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Generic Construction of Kraus Operators: d-level Systems
in a Thermal Bosonic Bath
Asoka Biswas[a] and Paul Brumer*[a]

1. Introduction

Control and evolution in the dynamics of open systems is
a challenge at the forefront of modern chemical phys-
ics.[1–3] In quantum mechanics, the evolution of an isolated
system is described by the effect of a unitary evolution
operator on the system density matrix. If, however the
system of interest interacts with the surrounding environ-
ment (that is, it is “open”) its time evolution cannot be
described by a unitary transformation of the initial state.
Such non-unitary system evolution is often treated ap-
proximately, for example via the Lindblad equation[4] in
the limit of weak coupling with the environment and
within the Markovian approximation. However, the evo-
lution can be treated exactly up to all orders of coupling
by the following map in the operator sum representa-
tion:[5,6]

1S tð Þ ¼
X

i

Ei1S 0ð ÞEyi : ð1Þ

Here 1S(t) is the system density matrix at time t, and the
operator elements Ei are called Kraus operators[5,6] and
satisfy the completeness relation

P
i

Eyi Ei ¼ 1̂. For the

non-trace-preserving quantum operations (viz. , measure-
ments), the Kraus operators follow the more general
completeness relation

P
i

Eyi Ei � 1̂. Thus, the Kraus oper-

ators appear to be useful in representing a general class
of evolution in an elegant form. In particular, it has been
shown that for a d-dimensional system the non-unitary
system evolution can be described by at most d2 Kraus
operators,[7] giving the so-called canonical Kraus repre-
sentation.

The Kraus operators have been calculated for a variety
of cases, viz., a single-mode harmonic oscillator interact-
ing with a single-mode bosonic bath[6,8] and a multi-mode
bosonic bath.[9] The bit-flip and the phase-flip operations
for a single spin have been described in terms of Kraus
operators in the context of quantum error correction.[6] In
ref. [10], the relationship of the Lindblad equation and
the Kraus representation has been identified. The solu-
tion of the Lindblad equation has also been written in
terms of Kraus operators for a two-level system[6,11] and
a three-level system.[11] Further, the Kraus operators for
any arbitrary time-dependent density matrix can be ex-
pressed as a function of instantaneous eigenvalues of the
density matrices.[12] However, there is surprisingly little
available on a general method to construct the canonical
Kraus operators when given the Hamiltonian for the
system interacting with the environment. This is of partic-
ular interest in chemical physics, where the Hamiltonian
provides the connection to physical intuition.

In this paper we introduce a general way of formulating
the canonical Kraus operators for any system in terms of
the eigenstates and eigenvalues of the underlying Hamil-
tonian. The resultant Kraus representation is exact and
hence includes non-Markovian dynamics to all orders of
the coupling constants. This construction serves a number
of useful purposes. First, it is completely general, that is,
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applicable to any system-bath case. Second, it is designed
to serve as a launching point for approximation methods
based, for example, on perturbation expansions. Third,
we expect that the resultant final form will prove useful
as a starting expression to allow the introduction of exter-
nal fields, an important challenge for the study of the con-
trol of open quantum systems.[3,13]

The approach below is completely general. However,
for simplicity we introduce it via an example, the interac-
tion of a single spin with an environment comprising
a single-mode harmonic oscillator. This interaction in-
cludes both energy exchange with the environment and
pure dephasing. Note that only approximate Kraus opera-
tors for this type of system have been previously ob-
tained. For example, non-Markovian dissipation of a spin
in a bosonic bath has previously been found up to second
order in the coupling.[14] Similarly, the interaction of two
spins with a single-mode thermal bath has been described
in terms of Kraus operators for the Hamiltonian under
rotating wave approximation.[15] By contrast, we focus on
the most general Hamiltonian of the spin–boson interac-
tion. We also extend our analysis to a d-dimensional spin
system.

