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Generic Construction of Kraus Operators: d-level Systems

in a Thermal Bosonic Bath

Asoka Biswas/® and Paul Brumer*

Abstract: The dynamical evolution of open systems can be
conveniently expressed in the operator sum representation
in terms of Kraus operators. Here we introduce an expres-
sion for the canonical Kraus representation in terms of the
eigenstates |y) and eigenvalues E, of the total Hamiltonian,
thus making a stronger connection to the tools in chemistry.
The method is exact, and hence valid for non-Markovian

evolution of the system to all orders of the coupling to the
bath. Significantly, it provides a starting point for developing
approximate Kraus operators based upon perturbative ap-
proximations to |y) and E,. As an example, the explicit form
of these operators is derived for a d-level system interacting
with a single-mode thermal bath.
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1. Introduction

Control and evolution in the dynamics of open systems is
a challenge at the forefront of modern chemical phys-
ics.'””) In quantum mechanics, the evolution of an isolated
system is described by the effect of a unitary evolution
operator on the system density matrix. If, however the
system of interest interacts with the surrounding environ-
ment (that is, it is “open”) its time evolution cannot be
described by a unitary transformation of the initial state.
Such non-unitary system evolution is often treated ap-
proximately, for example via the Lindblad equation!* in
the limit of weak coupling with the environment and
within the Markovian approximation. However, the evo-
lution can be treated exactly up to all orders of coupling
by the following map in the operator sum representa-
tion:>6!

ps(t) = ZE:'PS(O)Ej (1)

Here pg(¢) is the system density matrix at time ¢, and the
operator elements E; are called Kraus operators®™® and
satisfy the completeness relation > E;E; =1. For the

non-trace-preserving quantum operations (viz., measure-
ments), the Kraus operators follow the more general
completeness relation ) E; E; < 1. Thus, the Kraus oper-

ators appear to be useflul in representing a general class
of evolution in an elegant form. In particular, it has been
shown that for a d-dimensional system the non-unitary
system evolution can be described by at most d* Kraus
operators,” giving the so-called canonical Kraus repre-
sentation.
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The Kraus operators have been calculated for a variety
of cases, viz., a single-mode harmonic oscillator interact-
ing with a single-mode bosonic bath!®® and a multi-mode
bosonic bath.””) The bit-flip and the phase-flip operations
for a single spin have been described in terms of Kraus
operators in the context of quantum error correction.l® In
ref. [10], the relationship of the Lindblad equation and
the Kraus representation has been identified. The solu-
tion of the Lindblad equation has also been written in
terms of Kraus operators for a two-level system®!!) and
a three-level system.""! Further, the Kraus operators for
any arbitrary time-dependent density matrix can be ex-
pressed as a function of instantaneous eigenvalues of the
density matrices."? However, there is surprisingly little
available on a general method to construct the canonical
Kraus operators when given the Hamiltonian for the
system interacting with the environment. This is of partic-
ular interest in chemical physics, where the Hamiltonian
provides the connection to physical intuition.

In this paper we introduce a general way of formulating
the canonical Kraus operators for any system in terms of
the eigenstates and eigenvalues of the underlying Hamil-
tonian. The resultant Kraus representation is exact and
hence includes non-Markovian dynamics to all orders of
the coupling constants. This construction serves a number
of useful purposes. First, it is completely general, that is,
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applicable to any system-bath case. Second, it is designed
to serve as a launching point for approximation methods
based, for example, on perturbation expansions. Third,
we expect that the resultant final form will prove useful
as a starting expression to allow the introduction of exter-
nal fields, an important challenge for the study of the con-
trol of open quantum systems.!*!

The approach below is completely general. However,
for simplicity we introduce it via an example, the interac-
tion of a single spin with an environment comprising
a single-mode harmonic oscillator. This interaction in-
cludes both energy exchange with the environment and
pure dephasing. Note that only approximate Kraus opera-
tors for this type of system have been previously ob-
tained. For example, non-Markovian dissipation of a spin
in a bosonic bath has previously been found up to second
order in the coupling.!"¥ Similarly, the interaction of two
spins with a single-mode thermal bath has been described
in terms of Kraus operators for the Hamiltonian under
rotating wave approximation.'”! By contrast, we focus on
the most general Hamiltonian of the spin-boson interac-
tion. We also extend our analysis to a d-dimensional spin
system.

