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We investigate the intramolecular energy transfer dynamics of the S2 excited electronic state of
pyrazine due to radiationless transitions to energetically lower-lying singlet electronic states using
a new time-dependent method. The femtosecond decay of S2 to the S1 excited state and the
picosecond decay of S2 to the ground electronic state S0 are studied within an efficient methodology
for computing the intramolecular dynamics in multidimensional configurational spaces. Our method
is based on partitioning the full configuration space into the �small� subspace of interest Q and the
rest, the subspace P. The exact equations of motion for the states in Q, under the influence of P, are
derived in the time domain in form of a system of integrodifferential equations. Their numerical
solution is readily obtained when the Q space consists of just a few states. Otherwise, the
integrodifferential equations for the states in Q are transformed into a �larger� system of ordinary
differential equations, which can be solved by a single diagonalization of a general complex matrix.
The former approach is applied to study the pyrazine picosecond S2→S0 dynamics and the latter is
applied to the study of the ultrafast pyrazine S2→S1 decay dynamics. © 2010 American Institute of
Physics. �doi:10.1063/1.3495953�

I. INTRODUCTION

The quantum mechanical treatment of intramolecular en-
ergy transfer dynamics in large molecules represents a chal-
lenging problem of fundamental importance. In particular,
the energy transfer after photoinduced electronic excitations
is in the center of current research in physical, life, and ma-
terials sciences.1 Manifestations and uses of intramolecular
electronic energy transfer are numerous. Some notable ex-
amples include control of chemical reactions,2,3 light harvest-
ing in photosynthesis,4 design of high performance sensors,5

molecular labeling,6 and organic optoelectronic processes.7

Irrespective of whether solutions of the time-
independent or the time-dependent Schrödinger equation are
sought, the computational effort associated with the studies
of intramolecular energy transfer grows exponentially with
the number of nonseparable nuclear degrees of freedom. For
this reason, techniques have been developed that allow one
to focus on a specific configurational subspace of a molecule
while taking into account its coupling to the rest of the dy-
namical space through effective matrix elements, with the
Löwdin–Feshbach partitioning technique8–11 being the most
prominent among such methods in chemical physics.

In the past, the partitioning technique was primarily used
as a starting point for further approximations that estimate

system-environment effects. By contrast, recently, a time-
independent partitioning technique was introduced for in-
tramolecular dynamical calculations of large polyatomic
molecules.12 This method provides a useful tool for tackling
the full quantum dynamics of large molecular systems. How-
ever, to include the study of active control on the intramo-
lecular dynamics in �large� molecules would require the in-
clusion of time-dependent external interactions, as, e.g., laser
fields.2,3,13 For this reason, we have developed a time-
dependent partitioning technique that can be used for effi-
cient intramolecular dynamics computations of large poly-
atomic molecules subject to external time-dependent
interactions. The first applications of this method to small
systems were reported recently.14

In this work, we apply the time-dependent partitioning
technique to the photophysics of a larger system, that of the
pyrazine �C4H4N2� molecule. Of particular long standing in-
terest has been the ultrafast dynamics following the optical
excitation of pyrazine from the ground state S0�1Ag� to the
second excited singlet state S2�1B2u� and the dynamics of
internal conversion �IC� from the S2 to the S1�1B3u� first ex-
cited singlet state and to the S0 state.15–20

This paper is organized as follows. Section II describes
the theory for the time-dependent partitioning technique. The
24-dimensional pyrazine model is reviewed in Sec. III. The
results of our investigation of the IC dynamics of S2→S1 anda�Electronic mail: ithano@eie.gr.
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S2→S0 IC in pyrazine within the time-dependent partitioning
technique are presented in Sec. IV. We conclude in Sec. V.

II. THEORY

The objective here is to develop an efficient method for
computing the quantum dynamics of a set of relatively small
number of “interesting” states, belonging to subspace Q, that
are coupled to a much larger set of “less-interesting” states,
belonging to a �prediagonalized� subspace P. Such an ap-
proach is necessary because a full dimensionality treatment
incorporating all states in Q � P is, in general, not feasible
due to the formidable size of P.

