! directly gives Eq.
~12! without further algebra. Note also that if we change the
sign of any two electric fields constituentse i then the enan-
tiomeric selectivity remains unchanged. For example, con-
sider sign reversal of bothe0 ande1 . Then the original equa-
tions @Eq. ~10!# are recovered by definingb2852b2 , bL8
52bD , andbL852bL .

B. Angular momentum considerations

The above discussion does not consider the role of an-
gular momentum, shown here to be crucial to overall control.
Specifically, to consider the effect of averaging overM, the
situation that would exist in a nonpolarized medium, we as-
sociate with each of theuD&, uL&, u1&, andu2& states, a parity-
adapted symmetric-top wave function of the type,

Dl,M
J,p ~f,u,x![tlS 2J11

8p2 D 1/2

$Dl,M
J ~f,u,x!

1p~21!lD2l,M
J ~f,u,x!%, ~13!

where~f,u,x! are three Euler angles of rotation in a space-
fixed coordinate system,Dl,M

J (f,u,x) are the rotational ma-
trices in Edmonds’ notation,17 p561, and tl522(1/2) for
l.0 and tl51/2 for l50. HereJ is the total angular mo-
mentum,M is its proportion of the space fixedz-axis andl is
its projection on the molecular axis. It is seen from Eq.~13!
that every vib-rotational level is doubly degenerate inp, ex-
cept for l50. The extension to the asymmetric top is
straightforward insofar as thep degeneracy is removed and
the wave functions maintain the sameM dependence as the
symmetric top.

The Dl,M
J,p (f,u,x) are eigenfunctions of the inversion

operatorI,

IDl,M
J,p ~f,u,x!5p~21!JDl,M

J,p ~f,u,x!, ~14!

a property that follows from the basic relation,

IDl,M
J ~f,u,x!5~21!J1lD2l,M

J ~f,u,x!.

Given the above rotational wave functions, the wave
functions in the ground electronic state are written as

uLp&5uvL&Dl,M
J,p , uDp&5uvD&Dl,M

J,p , ~15!

and the excited state wave functions are written~see Fig. 1!
as,

u1p8&5uv1&Dl8,M8
J8,p8 , u2p9&5uv2&Dl9,M9

J9,p9 , ~16!
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where theuv i& are the vibrational components of the wave
function. Since the eigenvalues of the symmetric top Hamil-
tonian depend uponJ andl we can excite between selected
levels J, l, J8, l8 and J9, l9 by choosing the appropriate
laser frequency. The energy does not, however, depend upon
the values ofp, p8, p9. Hence, the system comprises eight
levels, i.e., four energetically degenerate sets, as shown in
Fig. 1~b!.

We assume, with no loss of generality, thatu1p8& is sym-
metric with respect to inversion, and therefore thatu12p8& is
antisymmetric. Similarly,u2p9& is assumed symmetric and
henceu22p9& is antisymmetric. It is then notationally conve-
nient to relabel the states as follows:

u1&[u12p8&, u2&[u1p8&, u3&[u22p9&, u4&[u2p9&.
~17!

With this notationu i & with even values ofi are symmetric
with respect to inversion andu i & with odd values ofi are
antisymmetric with respect to inversion.

The state wave function can then be expanded in terms
of the above set of vib-rotational wave functions as

uC&5bDp
exp~2 iEDt/\!uDp&1bD2p

exp~2 iEDt/\!uD2p&

1bLp
exp~2 iELt/\!uLp&1bL2p

exp~2 iELt/\!uL2p&

1b1exp~2 iE1t/\!u1&1b2 exp~2 iE2t/\!u2&

1b3exp~2 iE3t/\!u3&1b4 exp~2 iE4t/\!u4&, ~18!

giving the following set of coupled equations in the rotating
wave approximation:

ḃLp
5 i exp~2 iD1t !~b1V1,Lp

* 1b2V2,Lp
* !

1 i exp~2 iD2t !~b3V3,Lp
* 1b4V4,Lp

* !,

ḃL2p
5 i exp~2 iD1t !~b1V1,L2p

* 1b2V2,L2p
* !