2. The Spin—-Boson Hamiltonian
2.1. General Case

Consider a single spin interacting with a single mode ther-
mal bosonic bath. The corresponding Hamiltonian is
given by

H/h = w,S, + wala+ &mS: (a + aT)
2
+g,(S+a+S,aT) —i—gn,(S+aJr +S,a), ?

where w, and w are the fundamental frequencies of the
spin and the bath, respectively. The spin operators are S .
=|£)(F| and S, =(| +){+ |- |-){-]), where | +£) are the
spin states. The g, term in the Hamiltonian represents in-
teraction between the spin and the bosonic bath that
would be retained under the rotating wave approximation
(RWA), whereas the g, term represents the interaction
that would otherwise have been neglected under RWA.
The g,, term describes the dephasing of the spin. Eigen-
states of the Hamiltonian in the absence of any couplings
are termed “bare states” and are a product of the spin |
+) and bath |n) eigenstates, which we denote as | & ,n).

We assume that the bath at the initial time is in thermal
equilibrium at temperature 7 with bath density matrix
given by pp(0) =%,p,|n)(n|, where p, =exp(—nhw/kgT)/
Z and Z =Y, exp(—nhw/kyT). The evolution of the spin+
bath system is described by
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Pss(t) = Vg |ps(0) ®PB(O)VSTB ) 3)

where Vgz =e ™ The reduced density matrix of the

spin can then be written as

ps(t) = 3 Enups(O)ES,, 4)

where E,, = \/p,(m|Vgs|n). We next expand the operator
Vg =exp(—iHt/h) in terms of the eigenstates |y) and ei-
genvalues E, of the Hamiltonian H. The operators E,,
can then be expressed as

Epy =y " (mly) (y|n)v/pu. (5)

where E, are the eigenvalues of H, corresponding to the
eigenstate |y). Note that in Equation (5), the term (m|
v){y|n) represents an operator in spin Hilbert space. We
emphasize that the expression (4) is not the desired can-
onical Kraus representation for the evolution of the spin.
Here there are infinite numbers of the operators E,,,
whereas the maximum number of Kraus operators in this
case should be 2* =4.

The eigenstates |y) can be written in terms of the bare
states | ==,n) of the combined Hilbert space of the spin
and the bath. The overlap between these bare states and
the ecigenstates |y) is denoted C.,”=(+,n|y). Using
these overlaps, the operators E,,, can be rewritten as

Emn = Imni + ZWUZSZ + anSX + YmnSya (6)
where

I — .
Ly = izy:e A /o (C, CT% 4 7, C7%)

1 B :
Zw =75 ¢ "p,(C, Cl = €7, CT)

1 y . @
X =5y e " p,(C,Clh+ C,CLt)

Y

Yom = zz e /P (CL, CTE = €7, CL%).

Using Equation (6) in Equation (4), the time-dependence
of the density matrix pg can be expressed as

o) = 3 0uSis(0)S], (®)

kl=x,y,z,1

where S, = 1. Here the coefficients are
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Gk/ = Z Kan:Sn )

mpn

K,.L=X,Y,Z1. 9)

It is easy to see that 6,, = 6}, and therefore that 0 is an
Hermitian matrix.

Equation (8) is given as a sum over a finite number of
terms, unlike Equation (4). However, it still does not rep-
resent the canonical Kraus representation of the spin-
boson problem because of the contribution of k#/ cross
terms in Equation (8).

To find the canonical Kraus representation, we rewrite
Equation (8) in terms of a row matrix A =[S,,S,, S 1] as

ps(1) = Aps(0)0AT = Aps(0)UU'OUU'A' (10)

where the unitary matrix U diagonalizes the matrix 0 as
follows:

U'oU = diag(dy; dy, d33 dus), (11)

where the d; are real since 0 is a Hermitian matrix. The
ith column (U, U,,U,, U,) of the matrix U is the ith ei-
genvector of the matrlx 0, corresponding to the eigenval-
ue d;. Then pg(f) can be rewritten in the following canoni-
cal Kraus form:

4
=5 0p50)0] (12)
i=1
where
0, = V& (UiS. + UyS, + UsS. + Uad). (13)

Further, we show below that the O; and 0]L satlg[fy, as re-
quired, the requisite sum rule. Hence, the O;, 0, are the
desired Kraus operators, and are defined via the eigen-
states of 0.

We could, alternatively, find the Kraus operators with-
out knowing its eigenspace by using the Cholesky decom-
position of the Hermitian positive definite matrix
0 =MM’, where the matrix M is strictly a lower triangu-
lar matrix with positive diagonal elements. This suggests
a different form of the Kraus operators, other than that
in Equation (13). Clearly, the Kraus operators are not
unique.

Note that the O; in (13) are not necessarily Hermitian
(ie., 0,#0;), because the elements U, U, etc. are, in
gene]gal complex. Fur %her it is easy to see that 0, 0,#

The equality O; O; =O; O would hold if O; would
be Hermltlan (or strlctly diagonal, as a special case),
which is not the case in a non-unitary evolution.