We start the formal development by considering the
Hamiltonian H on the entire Hilbert space H=Q � P. We
define as HQ and HP the Hamiltonian of the subspaces Q and
P, respectively, such that Q+ P=1. The set of states in Q
obeys the Q-projected �E�−HQ����=0 ��=1, . . . ,q� equation,
whereas the set of states in P obeys the P-projected equation
�E−−HP��E ,n−�=0. Here, the subspace P is assumed to be
dense and well approximated by a continuum or a quasicon-
tinuum of eigenenergies. The index n denotes all quantum
numbers other than the energy E, and E−�E− i�; we use
�“minus”� boundary conditions for the scattering solutions
that correlate with a single freely moving state in the P space
when the scattering process is over. Defining VQP�QHP
and H−HQ−HP=VQP+VPQ for the interaction in H between
the two spaces, the Hamiltonian matrix H for the entire Hil-
bert space H can be written in a matrix form as

H = 	 HQ VQP

VQP
† HP


 . �1�

We note that in the above only the submatrices HQ and HP
are diagonal.

It is possible to solve the dynamics in the entire H space
by expanding �, the solution of the time-dependent
Schrödinger equation expressed in atomic units ��=1� as

i�̇=H�, as

���t�� = �
�=1

q

b��t�e−iE�t��� +� dEbE,n�t�e−iEt�E,n−� . �2�

Substituting Eq. �2� into the time-dependent Schrödinger
equation gives a set of ordinary differential equations,

ḃ��t� = i� dEbE,n�t�V���E,n�e−i�E−E��t, � = 1, . . . ,q , �3�

ḃE,n�t� = i�
k=1

q

bk�t�V��k�E,n�ei�E−Ek�t for every E , �4�

with V�k �E ,n��
k�VQP�E ,n−�; in general, the V�k �E ,n�
quantities can be computed, numerically or analytically, after
the eigenstates in the Q and P spaces have been obtained.
These equations cannot be readily solved because of the
huge number of “bath” coefficients bE,n�t� appearing in Eq.
�4�. We can, however, formally eliminate Eq. �4� by integrat-
ing them over time and substituting the resulting expressions
into Eq. �3� to obtain

ḃ��t� = i� dEbE,n�0�V���E,n�e−i�E−E��t

+ �
k=1

q

e−i�Ek−E��t�
0

t

dt�bk�t��F�,k�t − t�� , �5�

where

F�,k��� � ieiEk�� dE�
n

V���E,n�V��k�E,n�e−iE�, �6�

with �� t− t�.
The correlation functions F�,k��� of Eq. �6� can be ex-

panded to the desired accuracy as a sum of exponentials,

F�,k��� = i exp�iEk���
�=1

M

W�
�,ke−i���−G����/2. �7�

As in most finite fitting procedures, the set of fitting param-
eters �W�

�,k ,�� ,G�� is not unique. This, however, need not
detract from the quality of representation of F�,k���, the
goodness of which can be monitored by comparing F�,k���
obtained via Eq. �7� with the correlation functions obtained
by directly integrating Eq. �6�.

The expansion of F�,k��� as a sum of exponentials allows
one to transform the integrodifferential equations of Eq. �5�
into a set of ordinary differential equations. We obtain that

ḃ��t� = iK�
0�t� + i�

�=1

M

exp�i�E� − ���t�J�
��t� , �8�

with

J�
��t� = i�

k=1

q

W�
�,k exp�− G�t/2�

��
0

t

dt�bk�t��exp�− i�Ek − �� + iG�/2�t�� �9�

and

K�
0�t� = exp�iE�t�� dEbE,n�0�V���E,n�exp�− iEt� . �10�

Rather than using Eq. �9� directly, we note that the J�
��t�

“effective-mode”21 amplitudes satisfy a set of first order dif-
ferential equations,

J̇�
��t� =

i

2
G�J��t� + i�

k=1

q

W�
�,kbk�t�e−i�Ek−���t. �11�

Thus, we have transformed the q integrodifferential equa-
tions of Eq. �5� into a set of q� �M +1� ordinary differential
equations given by Eqs. �8�–�11�.