2. The Spin–Boson Hamiltonian

2.1. General Case

Consider a single spin interacting with a single mode ther-
mal bosonic bath. The corresponding Hamiltonian is
given by

H=�h ¼ w0Sz þ wayaþ gphSz aþ ay
� �

þgr Sþaþ S�ay
� �

þ gnr Sþay þ S�a
� �

;
ð2Þ

where w0 and w are the fundamental frequencies of the
spin and the bath, respectively. The spin operators are S�
= j �ih �j and Sz = (j +ih+ j� j-ih- j), where j �i are the
spin states. The gr term in the Hamiltonian represents in-
teraction between the spin and the bosonic bath that
would be retained under the rotating wave approximation
(RWA), whereas the gnr term represents the interaction
that would otherwise have been neglected under RWA.
The gph term describes the dephasing of the spin. Eigen-
states of the Hamiltonian in the absence of any couplings
are termed “bare states” and are a product of the spin j
�i and bath jni eigenstates, which we denote as j � ,ni.

We assume that the bath at the initial time is in thermal
equilibrium at temperature T with bath density matrix
given by 1B(0) =�npn jnihn j , where pn =exp(�n�hw/kBT)/
Z and Z =�nexp(�n�hw/kBT). The evolution of the spin+
bath system is described by

1SB tð Þ ¼ VSB 1S 0ð Þ � 1B 0ð ÞVySB

h i
, ð3Þ

where VSB =e�iHt/�h. The reduced density matrix of the
spin can then be written as

1S tð Þ ¼
X

Emn1S 0ð ÞEymn, ð4Þ

where Emn ¼
ffiffiffiffiffi
pn
p

mh jVSB nj i. We next expand the operator
VSB =exp(�iHt/�h) in terms of the eigenstates jgi and ei-
genvalues Eg of the Hamiltonian H. The operators Emn

can then be expressed as

Emn ¼
X

g

e�iEgt=�h mh jgi g nj ih ffiffiffiffiffi
pn
p

: ð5Þ

where Eg are the eigenvalues of H, corresponding to the
eigenstate jgi. Note that in Equation (5), the term hm j
gihg jni represents an operator in spin Hilbert space. We
emphasize that the expression (4) is not the desired can-
onical Kraus representation for the evolution of the spin.
Here there are infinite numbers of the operators Emn,
whereas the maximum number of Kraus operators in this
case should be 22 =4.

The eigenstates jgi can be written in terms of the bare
states j � ,ni of the combined Hilbert space of the spin
and the bath. The overlap between these bare states and
the eigenstates jgi is denoted C� ,n

g = h� ,n jgi. Using
these overlaps, the operators Emn can be rewritten as

Emn ¼ Imn1̂þ ZmnSz þXmnSx þ YmnSy, ð6Þ

where

Imn ¼
1
2

X

g

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
þmCg*þn þ Cg

�mCg*�n

� �

Zmn ¼
1
2

X

g

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
þmCg*þn � Cg

�mCg*�n

� �

Xmn ¼
1
2

X

g

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
þmCg*�n þ Cg

�mCg*þn

� �

Ymn ¼
i
2

X

g

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
þmCg*�n � Cg

�mCg*þn

� �
:

ð7Þ

Using Equation (6) in Equation (4), the time-dependence
of the density matrix 1S can be expressed as

1S tð Þ ¼
X

k;l¼x;y;z;1

qklSk1S 0ð ÞSyl , ð8Þ

where S1 ¼ 1̂. Here the coefficients are
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qkl ¼
X

m;n

KmnL*mn ; K;L ¼ X;Y;Z; I: ð9Þ

It is easy to see that qkl ¼ q*lk, and therefore that q is an
Hermitian matrix.

Equation (8) is given as a sum over a finite number of
terms, unlike Equation (4). However, it still does not rep-
resent the canonical Kraus representation of the spin-
boson problem because of the contribution of k¼6 l cross
terms in Equation (8).

To find the canonical Kraus representation, we rewrite
Equation (8) in terms of a row matrix A = [Sx,Sy,Sz,1̂] as

1SðtÞ ¼ A1Sð0ÞqAy ¼ A1Sð0ÞUUyqUUyAy ð10Þ

where the unitary matrix U diagonalizes the matrix q as
follows:

UyqU ¼ diagðd11 d22 d33 d44Þ, ð11Þ

where the dii are real since q is a Hermitian matrix. The
ith column (Uix,Uiy,Uiz, Ui1) of the matrix U is the ith ei-
genvector of the matrix q, corresponding to the eigenval-
ue dii. Then 1S(t) can be rewritten in the following canoni-
cal Kraus form:

1S tð Þ ¼
X4

i¼1

Oi1S 0ð ÞOyi ð12Þ

where

Oi ¼
ffiffiffiffiffi
dii

p
UixSx þUiySy þUizSz þUi11̂
� �

: ð13Þ

Further, we show below that the Oi and Oyi satisfy, as re-
quired, the requisite sum rule. Hence, the Oi,O

y
i are the

desired Kraus operators, and are defined via the eigen-
states of q.