1 i exp~2 iD2t !~b3V3,L2p
* 1b4V4,L2p

* !,

ḃDp
5 i exp~2 iD1t !~b1V1,Dp

* 1b2V2,Dp
* !

1 i exp~2 iD2t !~b3V3,Dp
* 1b4V4,Dp

* !,

ḃD2p
5 i exp~2 iD1t !~b1V1,D2p

* 1b2V2,D2p
* !

1 i exp~2 iD2t !~b3V3,D2p
* 1b4V4,D2p

* !,

~19!
ḃ15 i exp~ iD1t !~bLp

V1,Lp
1bL2p

V1,L2p
1bDp

V1,Dp

1bD2p
V1,D2p

!1 ib4 exp~2 iD0t !V4,1* ,

ḃ25 i exp~ iD1t !~bLp
V2,Lp

1bL2p
V2,L2p

1bDp
V2,Dp

1bD2p
V2,D2p

!1 ib3 exp~2 iD0t !V3,2* ,

ḃ35 i exp~ iD2t !~bLp
V3,Lp

1bL2p
V3,L2p

1bDp
V3,Dp

1bD2p
V3,D2p

!1 ib2 exp~ iD0t !V3,2,

ḃ45 i exp~ iD2t !~bLp
V4,Lp

1bL2p
V4,L2p

1bDp
V4,Dp

1bD2p
V4,D2p

!1 ib1 exp~ iD0t !V4,1.

Here V i , j[^ i umku j &ek /\, Dk[v i , j2vk , i 51, 2, 3, 4, j
5Lp , L2p , Dp , D2p , k50, 1, 2. In a fashion similar to
that of the four level scheme above@Eq. ~8!#, statesuLp& and
uDp& can be rewritten in terms of definite parity statesuSp&
anduAp&, and again without loss of generality, we can assign
statesuSp& and uAp& to be overall symmetric and antisym-
metric respectively. Their counterpartsuL2p& and uD2p& ob-
tained by changingp to 2p, are of symmetry opposite to
uLp& and uDp&. Therefore, one can show that

V1,Lp
52V1,Dp

5V1,Sp
, V3,Lp

52V3,Dp
5V3,Sp

,

V1,L2p
5V1,D2p

5V1,A2p
, V3,L2p

5V3,D2p
5V3,A2p

,

~20!
V2,Lp

5V2,Dp
5V2,Ap

, V4,Lp
5V4,Dp

5V4,Ap
,

V2,L2p
52V2,D2p

5V2,S2p
,

V4,L2p
52V4,D2p

5V4,S2p
.

Hence, Eq.~19! can be rewritten as

ḃLp
5 i exp~2 iD1t !~b2V2,Lp

* 2b1V1,Lp
* !

1 i exp~2 iD2t !~b4V4,Lp
* 2b3V3,Lp

* !,

ḃDp
5 i exp~2 iD1t !~b2V2,Lp

* 1b1V1,Lp
* !

1 i exp~2 iD2t !~b4V4,Lp
* 1b3V3,Lp

* !,

ḃL2p
5 i exp~2 iD1t !~b1V1,L2p

* 2b2V2,L2p
* !

1 i exp~2 iD2t !~b3V3,L2p
* 2b4V4,L2p

* !,

ḃD2p
5 i exp~2 iD1t !~b1V1,L2p

* 1b2V2,L2p
* !

1 i exp~2 iD2t !~b3V3,L2p
* 1b4V4,L2p

* !,

~21!
ḃ15 i exp~ iD1t !@V1,Lp

~bDp
2bLp

!1V1,L2p
~bD2p

1bL2p
!#

1 ib4 exp~2 iD0t !V4,1* ,

ḃ25 i exp~ iD1t !@V2,Lp
~bDp

1bLp
!1V2,L2p

~bD2p
2bL2p

!#

1 ib3 exp~2 iD0t !V3,2* ,

ḃ35 i exp~ iD2t !@V3,Lp
~bDp

2bLp
!1V3,L2p

~bD2p
1bL2p

!#

1 ib2 exp~ iD0t !V3,2,

ḃ45 i exp~ iD2t !@V4,Lp
~bDp

1bLp
!1V4,L2p

~bD2p
2bL2p

!#

1 ib1 exp~ iD0t !V4,1.