Denoting b̃k�t��exp�−iEkt�bk�t� and

J̃�
��t��exp�−i��t�J�

��t�, we obtain our working equations,

ċ�t� = iK · c�t� + iK0�t� , �12�

where c�t�= �b̃1 , . . . , b̃q , J̃1
1 , . . . , J̃M

1 , . . . , J̃1
q , . . . , J̃M

q �T

��b̃1 , . . . , b̃N , J̃�1� , . . . , J̃�qM��T, with all J̃�i��0�=0, and
K0�t�= �K1

0 , . . . ,Kq
0 ,0 , . . . ,0�T. Here, the superscript T is the

154111-2 Thanopulos, Brumer, and Shapiro J. Chem. Phys. 133, 154111 �2010�



transpose operation and K is a time-independent complex
matrix, with a characteristic block structure, given by

K = 	S Y
Z R 
, Z = � W�1�

. . .

W�qM� �, Y = �Ω�1�

. . .

Ω�q� � . �13�

In Eq. �13�, Sk,k�=	k,k�Ek and Ri,i�=	i,i����+ iG� /2� for the
diagonal blocks. The W�i� rows of matrix Z are defined as
W�i�= �W�

�,1 , . . . ,W�
�,q�, and the Ω�i� rows of matrix Y are de-

fined as �Ω�i��k,j =1 for k+ �i−1��M 
 j
k+ i�M, and
�Ω�i��k,j =0 otherwise. Here, k ,k�=1, . . . ,q, j=1, . . . ,q�M,
and i , i�=�+ ��−1��M, with �=1, . . . ,M forming the inner
loop and �=1, . . . ,q forming the outer loop.

Given these definitions, we write the solution of Eq. �12�
as

c�t� = �
j

M�

� je
i�jt	cj

0 − i�
0

t

dt��L−1 · K0�t��� je
−i�jt�
 , �14�

where M�=q� �M +1� is the number of � j eigenvalues and
� j eigenvectors of K. The columns of the L
���1 , . . . ,�M�� matrix are the eigenvectors of K, and
�L−1 ·K0�t�� j are the jth column vector of the L−1 ·K0�t� ma-
trix. The vector of complex coefficients cj

0 is given as c0

=L−1 ·c�0�. We note that since K is not Hermitian, L−1�L†.
In the quasicontinuum case, the spectrum of HP is made

up of p discrete eigenvalues �E�−HP����=0. In that case, we
equate the states �E ,n−� with vanishingly narrow resonances
in the P space. In the following sections, we apply the meth-
odology described above to the S2→S1 and S2→S0 energy
transfer dynamics in pyrazine, a case of considerable interest.

III. THE PYRAZINE MODEL

We consider internal conversion using the full 24-mode
model of pyrazine by Raab et al.15 The pyrazine molecule is
modeled by normal modes, coupled by terms represented as
polynomials, whose coefficients are made to fit the ab initio
calculations. The Hamiltonian of the system is given by

H = 	 HS2
�q1, . . . ,q24� VS2S1�q1, . . . ,q24�

VS2S1�q1, . . . ,q24� HS1
�q1, . . . ,q24�


 , �15�

with

Hs�q1, . . . ,q24� = �
i=1

24
�i

2
	 �2

�qi
2 + qi

2
 + �
i�G1

ai
sqi

+ �
i,j�G2

aij
s qiqj 
 �, s = S2,S1, �16�

VS2S1�q1, . . . ,q24� = �10aq10a + �
i,j�G4

cijqiqj , �17�

where �i are the normal mode frequencies of the ground
electronic state S0 of pyrazine, 2� is the energy difference
between the S2 and the S1 electronic surfaces, ai

s and ai,j
s are

the coupling constants within the surface k for k=S2 ,S1, and
�10a and cij are the coupling terms between the S2 and the S1

electronic surfaces. We further denote by G1 the set of nor-
mal modes that have Ag symmetry, by G2 the set of normal

modes that have the same symmetry, and by G4 all pairs of
modes, whose product is of B1G.