We could, alternatively, find the Kraus operators with-
out knowing its eigenspace by using the Cholesky decom-
position of the Hermitian positive definite matrix
q =MM†, where the matrix M is strictly a lower triangu-
lar matrix with positive diagonal elements. This suggests
a different form of the Kraus operators, other than that
in Equation (13). Clearly, the Kraus operators are not
unique.

Note that the Oi in (13) are not necessarily Hermitian
(i.e., Oi¼6 Oyi ), because the elements Uix, Uiy etc. are, in
general, complex. Further, it is easy to see that Oyi Oi¼6
OiO
y
i . The equality Oyi Oi =OiO

y
i would hold if Oi would

be Hermitian (or strictly diagonal, as a special case),
which is not the case in a non-unitary evolution.

We next confirm that the operators Oi in (13) indeed
satisfy the completeness relation �iO

y
i Oi = 1̂. To do this,

first take the trace on both sides of Equation (10) such
that

Tr½1SðtÞ� ¼ Tr½A1Sð0ÞqAy� ¼ Tr½qAyA1Sð0Þ�: ð14Þ

Since the evolution of a density matrix is a trace-preserv-
ing map [Tr(1S(t))=1 8t], we have from Equation (14)

Tr q½ � þ 2Re qx1ð Þ þ 2Im qyz

� �� �
Sxh it¼0

þ 2Re qy1

� �
þ 2Im qzxð Þ

� �
Sy

	 

t¼0

þ 2Re qz1ð Þ þ 2Im qxy

� �� �
Szh it¼0¼ 1;

ð15Þ

where hSiit= 0 =Tr[Si1S(0)]. Because Tr[1S(t)] =1 must be
satisfied irrespective of the initial conditions, the coeffi-
cients of the expectation values in the above expression
must vanish, leading to Tr[q] =1. Further, from Equa-
tion (11), expanding U and q, we find the following:

qab ¼
X4

i¼1

diiUiaU*ib ; a; b ¼ x; y; z; 1: ð16Þ

Using (13), we can write

X

i

Oyi Oi ¼
X

i

dii Uixj j2þ Uiy

�� ��2þ Uizj j2þ Ui1j j2
n o

1̂
h

þ2 Re UixU*i1
� �

þ Im UiyU*iz
� �� 


Sx

þ2 Re UiyU*i1
� �

þ Im UizU*ix
� �� 


Sy

þ2 Re UizU*i1
� �

þ Im UixU*iy
� �n o

Sz

i
:

ð17Þ

Given Equation (16), we find that the coefficients of Sx,
Sy, and Sz in (17) are the same as those of the initial ex-
pectation values hSiit=0 in Equation (15), which must
vanish. Thus,

X

i

Oyi Oi ¼
X

i

dii Uixj j2þ Uiy

�� ��2þ Uizj j2þ Ui1j j2
n o

1̂
h

: ð18Þ

Because, the columns of the matrix U represent normal-
ized eigenvectors of the matrix q and Tr[q]=�idii =1 (as
the unitary transformation does not change the trace of
a matrix), we have the completeness relationP

i
Oyi Oi ¼ 1̂.
The above approach provides a direct route between

the Hamiltonian and the Kraus operator representation.
For completeness, we note that, as shown in ref. [16] if
Equation (4) could be written as 1S(t)=B1S(0), where B
is a Hermitian matrix, then an operator sum representa-
tion of this evolution could be found in terms of the ei-
genvalues and eigenvectors of B. Their work is comple-
mentary to that introduced here. For example, their ap-
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proach is not Hamiltonian-based but is applicable to ini-
tially entangled open systems whereas our approach takes
advantage of the Hamiltonian expressions and can also
be applied to Measurements.

2.2. Special Cases

We can now obtain the Kraus operators for some special
cases of the Hamiltonian (2).