We can readily show that the dynamics in Eq.~21! is
sensitive to the sign of the total electric field and hence12 that
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enantiomeric control is possible. Further, for use below, we
note that changing the sign of any one component of the
electric field, i.e.,e0→2e0 , or e1→2e1 , or e2→2e2 , re-
sults in a reversal of the role of the enantiomeric selectivity;
specifically, L2p↔D2p and Lp↔Dp . Similar conclusions
as those reached following Eq.~12! can be made when only
one or two electric fields change sign. That is, the roles of
L andD are reversed when the sign of only one field com-
ponent is changed but remain the same if two field compo-
nents are changed. As an example, consider the changee0

→2e0 . By defining b1852b1 , b3852b3 , bL2p
8 52bL2p

and bD2p
8 52bD2p

, it can be shown that the roles of enan-

tiomeric selectivity are reversed.18

To see the effect of averaging over theM quantum num-
ber we examine the relationship between enantiomeric con-
trol with a given value ofM and with the corresponding
value of2M . Consider then theM dependence of the dipole
transition matrix elements. The projection of them l ( l
50,1,2) dipole operators on the polarization directionsê l

can be related~see Ref. 19! to the (x,y,z) body-fixed com-
ponents of the dipole operators as,

m l[ml• ê l5 f l tql (
K521

K51

m l
~K !$DK,ql

1 ~f,u,x!

1pl~21!qlDK,2ql

1 ~f,u,x!%, ~22!

where

m l
~0![m l

z , m l
~21![~m l

x2 im l
y!/A2,

m l
~1![2~m l

x1 im l
y!/A2. ~23!

Here f l51, ql50, pl51 for ê l along theZ axis, f l521,
ql51, pl51 for ê l along the X axis, and f l5 i , ql51,
pl521 for ê l along theY axis.

Given Eqs.~15!, ~16!, and~22!, consideration of dipole
transition matrix elements requires the following integrals
@Edmonds~Ref. 17!, Eq. ~4.6.2!#:

~Dl8,M8
J8,p8 uDK,q

1 uDl,M
J,p !

[E
0

2p

dfE
0

p

sinuduE
0

2p

dxDl8,M8
J8,p8* ~f,u,x!

3DK,q
1 ~f,u,x!Dl,M

J,p ~f,u,x!

5~21!2M8tl8tl@~2J811!~2J11!#1/2

3S J8 1 J

2M 8 q MDF~J8,l8,p8;J,l,p;K !

[~21!M8S J8 1 J

2M 8 q MDB~J8,l8,p8; j ,l,p;K !, ~24!

where nonzero 3-j symbols requireM1q2M 850 and
where

F~J8,l8,p8;J,l,p;K !

5~21!l8S J8 1 J

2l8 K l
D

1p~21!l1l8S J8 1 J

2l8 K 2l
D

1p8S J8 1 J

l8 K l
D 1p8p~21!lS J8 1 J

l8 K 2l
D . ~25!

B(J8,l8,p8; j ,l,p;K) has been defined in Eq.~24! in order
to expose theM andM 8 dependence of the matrix element.

C. M-averaging

Consider now the average over theM quantum number
where all componentse i areZ-polarized. The relevant inte-
grals in Eq.~24! would then haveq50. In accord with this
equation the entireM dependence, within the transition di-
pole moments, is contained in a single 3-j symbol. The
property of the 3-j coefficients with respect toM→2M
transformation is given by17

S J2 1 J1

M 8 0 2M D 5~21!J1111J2S J2 1 J1

2M 8 0 M D . ~26!

Here nonzero 3-j symbols requireM5M 8. As a conse-
quence of Eq.~26! some or all of the transition matrix ele-
ments will change signs whenM→2M , depending on
which J states are involved in the excitation scheme. Since
these matrix elements enter into the dynamics via theV’s,
such a change in sign is equivalent to changing the sign of
the associated electric field component.