We can obtain the vibrational eigenstates on the decou-
pled S2 and S1 surfaces after diagonalization of the HS2

and
HS1

Hamiltonians, as described in Ref. 12. We define the Q
subspace to be composed of the 176 vibrational eigenstates
of the S2 electronic state that have the largest Franck–
Condon overlap with the ground vibrational state of the S0

electronic state. Furthermore, we define the P subspace as
the set of vibrational eigenstates in S1 with energy up to
1.6 eV. The same P space is used for the S2→S0 dynamics,
in a purely phenomenological fashion, as described below,
while the S2→S0 model used is rather artificial and primarily
serves the purpose of applying our method on a different
parameter set.

In the eigenstate basis defined by the set including the
states in Q and P, the matrix of the Hamiltonian given by
Eq. �15� takes the block form of Eq. �1�. We now apply the
methodology presented in Sec. II to the IC dynamics of the
S2 state to the S1 and S0 states in pyrazine. Our results are
discussed in Sec. IV.

Lastly, we note that in this work we apply our method on
intramolecular dynamics between two electronic states of the
pyrazine molecule. Nevertheless, the methodology presented
is not limited to any number of electronic states as long as
one can divide the total number of states in interesting states
to be monitored, the states in Q, and dynamically less-
interesting states, the states in P.

IV. THE S2\S1 AND S2\S0 IC DYNAMICS IN
PYRAZINE

The first step for calculating the dynamics according to
Eq. �12� is the calculation of the correlation functions F�,k���
�� ,k=1, . . . ,q�, as defined in Eq. �6�. This task can be daunt-
ing in the case of a large polyatomic molecule, such as pyra-
zine, since the number of states M in the P space is usually
very large, and therefore the computation of q2 correlation
functions becomes computationally very time-consuming.
Fortunately, the computation of the correlation functions can
be significantly accelerated by the application of coarse-
graining in the P space.

A. Coarse-graining in the P space

The calculation of the correlation functions in our case
pertains to computing

F�,k�t� � ieiEkt�
n=1

M�

Wn
�,ke−iEnt � ieiEk�f�,k�t� , �18�

with Wn
�,k�
��VS2S1�n�
n�VS2S1�k�, for ��� , �k��Q, �n��P,

where � ,k=1, . . . ,176 and n=1, . . . ,M�, with M�
�12 500 000.

In order to speed up this task computationally, we
coarse-grain the P space by dividing the energy range up to
1.6 eV in Nbins equally spaced energy intervals �bins�. To
each bin, we assign the energy Es �s=1, . . . ,Nbins�, defined

by the energy of its midpoint, and the W̃s
�,k value defined as
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W̃s
�,k =

�i=1
MsWi

�,k

Ms
, �19�

where Ms is the number of states in P with energy within the
energy range of the sth bin.

In Fig. 1, we show the autocorrelation functions during
the first 200 fs for the energetically lowest and highest states
in Q , �1� and �176�, respectively, obtained by the application
of coarse-graining in the P space using 200 and 1000 bins. In
the same figure, we also show the exact, i.e., without coarse-
graining in P, autocorrelation function for the �1� and �176�
states. More specifically, in the left panels of Fig. 1, the real
part of f176,176�t� �upper� and the imaginary part of f1,1�t�
�lower� for the first 200 fs are presented, while the right
panels focus on the 75–200 fs time interval for the same
autocorrelation functions. Evidently, the coarse-graining with
200 bins is insufficient for correct representation of the au-
tocorrelation functions. On the other hand, as shown in Fig.
1, using 1000 bins results in autocorrelation functions that
are practically indistinguishable from the exact one, indepen-
dently of the energy of the state in the Q space. The appli-

cation of coarse-graining works equally well for the cross-
correlation functions �not shown here� as for the
autocorrelation functions. We note that the calculation of
176�176 correlation functions for the first 200 fs using
1000 bins in the P space requires 1.5 CPU hours on a single
processor, which is a factor of 1000 faster than the CPU time
required for calculating the exact correlation functions on the
same processor.

B. Fitting the correlation functions to a sum
of exponential terms

The second step in the calculation according to Eq. �12�
is the expression of the correlation functions f�,k�t� as a sum
of M exponential terms, as given by Eq. �7�. Here, we choose
M equidistant energy values in the 0–1.6 eV range and cal-
culate for each energy E� ��=1, . . . ,M� the corresponding
W�

�,k ��=1, . . . ,M� as the complex coefficients of the analytic
Fourier transform of the f�,k�t� correlation function at energy
E�.