We next confirm that the operator? O, in (13) indeed
satisfy the completeness relation 3,0, O; =1. To do this,
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first take the trace on both sides of Equation (10) such
that

Trlps(r)] = Tr[Aps(0)0A'] = Tr{0A'Aps(0)]. (14)

Since the evolution of a density matrix is a trace-preserv-
ing map [7Tr(pg(¢)) =1 Vt], we have from Equation (14)

0] + [2Re(6,,) + 2Im(6,.)](S.)i=0
[ZRe(Oyl) +2Im(0,.)](S, ). (15)
+[2Re(6,,) + 2Im(0,,)](S.) 0= 1,

where (S,),_o = Tr[S;ps(0)]. Because Tr[ps(f)] =1 must be
satisfied irrespective of the initial conditions, the coeffi-
cients of the expectation values in the above expression
must vanish, leading to 7r[8] =1. Further, from Equa-
tion (11), expanding U and 0, we find the following:

4
0{1/? = ZdiiUi(zUi7;7 aaﬂ:x7yazal' (16)
i=1

Using (13), we can write

> 0lo,= S di[{juar+ U, +U. Ui
+2{Re(U,U}) + Im(U,U¥)}S,

+2{Re(U, U}¥) + Im(U,U¥)}S,

+2{Re(Uiz Ur) + Im(U,»xU;;) }SZ} .

(17)

Given Equation (16), we find that the coefficients of S,,
S, and S, in (17) are the same as those of the initial ex-
pectation values (S;),_, in Equation (15), which must
vanish. Thus,

010, = Y d,[{{Uf+{U,HULHUL P 1)

Because, the columns of the matrix U represent normal-
ized eigenvectors of the matrix 6 and 7r[0]=X,d,;=1 (as
the unitary transformation does not change the trace of

I?atrlx) we have the completeness relation
Z 0,0

" The above approach provides a direct route between
the Hamiltonian and the Kraus operator representation.
For completeness, we note that, as shown in ref. [16] if
Equation (4) could be written as ps(f) =Bp4(0), where B
is a Hermitian matrix, then an operator sum representa-
tion of this evolution could be found in terms of the ei-
genvalues and eigenvectors of B. Their work is comple-
mentary to that introduced here. For example, their ap-

www.ijc.wiley-vch.de 463


http://www.ijc.wiley-vch.de

Full Paper

proach is not Hamiltonian-based but is applicable to ini-
tially entangled open systems whereas our approach takes
advantage of the Hamiltonian expressions and can also
be applied to Measurements.

2.2. Special Cases

We can now obtain the Kraus operators for some special
cases of the Hamiltonian (2).

Consider first the case g,, =0 and g, =g,, =g. This rep-
resents a spin-boson interaction with no rotating wave
approximation. A similar Hamiltonian can be found in
systems like a Cooper pair box interacting with a nanome-
chanical oscillator.l'”! It is easy to see that this Hamiltoni-
an does not couple the states | +,n) for a given n. Thus
we have from Equation (7), X,,, =Y,, =0 and the matrix
0 is of the form

Note that 6., is obtained from the terms Z,,,, which repre-
sent the dephasing due to energy exchange between the
spin and the bath. The spin does not undergo any pure
dephasing since g,, =0. The above matrix is in block
form with two 2x2 submatrices. It is straightforward to
find the eigenstates of each block of 0, elements of which
are given by

Uy =0,/N;, Uy =—(0.—A4)/N,, i=12;
N= /[0~ 76, ] (20)
P % [(em +0,) £/ (0. - 0,,)+4]0,,
and
U, = 00/Ni, Uy =—(0,.—4)/Ni, i=34;
N, = /[0 — 2 +0,], o

1
/13.,4 = 2 |:(02z + 011) + \/(ezz - 611)2+4|0z1 |2 .

The Kraus operators thus become O;=U,S, +U,S,
(i=1,2) and O, =U,.S,+ U1 (i =3,4), respectively. Simi-
lar conclusions can be drawn for the Hamiltonian within
the rotating wave approximation, in other words, when
only g,#0 in the interaction part of the Hamiltonian.

As a second example, consider a case when g, =g, =0,
g»#0, a case of pure spin dephasing. The states | +,m)
and |—,n) are not coupled, leading to X,,,, =Y,,, =0,Vm,n
(note that pure dephasing does not lead to any energy ex-
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change between the spin and the bath). The matrix 0 is
reduced to a 2x2 matrix in the (S,,S;) basis. The Kraus
operators become O; =U,.S,+ U,1 (i =3,4).

3. d-level Systems in a Thermal Bath

Thus far we have considered a two-level system (a qubit),
which would be relevant in, for example, quantum com-
puting. However, most physical systems of interest con-
tain more than two levels. In this context, Kraus opera-
tors for destruction of states in a qudit has been de-
rived."® Further, Markovian dynamics of a qudit in a ther-
mal bath has been described in terms of Kraus opera-
tors.'”! Our technique of deriving Kraus operators,
however, does not assume any such limitations or approx-
imations.