The selection ruleDJ50, 61, and the requirement that
dipole transitions induced by all of thee i are nonzero, allows
for only two possible angular momentum scenarios. The first,
where allJ states have the same value, and the second where
some states have the sameJ and other states have angular
momentumJ61. As an example, consider excitation from
the grounduLp& anduDp& states with angular momentumJ to
excited state levelsu i &, i 51,...,4, with angular momentum
J11. In this case, dipole coupling matrix elements associ-
ated withe1 and e2 are unaffected byM→2M , however,
couplings associated withe0 will change sign. Hence the
2M case behaves in the same way as that ofM with field
component2e0 . In accord with the discussion following
Eq. ~21!, in this case the enhancement ofD over L ~or vice
versa! resulting from theM case is countered by the enhance-
ment ofL overD from 2M . Further, forM50, the coupling
associated with at least one of thee i components will be
zero. This is analogous to turning off the associatede i field
component, so that theM50 case shows no enantiomeric
control. Hence, control is lost uponM averaging.

In the other possible scenario, where allJ quantum num-
bers are the same, all transition dipole moments change sign
with M→2M . The effect is similar to changing the sign of
all three electric field components. As noted in the discussion
following Eq. ~21!, this interchanges the role ofD and L,
hence ensuring loss of control uponM-averaging.
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We note that this argument is independent of thep values
of the energy levels. As such the arguments apply equally
well to the asymmetric top where thep degeneracy does not
exist.14

III. LASER CONFIGURATION B: MULTISTATE MODEL

Consider now laser configurationB, where the three
field polarizations are mutually orthogonal. Here we show
that it is possible to generate enantiomeric excess in a non-
M-polarized media, i.e., enantiomeric control is not lost upon
M-averaging. Specifically, consider the case whereê1 lies
along theZ direction, ê2 lies along theX direction, andê0

lies along theY direction. All fields are linearly polarized.
The uD&, uL&, u1&, and u2& states in this case are identical to
those of configurationA. However, the selection rule for the
coupling to levelsu3& andu4& now allows forDM561, dou-
bling the number of coupled excited states. To retain the
previous notation we useu31& and u41& to designateM11
and u32& and u42& to designateM21 components of the
indicated states. Note that the value of theM quantum num-
ber does not alter the parity of the states. Note also that
additionalM states, coupled in higher order, are not included
in this section, but are treated computationally in Sec. IV.

In this case, ten molecular states are relevant in lowest
order and Eq.~3! becomes,

uC&5bDp
exp~2 iEDt/\!uDp&1bD2p

exp~2 iEDt/\!uD2p&

1bLp
exp~2 iELt/\!uLp&1bL2p

exp~2 iELt/\!uL2p&

1b1 exp~2 iE1t/\!u1&1b2 exp~2 iE2t/\!u2&

1exp~2 iE3t/\!~b31u31&1b32u32&)

1exp~2 iE4t/\!~b41u41&1b42u42&). ~27!

Substituting into the Schro¨dinger equation gives, in the ro-
tating wave approximation,

ḃLp
5 i exp~2 iD1t !~b2V2,Lp

* 2b1V1,Lp
* !

1 i exp~2 iD2t !@~b41V41,Lp
* 1b42V42,Lp

* !

2~b31V31,Lp
* 1b32V32,Lp

* !#,

ḃDp
5 i exp~2 iD1t !~b2V2,Lp

* 1b1V1,Lp
* !

1 i exp~2 iD2t !@~b41V41,Lp
* 1b42V42,Lp

* !

1~b31V31,Lp
* 1b32V32,Lp

* !#,

ḃL2p
5 i exp~2 iD1t !~b1V1,L2p

* 2b2V2,L2p
* !

1 i exp~2 iD2t !@~b31V31,L2p
* 1b32V32,L2p

* !

2~b41V41,L2p
* 1b42V42,L2p

* !#,

ḃD2p
5 i exp~2 iD1t !~b1V1,L2p

* 1b2V2,L2p
* !

1 i exp~2 iD2t !@~b31V31,L2p
* 1b32V32,L2p

* !

1~b41V41,L2p
* 1b42V42,L2p

* !#,

ḃ15 i exp~ iD1t !V1,Lp
~bDp

2bLp
!

1 i exp~ iD1t !V1,L2p
~bD2p

1bL2p
!