In Fig. 2, we compare the exact autocorrelation functions
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FIG. 1. Exact vs coarse-grained corre-
lation functions using 200 and 1000
bins. �Upper panels� The real part of
the autocorrelation function corre-
sponding to state �176� in Q during the
first 200 fs �left panel� and the same
over a magnified 75–200 fs time inter-
val �right panel�. �Lower panels� The
imaginary part of the autocorrelation
function corresponding to state �1� in
Q during the first 200 fs �left panel�
and the same over a magnified 75–
200 fs time interval �right panel�.
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functions with 100 and 120 exponen-
tial terms: �Left panel� The real part of
f176,176�t�. �Right panel� The imaginary
part of f1,1�t�.
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for states �1� and �176� in Q to the fitted functions with 100
and 120 exponential terms. The left panel depicts the real
part of f176,176�t� and the right panel depicts the imaginary
part of the f1,1�t� function. We find that at least 120 terms are
needed for a sufficient representation of the exact correlation
functions for the first 100 fs, which is the time interval that
we are interested in. As shown in Fig. 2, the fitting procedure
with 120 exponential terms works equally well for the real
and imaginary parts of the autocorrelation functions �and the
cross-correlation functions—not shown here�, independently
of the energy of the state in Q.

C. The S2\S1 decay

The S2→S1 is widely regarded as a model for fast inter-
nal conversion. Typical time scales are of the order of
20 fs.12 Here, we calculate this internal conversion dynamics
in accord with Eq. �12�. For this purpose, we diagonalize the
general complex matrix K of dimension q� �M +1�, with q
=176 and M =120, and subsequently calculate the inverse
eigenvector matrix of K. These tasks, performed using stan-
dard LAPACK/BLAS routines, require in total 120 CPU hours
on a single processor.

In Fig. 3, we present the decay dynamics for various
initial vibrational states of the S2 space. In the right panel, we
consider the time evolution of the Q-space population

��t��Q���t�� when the initial population in the S2 space is
on a single state; the decay for the �1� �0.53 eV�, �16�
�0.76 eV�, �32� �0.86 eV�, �46� �0.92 eV�, and �64� �0.97 eV�
states is depicted. In the left panel, the Q-space population
dynamics, when the S1 space includes vibrational states up to
1.4 eV and up to 1.6 eV, and the 
��0� ���t�� dynamics,
including S1 vibrational states up to 1.6 eV, for the initial
superposition state used in Ref. 12 are shown; the agreement
with the results of Ref. 12 is excellent.

The results in the left panel of Fig. 3 are in good agree-
ment with the corresponding pyrazine results obtained by the
multiconfigurational time-dependent Hartree �MCTDH�
method.15,22 As discussed in detail in Ref. 12, the differences
of our results from the MCTDH results are due to the fact
that the initial state in S2 used in this work, as well as in Ref.
12, overlaps by about 80% with the initial state used in the
MCTDH calculations.12 Achieving 100% overlap between

the two initial vectors would require to include a much larger
number of states in the Q space used here since the conver-
gence to full overlap is very slow after the first 176 states in
S2 with the largest Franck–Condon factors to the ground vi-
brational state of S0 have been included in the Q space.12

The IC decay dynamics from the S2 to the S1 surface in
pyrazine occurs within the first 100 fs. The present method is
evidently capable of capturing the ultrafast intramolecular
energy transfer dynamics in a polyatomic molecule, such as
pyrazine.