Consider first the case gph =0 and gr =gnr =g. This rep-
resents a spin–boson interaction with no rotating wave
approximation. A similar Hamiltonian can be found in
systems like a Cooper pair box interacting with a nanome-
chanical oscillator.[17] It is easy to see that this Hamiltoni-
an does not couple the states j � ,ni for a given n. Thus
we have from Equation (7), Xnn =Ynn =0 and the matrix
q is of the form

q ¼

qxx qxy 0 0

qyx qyy 0 0

0 0 qzz qz1

0 0 q1z q11

0
BBBB@

1
CCCCA
: ð19Þ

Note that qzz is obtained from the terms Zmn, which repre-
sent the dephasing due to energy exchange between the
spin and the bath. The spin does not undergo any pure
dephasing since gph =0. The above matrix is in block
form with two 2 � 2 submatrices. It is straightforward to
find the eigenstates of each block of q, elements of which
are given by

Uix ¼ qyy=Ni ; Uiy ¼ � qxx � lið Þ=Ni ; i ¼ 1; 2 ;

Ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qxx � lið Þ2þqyy

� �2
q

;

l1;2 ¼
1
2

qxx þ qyy

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qxx � qyy

� �2þ4 qxy

�� ��2
q� �

:

ð20Þ

and

Uiz ¼ q11=Ni ; Ui1 ¼ � qzz � lið Þ=Ni ; i ¼ 3; 4 ;

Ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qzz � lið Þ2þq11

� �2
q

;

l3;4 ¼
1
2

qzz þ q11ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qzz � q11ð Þ2þ4 qz1j j2

q� �
:

ð21Þ

The Kraus operators thus become Oi =UixSx +UiySy

(i =1,2) and Oi =UizSz +Ui11̂ (i =3,4), respectively. Simi-
lar conclusions can be drawn for the Hamiltonian within
the rotating wave approximation, in other words, when
only gr¼6 0 in the interaction part of the Hamiltonian.

As a second example, consider a case when gr =gnr =0,
gph¼6 0, a case of pure spin dephasing. The states j + ,mi
and j�,ni are not coupled, leading to Xmn =Ymn =0,8m,n
(note that pure dephasing does not lead to any energy ex-

change between the spin and the bath). The matrix q is
reduced to a 2� 2 matrix in the (Sz, S1) basis. The Kraus
operators become Oi =UizSz +Ui11̂ (i =3,4).

3. d-level Systems in a Thermal Bath

Thus far we have considered a two-level system (a qubit),
which would be relevant in, for example, quantum com-
puting. However, most physical systems of interest con-
tain more than two levels. In this context, Kraus opera-
tors for destruction of states in a qudit has been de-
rived.[18] Further, Markovian dynamics of a qudit in a ther-
mal bath has been described in terms of Kraus opera-
tors.[19] Our technique of deriving Kraus operators,
however, does not assume any such limitations or approx-
imations.

Consider then a d-level system interacting with
a single-mode thermal bath. The time-evolved density
matrix of the system can be expressed in the same form
(4), where Emn ¼

P
g

e�iEgt=�h ffiffiffiffiffi
pn
p

mh jgi g nj ih . Rewriting in

terms of overlaps Cg
im ¼ i;mh jgi, we have

Emn ¼
X

g

Xd

j;k¼1

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
jmCg*

kn jj i kh j: ð22Þ

The d-level system can be represented in many conven-
ient bases, e.g., the generalized Gell-Mann basis,[20] the
polarization basis,[21] or the Weyl operator basis.[22] (A
brief review of these representations can be found in
ref. [23]). We choose to use the generalized Gell–Mann
basis, which is an extension of the usual Pauli spin matri-
ces. This is defined by a set of d2�1 Hermitian and trace-
less operators as follows: d(d�1)/2 symmetric matrices
Ljk

s = j jihk j +h.c. , d(d�1)/2 antisymmetric matrices
Ljk

a =�i j jihk j +h.c. , (1 � j<k �d) and (d�1) diagonal
matrices

^jj
dd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

j jþ 1ð Þ

s
Xj

l¼1

lj i lh j � j jþ 1j i jþ 1h j
 !