1 i exp~2 iD0t !~b41V41,1
* 1b42V42,1

* !,

~28!
ḃ25 i exp~ iD1t !V2,Lp

~bDp
1bLp

!

1 i exp~ iD1t !V2,L2p
~bD2p

2bL2p
!

1 i exp~2 iD0t !~b31V31,2
* 1b32V32,2

* !,

ḃ315 i exp~ iD2t !V31,Lp
~bDp

2bLp
!

1 i exp~ iD2t !V31,L2p
~bD2p

1bL2p
!

1 i exp~ iD0t !b2V31,2 ,

ḃ325 i exp~ iD2t !V32,Lp
~bDp

2bLp
!

1 i exp~ iD2t !V32,L2p
~bD2p

1bL2p
!

1 i exp~ iD0t !b2V32,2 ,

ḃ415 i exp~ iD2t !V41,Lp
~bDp

1bLp
!

1 i exp~ iD2t !V41,L2p
~bD2p

2bL2p
!

1 i exp~ iD0t !b1V41,1 ,

ḃ425 i exp~ iD2t !V42,Lp
~bDp

1bLp
!

1 i exp~ iD2t !V42,L2p
~bD2p

2bL2p
!

1 i exp~ iD0t !b1V42,1 ,

where we have made use of Eq.~20! and the notation is a
natural extension of that previously introduced@Eq. ~19!#.

Once again, changing the sign of the electric fields re-
sults in a change in dynamics. Hence,12 this ten-level scheme
allows for enantiomeric control. Further, as in configuration
A, changing the sign of either onee i field component or of
all three field components results in loss of control, whereas
if two field components change sign then control is main-
tained. Qualitative motivation for this result resides in the
fact that changing the sign of either one field or three results
from reflecting the field through either one plane or three
perpendicular planes, respectively. Since each reflection
equals inversion followed by rotation, this corresponds to an
overall operation with an odd number of inversion steps.
This being the case, one expects that the effect of the inver-
sions on the electric field would be similar to that of the
inversions on the molecule, i.e., the interchange ofL andD,
which is indeed the case. By contrast, changing the sign of
two fields components implies reflecting the field through
perpendicular planes. This corresponds to two steps of rota-
tion and inversion. However, since rotations and inversions
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commute, the result of changing the sign of two field com-
ponents is equivalent to a rotation of the electric field vector.
Such a rotation cannot affect the role ofL andD, and hence
does not affect the enantiomeric selectivity.

M averaging

As in configurationA, an examination of the angular
momentum attributes of these differential equations provide
insight into the effects of averaging overM. In this case,
however, we can show that in the ten level caseB theM and

2M terms contribute equally, so that control is maintained
after M averaging. To see this consider how eachM depen-
dent 3-j symbol changes whenM→2M . Given @Eqs.~22!
and ~24!# we have for the dipole transition matrix element
associated withe1 that

S J8 1 J

2M 0 M D ——→
M→2M

~21!J81J11S J8 1 J

2M 0 M D .

~29!

Similarly, for the term associated withe2 ,

F S J8 1 J

2~M11! 1 M D 2S J8 1 J

2~M21! 21 M D G ——→
M→2M

~21!J81JF S J8 1 J

2~M11! 1 M D 2S J8 1 J

2~M21! 21 M D G ,
~30!

and for the term associated withe0

F S J8 1 J

2~M11! 1 M D 1S J8 1 J

2~M21! 21 M D G ——→
M→2M

~21!J81J11F S J8 1 J

2~M11! 1 M D 1S J8 1 J

2~M21! 21 M D G .
~31!

As in configurationA, depending on the values ofJ,
some or all of the transition dipole moments may or may not
change sign. Consider then the excitation scheme where allJ
quantum numbers are the same. It is easily seen from Eqs.
~29!, ~30!, and ~31!, that M→2M has the same effect as
e1→2e1 , e0→2e0 , ande2→e2 . Therefore, from previous
discussions, bothM and2M contribute equally and control
is maintained withM averaging. Similar results obtain for
the case where two levels are of similarJ and the third is of
angular momentumJ61. Hence enantiomeric control sur-
vives M averaging in configurationB. Note that the sameM
considerations are applicable to the asymmetric top.