D. The S2\S0 decay

The S2→S0 decay occurs in a much longer time scale
than does the S2→S1 decay and hence presents a greater
challenge to time-dependent methods. Here, the decay of the
ground vibrational state of S2 into the S0 manifold of states,
which occurs in �13 ps,18,19,23 has been poorly studied com-
putationally. Also, little information is available about the
couplings between the electronic states. Therefore, we model
the S2→S0 decay by an ad hoc scaling of the coupling be-
tween the S2 and S1 surfaces given by Eq. �17� by a factor
�s. The effect of scaling on the coupling between S2 and S1

by �s results in a corresponding scaling of the correlation
functions f�,k�t� by a factor of s. The scaled correlation func-

tions f̃�,k
s �t�� f�,k�t� /s are then used in the S2→S0 IC dynam-

ics calculation. As in the case of the S2→S1 decay dynamics,
we include here all eigenstates with energy up to 1.6 eV in
the P space, which proved to be sufficient with respect to the
convergence of the computed correlation functions of all
states in Q. However, we consider all correlation functions
only up to t=4 ps. After that time, these functions show
dubious recurrences. The recurrences remain even when we
expand the P space by about 40%, reaching our limits with
respect to the available computational resources. Neverthe-
less, we expect that these recurrences are unphysical and
their presence is due to the density of states within our
model, which is probably too low for the correct description
of the dynamics beyond 4 ps.

We first determine the value of s that gives �=13 ps for
state �1� in S2. For this purpose, we calculate the decay dy-
namics of �1� for various s values and, for each s value, we
obtain a � by fitting a single exponential decay function
exp�−t /�� to the calculated dynamics for the first 4 ps, the

first unrealistic recurrence in the f̃1,1�t� correlation function
occurring at �3 ps. The � values from the fitting, with the
error bars at the 95% confidence level, are given in the left
panel of Fig. 4; we find that s=1500 gives ��13 ps. Note
that the dynamics for each s value is obtained by solving the
integrodifferential equation for state �1� in S2, as defined in
Eq. �5�, where the first term in Eq. �5� is absent here since the
S0 space is assumed initially empty.

As an example of the S2→S0 dynamics, we calculate the
decay dynamics for the �16� �0.76 eV�, �32� �0.86 eV�, �46�
�0.92 eV�, and �64� �0.97 eV� initial states in S2 by solving
the corresponding integrodifferential equation �Eq. �5�� for
each state using s=1500. We restrict our calculations to the
first 5 ps in order to avoid the unrealistic recurrences in the
autocorrelation functions for times beyond the first few pico-
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seconds. The calculated decay dynamics for each of the
above states is then used to fit an exponential decay
exp�−t /�i� for each state �i� �i=1,16,32,46,64�. In the right
panel of Fig. 4, we present the exponential decay up to 50 ps
for these states using the corresponding �1=12.88 ps, �16

=28.07 ps, �32=5.48 ps, �46=70.68 ps, and �64=25.69 ps,
�-values obtained from the fitting procedure. The resultant
curves display a wide range of decay times, from extremely
long �for �46�� to relatively short �for �32��. These results
should motivate experimental studies to better map out the
couplings between the S2 and the S0 surfaces that result in
these long time IC dynamics.

V. CONCLUSION

We have computed the IC dynamics of the S2 excited
electronic state of pyrazine to all energetically lower-lying
singlet electronic states using a newly developed time-
dependent procedure. Two different computational methods
were considered for two different transitions. The femtosec-
ond decay S2→S1 and the picosecond decay of S2 to the
ground electronic state S0 were investigated within an effi-
cient methodology for computing the intramolecular energy
transfer dynamics in multidimensional configurational
spaces. The method is based on partitioning the full configu-
ration space into the �small� subspace of interest Q and the
rest, the subspace P. The exact equations of motion for the
states in Q, under the influence of P, are derived in the time
domain in form of a system of integrodifferential equations.
Their numerical solution is readily obtained when the Q
space is consisting of just a few states. Otherwise, the inte-
grodifferential equations for the states in Q are transformed
into a �larger� system of ordinary differential equations,
which can be solved by a single diagonalization of a general
complex matrix. The former approach is applied to the in-
vestigation of the picosecond S2→S0 energy transfer dynam-
ics and the latter is applied to the study of the ultrafast S2

→S1 decay dynamics. This methodology allows for the cal-
culation of intramolecular energy transfer dynamics in poly-
atomic molecules. Due to its formulation in the time domain,

this method can be easily extended to include external time-
dependent interactions, as laser pulses—the subject of a fu-
ture work.
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