Consider then a d-level system interacting with
a single-mode thermal bath. The time-evolved density
matrix of the system can be expressed in the same form

(4), where E,, => e 5" /b (m|y) (y|n). Rewriting in
v

terms of overlaps C?, = (i, m|y), we have

Ep =30 3 e B mrC Gl (KL (22)

y k=1

The d-level system can be represented in many conven-
ient bases, e.g., the generalized Gell-Mann basis,”” the
polarization basis,?!! or the Weyl operator basis.”? (A
brief review of these representations can be found in
ref. [23]). We choose to use the generalized Gell-Mann
basis, which is an extension of the usual Pauli spin matri-
ces. This is defined by a set of d°~1 Hermitian and trace-
less operators as follows: d(d—1)/2 symmetric matrices
A% =\ (k| +h.c., d(d-1)12 antisymmetric matrices
A% =—i|j)(k| +h.c., (1<j<k<d) and (d—1) diagonal
matrices

Nia = \’](/+1 (le —Jli+1) (1+1|) 23

1<j<d-1.
Note that the above operators are the SU(d) generators

and form an orthogonal basis of the operators. We can re-
write E,,, in terms of these operators as

ﬂl}’l Z {gb]mn SA;k + dmﬂ aA]k

kj<k (24)
+ Z ¢/r-lr-m,dAZ + ¢mn,Oiv
where ¢/* are the coefficients of the Gell-Mann opera-

tor A* (a €s,a,d) and ¢,,,, are the coefficients of the
identity operator 1, respectively. These coefficients con-
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tain the sum over all the eigenstates |y), the time-depen-
dent and the temperature-dependent terms. That is,

. 1 .
O =3 3¢ (GGl + €L
4

i

=5 S B (Gl — €L C)
Ve

ji —iE, ]
ha = S e [_ STy Com i 5)
Y

1 J
4+ Cr Cr* , :17
s
d
Cbmn‘O:Z
Yo

—iE t/h Y Ve
€ " \/Dn ij C/'n
1

Note that there are d* independent operators in Equa-
tion (24), including the identity operator 1. Using Equa-
tion (24), we can now write the time-dependent matrix in
the following form:

b= Y Y O A0 28)

apes.ad0 {j.k}{j Kk}

where «,8 =0 refers to the identity operator 1 for all
(j,k), whereas for a,8 =d, i.e., for diagonal matrices,
j=k. Here 0 is a d*xd*-dimensional Hermitian matrix
and its elements have the form

O = 2 Ol (#1hes) " (27)

As in the case of a qubit, the Kraus operators can now
be derived in terms of the eigenstates of the matrix 0. For
example, the ith eigenstate is given by the ith column of
the unitary matrix U that diagonalizes @ and can thus be
written as [U; Ui ginp UiagippUio] (With all the possible
combinations of k and j < k). Thus the ith Kraus operator
becomes O; = \/d;N;, where d; is the ith eigenvalue of 0
and

N; = Z (U i‘S.J'kA]s.k + Ui,zlvka]z;k)
kj<k ) (28)
+ Z Ui,d‘jjAZ + Ui:ol :

The d-dimensional system would undergo an evolution
through the operator N; with a probability that is given
by the ith eigenvalue of the matrix 0.
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4. Summary

In summary, we have presented a general method of ex-
pressing, from first principles, the canonical Kraus opera-
tors for the evolution of any time-independent d-dimen-
sional system coupled to an environment. As required for
the Kraus representation, the initial state is a separable
product of the system and bath density matrices. Specifi-
cally: (i) the reduced density matrix of the system is de-
termined by tracing over the bath [Equation (4)]; (ii) the
time evolution of the operators E,,, so generated is writ-
ten in terms of the eigenstates and eigenvalues of the
total Hamiltonian; (iii) the E,,, which operate on the
system space, are expanded in a complete set of d* opera-
tors; and (iv) the resultant Hermitian coefficient matrix
[for example, Equation (9)] is diagonalized to yield the
canonical Kraus form. Being exact, the method gives the
non-Markovian dynamics of the system to all orders in
the coupling constants. The resultant equations provide
a starting point for approximations to the Kraus opera-
tors based upon approximations to the exact eigenstates |
v), to the propagator exp(—iHt/h), or to the matrices in
Equation (7). The results also provide a link, via the
C., = (£,nly), to overlapping resonances that have been
shown® to quantify the resistance of system superposi-
tion states to decoherence.

Above, as an example, we have considered the evolu-
tion of a d-level system in the presence of a single-mode
thermal environment and have obtained the correspond-
ing canonical Kraus operators. For d =2, the exact Kraus
operators for the most general interaction between the
spin and the environment has been calculated, motivating
studies of larger bath cases.
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