IV. COMPUTATIONAL TESTS: LASER DISTILLATION

The results above indicate thatM-averaged control is
possible for configurationB assuming that the fields signifi-
cantly couple only the ten indicated levels. A generalized,
albeit computational, extension of these results to include all
M levels is provided in this section. Specifically, we show
that the full system of states that are coupled by three per-
pendicular linearly polarized lasers shows control, even upon
M-averaging. Note, however, that numerical studies do show
that the ten level approximation is, in most cases, an excel-
lent approximation.

Further, we note that the results described above deal
with the effect of a single set of laser pulses on a racemic
mixture. To provide an effective method for purification of a
racemic mixture we previously proposed4,5 a systematic ‘‘la-
ser distillation’’ scheme comprising two repeated steps. In
step one the system is irradiated with the set of laser pulses
as described above. In step two the system is allowed to
collisionally and radiatively relax back to the ground state.

This pair of steps is repeated until an equilibrium population
is achieved. Below, we computationally consider the effec-
tiveness of this laser distillation sequence in configurationB.

To outline the computation associated with laser distilla-
tion we describe, for notational simplicity, the case where
there is nop degeneracy~e.g., the asymmetric top!. Compu-
tations below are, however, for the symmetric top, where the
p degeneracy is added as noted later below.

Consider the system initiated in a racemic mixture of
uL,M & ’s and uD,M & of fixed J. Here we have explicitly in-
dicated theM quantum number of the ground state. In the
first step the system is excited with a laser pulse sequence as
described above. In the second step, the system collisionally
and radiatively relaxes so that all the population returns to
the ground state to produce an incoherent mixture ofuL,M & ’s
and uD,M & ’s. This pair of steps is then repeated until the
populations ofuL,M & and uD,M & reach convergence.

To obtain the equilibrium result computationally note
that the population after laser excitation, but before radiative
relaxation, consists of the weighted sum of the results of
2* (2J11) computations:ND /(2J11) times the results
of laser excitation starting solely with molecules inuD,M &
for M52J,...,J, plusNL /(2J11) times the results of laser
excitation starting solely with molecules inuL,M & for
M52J,...,J.

Let PD,M
D,M1 andPL,M

D,M1 denote the probabilities ofuD,M &
and uL,M & resulting from laser excitation assuming that the
initial system is comprised solely of molecules inuD,M1&
and letPD,M

L,M1 and PL,M
L,M1 be the corresponding probabilities

for excitation from an initial system composed solely of
uL,M1&.

The populations ofuD,M & and uL,M & after laser excita-
tion of the mixture are
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1

2J11 (
M1

@NDPD,M
D,M11NLPD,M

L,M1# ~32!

and

1

2J11 (
M1

@NDPL,M
D,M11NLPL,M

L,M1#, ~33!

respectively. The totalD and L populations are therefore,
NDPD1NLPD8 and NDPL1NLPL8 , respectively, where we
have denoted

Pq[
1

2J11 (
M1 ,M

Pq,M
D,M1, Pq8[

1

2J11 (
M1 ,M

Pq,M
L,M1

~34!

for q5D,L. The remainder of the population,

N ex5ND@12PD2PL#1NL@12PD8 2PL8# ~35!

is in the upper levelsu1,M & and u2,M &, M52J21,...,J
11.

Radiative emission, or collision relaxation, from these
excited levels then follows, with the excited population di-
viding itself equally between the 2* (2J11)uD,M & and
uL,M & states.

The effect of collisions is also such as to equilibrate the
population amongst theM states. The resultant populations
ND andNL in ground statesuD& and uL& are then

ND50.5ND@11PD2PL#10.5NL@11PD8 2PL8# ~36!

and

NL5ND1NL2ND . ~37!