;

1 � j � d� 1 :

ð23Þ

Note that the above operators are the SU(d) generators
and form an orthogonal basis of the operators. We can re-
write Emn in terms of these operators as

Emn ¼
X

k;j<k

�jk
mn;sL

jk
s þ �jk

mn;aLjk
a

h i

þ
X

�jj
mn;dLjj

d þ �mn;01̂;
ð24Þ

where �jk
mn;a are the coefficients of the Gell-Mann opera-

tor Ljk
a (a 2 s,a,d) and fmn,0 are the coefficients of the

identity operator 1̂, respectively. These coefficients con-
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tain the sum over all the eigenstates jgi, the time-depen-
dent and the temperature-dependent terms. That is,

�jk
mn;s ¼

1
2

X

g

e�iEgt=�h ffiffiffiffiffi
pn
p

Cg
jmCg*

kn þ Cg
kmCg*

jn

� �

�jk
mn;a ¼

i
2

X

g

e�iEgt=�h ffiffiffiffiffi
pn
p

Cg
jmCg*

kn � Cg
kmCg*

jn

� �

�jj
mn;d ¼

X

g

e�iEg t=�h �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j
2 jþ 1ð Þ

s

Cg

jþ1ð ÞmCg*
jþ1ð Þn

"

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j jþ 1ð Þ

p
Xj

r¼1

Cg
rmCg*rn

#
; j ¼ 1; � � � ; d� 1

�mn;0 ¼
X

g

Xd

j¼1

e�iEg t=�h ffiffiffiffiffi
pn
p

Cg
jmCg*

jn :

ð25Þ

Note that there are d2 independent operators in Equa-
tion (24), including the identity operator 1̂. Using Equa-
tion (24), we can now write the time-dependent matrix in
the following form:

1S tð Þ ¼
X

a;b2s;a;d;0

X

j;kf g; j0 ;k0f g
qjk;j0k0

a;b Ljk
a 1S 0ð ÞLj0k0

b , ð26Þ

where a, b =0 refers to the identity operator 1̂ for all
(j,k), whereas for a,b =d, i.e., for diagonal matrices,
j =k. Here q is a d2 �d2-dimensional Hermitian matrix
and its elements have the form

qjk;j0k0

ab ¼
X

m;n

�jk
mn;a �j0k0

mn;b

� �
*: ð27Þ

As in the case of a qubit, the Kraus operators can now
be derived in terms of the eigenstates of the matrix q. For
example, the ith eigenstate is given by the ith column of
the unitary matrix U that diagonalizes q and can thus be
written as [Ui,s,{jk},Ui,a,{jk},Ui,d,{jj},Ui,0] (with all the possible
combinations of k and j <k). Thus the ith Kraus operator
becomes Oi ¼

ffiffiffiffiffi
dii

p
Ni, where dii is the ith eigenvalue of q

and

Ni ¼
X

k;j<k

Ui;s;jkLjk
s þUi;a;jkLjk

a

� �

þ
X

Ui;d;jjL
jj
d þUi;01̂ :

ð28Þ

The d-dimensional system would undergo an evolution
through the operator Ni with a probability that is given
by the ith eigenvalue of the matrix q.

4. Summary

In summary, we have presented a general method of ex-
pressing, from first principles, the canonical Kraus opera-
tors for the evolution of any time-independent d-dimen-
sional system coupled to an environment. As required for
the Kraus representation, the initial state is a separable
product of the system and bath density matrices. Specifi-
cally: (i) the reduced density matrix of the system is de-
termined by tracing over the bath [Equation (4)]; (ii) the
time evolution of the operators Emn so generated is writ-
ten in terms of the eigenstates and eigenvalues of the
total Hamiltonian; (iii) the Emn, which operate on the
system space, are expanded in a complete set of d2 opera-
tors; and (iv) the resultant Hermitian coefficient matrix q
[for example, Equation (9)] is diagonalized to yield the
canonical Kraus form. Being exact, the method gives the
non-Markovian dynamics of the system to all orders in
the coupling constants. The resultant equations provide
a starting point for approximations to the Kraus opera-
tors based upon approximations to the exact eigenstates j
gi, to the propagator exp(�iHt/�h), or to the matrices in
Equation (7). The results also provide a link, via the
Cg
�;n ¼ �; nh jgi, to overlapping resonances that have been

shown[24] to quantify the resistance of system superposi-
tion states to decoherence.

Above, as an example, we have considered the evolu-
tion of a d-level system in the presence of a single-mode
thermal environment and have obtained the correspond-
ing canonical Kraus operators. For d =2, the exact Kraus
operators for the most general interaction between the
spin and the environment has been calculated, motivating
studies of larger bath cases.
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