The sequence of laser excitation followed by collisional
relaxation and radiative emission is then iterated until the
system equilibrates. Clearly, equilibrium is obtained when
the populations, postradiative emission, are the same as those
prior to laser excitation, i.e., whenND5ND and NL5NL .
These conditions reduce toND(12PD1PL)5NL(11PD8
2PL8). If the total population is chosen to be normalized
(ND1NL51), then the final probabilitiesPD , PL of popu-
lating statesuD& and uL& are

PD5
11PD8 2PL8

22PD1PL1PD8 2PL8
~38!

and withPL512PD .
The excess of the probabilityDP of one enantiomer over

another is given by

DP5PD2PL52PD215
PD2PL1PD8 2PL8

22PD1PL1PD8 2PL8
. ~39!

Note that although we focus upon a singleJ level, the
scenario extends to the entire set of equilibratedJ levels.
Specifically, as the laser targetedJ level is enantiomerically
enriched, the otherJ levels feed population into the depleted
J level during the collisional relaxation step, so that the en-
tire system ultimately becomes enantiomerically enriched.

In the case of the symmetric top, explicitly computed
below, the above argument is extended by introducing thep

degeneracy. Thus, for example, the system is initially com-
prised of a racemic mixture of statesuL,M ,p& and uD,M ,p&
with M52J,2J11,...,J21, J, p51 andp521. Indepen-
dent computations are done starting with each of the 232
3(2J11) independent initial states, which serve as input
into the total calculation.

We consider the following model for computational pur-
poses: an initial state is composed of an unpolarized racemic
mixture of states is irradiated with pulses having Gaussian
envelopes,

e l5b le
iu le2@~ t2t l !/a l #

2
. ~40!

The values of the vibrational part of the transition dipole~see
Appendix! were taken asmx50.9, my51.0, andmz51.1 for
all transitions. We have chosenJ51 l50, l851 andl951.
In this case the ground states only havep51 allowed.

Results subsequent to laser excitation were obtained by
numerically solving the full set of coupled levels for all rel-
evantM andp states. The excess after a single pulse is given
as the differences between theD and L populations in an
initial racemic mixture where each of the allowed states is
equally populated. The ‘‘converged’’ results pertain to the
results after iteratively exciting and relaxing the system as
described above. The particular results shown below were
obtained by optimizing the converged excess using a simu-
lated annealing routine20 with respect to the following free
parameters of the system: the field amplitudesb l , phasesu l ,
pulse peak timest l , durationsa l , and detuningsD l .

Figures 3 and 4 below shows the populations of theD
andL enantiomers after a single pulse~and before relaxation!
and after a convergent sequence of pulse followed by relax-
ation for a number of different parameters. In the cases
shown, all variables other than that explicitly varied along
the abscissa are those for which the converged excess
reached a maximal~or minimal! value. Note, that many such
maxima and minima with values close to 1~or 21! occur in
this multidimensional parameter space.

In Fig. 3 the phaseu0 of the fielde0 , is varied whereas
in Fig. 4 the amplitudeb0 is varied. As can be seen, a large
maximal converged excess can be attained, even though the
single-pulse selectivity is very small. This is due to the fact

FIG. 3. Left: enantiomeric excess after one pulse~and before relaxation!;
right: the converged enantiomeric excess. Here we vary the phaseu0 . The
values of the other parameters areJ51, l50, l851, l951, a057.66 ps,
a1510.51 ps, a2511.21 ps, b153.9831026 a.u., b255.0031026 a.u.,
t050.0 ps, t15223.24 ps, t2522.06 ps, u153.99, u255.95, D1

51.43 cm21, D2522.11 cm21, and b051.2831026. Note the different
ordinate scales.
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that at the end of the pulse one of the enantiomers is almost
unaffected, while the other enantiomer is somewhat depleted
into the excited states.

V. DISCUSSION AND SUMMARY

We have considered angular momentum issues associ-
ated with two specific control schemes for enhancing the
population of a desired enantiomer through the electric
field–electric dipole interaction. Both of these scenarios in-
voke principles of coherent control,16 i.e., the use of control-
lable quantum interference effects to affect the outcome of
system dynamics. That is, in both cases the ground statesuD&
anduL& are excited to specific excited vib-rotational states by
a scenario that implicitly involves at least two coherent
routes that interfere with one another. For example, in laser
configurationA, u1& can be reached from the ground state by
one photon excitation withe1 , or by e2 excitation from the
ground state to stateu2&, followed by stimulated emission
with e0 to u1&. The interference term discriminates between
enantiomers due to the sign of excitation amplitudes@i.e., see
Eq. ~9!#, allowing for selective control over particular enan-
tiomers. In accord with Ref. 4 cumulative enhancement of
population in a desired enantiomer then results by sequen-
tially irradiating the system with the three lasers, followed by
spontaneous emission and collisional relaxation, processes
that are repeated until the population of theL andD enanti-
omers converge.

Results of the angular momentum analysis showed that
in irradiating a racemic mixture with laser configurationA,
as previously proposed,4 control is achieved only if the sys-
tem isM-polarized. This led to the introduction of a second
laser configuration, termed laser configurationB, that pro-
vides an effective means for controlling enantiomer popula-
tions in an ordinary nonpolarized racemic mixture. Studies
on configurationB applied to realistic systems are currently
ongoing.14
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APPENDIX: SELECTION RULES

Some features of the dipole matrix elements, and the
associated selection rules are summarized in this Appendix.

By inserting Eq.~23! into Eq. ~22! we have thatm l is
given by

m l5 f l H m l
~z!@D0,ql

1 ~f,u,x!1pl~21!qlD0,2ql

1 ~f,u,x!#

1
1

A2
@m l

~x!2 im l
~y!#@D21,ql

1 ~f,u,x!

1pl~21!qlD21,2ql

1 ~f,u,x!#2
1

A2
@m l

~x!1 im l
~y!#

3@D1,ql

1 ~f,u,x!1pl~21!qlD1,2ql

1 ~f,u,x!#J , ~A1!

where f X521, f Y5 i , f Z51.
This can be rewritten in terms of the symmetry adapted

D functions by using Eq.~13! in the form,

DK,ql

1,p ~f,u,x![tKS 3

8p2D 1/2

$DK,ql

1 ~f,u,x!

1p~21!KD2K,ql

1 ~f,u,x!%. ~A2!

Inserting Eq.~A2! into Eq. ~A1! gives

m l5 f l S 8p2

3 D 1/2

$m l
~z!@D0,ql

11 ~f,u,x!

1pl~21!qlD0,2ql

11 ~f,u,x!#

2m l
~x!@D1,ql

11 ~f,u,x!1pl~21!qlD1,2ql

11 ~f,u,x!#

2 im l
~y!@D1,ql

121~f,u,x!1pl~21!qlD1,2ql

121 ~f,u,x!#%,

~A3!

where the 1/& factors of thex, y components are canceled
by 1/tK .

The total dipole moment, and hence each component,
must be antisymmetric with respect to inversion. For thex
andz components,m (x) andm (z) are symmetric, and the an-
gular part is antisymmetric. For they component,m (y) is
antisymmetric, and the angular part is symmetric. Therefore,
as required, the total dipole is antisymmetric.

We may obtain a useful set of expressions by using the
relation,

S j 1 j 2 j 3

m1 m2 m3
D 5~21! j 11 j 21 j 3S j 1 j 2 j 3

2m1 2m12 2m3
D .

~A4!

Rearranging the elements we get

F~J8,l8,p8;J,l,p;2K !

5~21!J8111J~21!l1l8pp8F~J8,l8,p8;J,l,p;K !.
~A5!

Therefore,

FIG. 4. As in Fig. 3 but varying the amplitudeb0 , with u051.39. Note the
different ordinate scales.

7245J. Chem. Phys., Vol. 119, No. 14, 8 October 2003 Enantiomeric purification with lasers



S 8p2

3 D 1/2

~Dl8,M8
J8,p8 uDK,q

1p9uDl,M
J,p !

[~Dl8,M8
J8,p8 uDK,q

1 1p9~21!KD2K,q
1 uDl,M

J,p !

[~21!2M8tl8tl@~2J811!~2J11!#1/2S J8 1 J

2M 8 q MD
3@11~21!J8111Jpp8p9#F~J8,l8,p8;J,l,p;K !

~A6!

since the relations of the 3j symbols ensure us that
(21)l1l81K51. Therefore the required selection rules are
obtained.
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