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We present a theoretical study of noise-induced quantum coherences in a model three-level V-type
system interacting with incoherent radiation, an important prototype for a wide range of physical systems
ranging from trapped ions to biomolecules and quantum dots. By solving the quantum optical equations of
motion, we obtain analytic expressions for the noise-induced coherences and show that they exhibit an
oscillating behavior in the limit of large excited level spacing Δ (Δ=γ ≫ 1, where γ is the radiative decay
width). Most remarkably, we find that in the opposite limit of small level spacing Δ=γ ≪ 1, appropriate for
large molecules, (a) the coherences can survive for an extremely long time τ ¼ ð2=γÞðΔ=γÞ−2 before
eventually decaying to zero, and (b) coherences at short times can be substantial. We further show that the
long-lived coherences can survive environmental relaxation and decoherence, suggesting implications to
the design of quantum heat engines and to incoherent light excitation of biological systems.

DOI: 10.1103/PhysRevLett.113.113601 PACS numbers: 42.50.Md, 33.80.-b, 42.50.-p

The dynamics of atomic and molecular systems interact-
ing with noisy electromagnetic fields (such as black body
radiation) is a recurring theme of interest in physics,
chemistry, and biology. In particular, the possibility of
generating long-lived quantum mechanical coherence via
the interaction of multilevel atomic and molecular systems
with incoherent light has recently attracted much interest
[1–4]. Apart from their fundamental importance, such
noise-induced coherences have a wide range of proposed
applications, ranging from enhancing the efficiency of
photovoltaic devices [1] to lasers without inversion [3]
and to the design of artificial light-harvesting antenna
complexes [2]. The noise-induced coherences are created
via quantum (Fano) interference of the transition ampli-
tudes leading to the same final state—processes similar to
those giving rise to well-known coherent optical phenom-
ena such as coherent population trapping [5], electromag-
netically induced transparency [6], vacuum-induced
coherence [7–9], and coherent control [10].
Previous theoretical studies have explored the properties

of noise-induced coherences in atomic Λ- and V-type
systems [3,11–14] and suggested their role in enhancing
the efficiency of photosynthetic energy transfer in light-
harvesting antenna complexes [2]. However, this work
focused on the analysis of steady-state properties [1–3,12]
and paid little attention to the time evolution of the
coherences. In an earlier contribution, Hegerfeldt and
Plenio [13] considered the dynamics of a three-level atomic
ion pumped by incoherent radiation and focused on the
nature of the emitted light. They demonstrated that in the
limit of large excited-state splitting the intensity correlation
function exhibits quantum beat oscillations due to noise-
induced coherences, and in the opposite limit the coher-
ences last longer, leading to extended dark periods in the

emitted light. However, no closed analytic expressions
were derived for the noise-induced coherences, so their
time scale and the influence of various system parameters
(such as the excited level splitting, and the radiative decay
rates) remained unexplored, making it difficult to appre-
ciate and to experimentally observe these coherences in real
atomic and molecular systems.
In this Letter, we focus on the dynamical properties of

the V-type system, a minimal “building block” for quantum
heat engines based on Fano interference [2], crucial to
understanding the phenomena of incoherent light excitation
in visual phototransduction and solar light harvesting. Our
analysis is based on a quantum optical master equation
of a non-Lindblad type [3,11] that treats all density matrix
elements (state populations and coherences) on an equal
footing. This treatment goes beyond the traditional secular
approximation, which underlies the standard rate equation
formalism for incoherent light excitation of molecular
systems [15] but breaks down for nearly degenerate states
of the V-type system [13,15], leading to a more complex
master equation in which populations and coherences are
inextricably coupled. We find analytic solutions to this
equation in two opposite limits and show that the pop-
ulations remain positive at all times, thereby demonstrating
the existence of positive-definite solutions of a non-
Lindblad-type master equation. Our analytic results show
that when the energy splitting Δ between the two upper
levels of the V-type system is large compared to the
radiative decay widths γ, the off-diagonal elements of
the density matrix exhibit coherent oscillations that decay
on the time scale τs ¼ 1=γ (hereafter we set ℏ ¼ 1). We
further show that in the limit of small energy splitting
between excited-state levels (Δ ≪ γ), (a) short-time coher-
ences are significant, and (b) the coherence between the
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upper energy levels survives on a time scale τlong ¼
ð2=γÞðΔ=γÞ−2 that by far exceeds any other dynamical
time scale in the problem (including that of spontaneous
decay), even in the presence of decoherence and relaxation.
This remarkable result suggests that coherent dynamics in
V-type molecular systems can survive for very long times,
with immediate implications for the variety of applications
cited above.
To elucidate the time dynamics of the populations and

coherences, we solve the Born-Markov quantum optical
master equation [16] in the energy basis

_ρii ¼ −ðri þ γi þ ΓiÞρii þ riρcc − pð ffiffiffiffiffiffiffiffiffi

rarb
p þ ffiffiffiffiffiffiffiffiffi

γaγb
p ÞρRab;

_ρab ¼ −
1

2
ðra þ rb þ γa þ γb þ 2γdÞρab − iρabΔ

þ p
2

ffiffiffiffiffiffiffiffiffi

rarb
p ð2ρcc − ρaa − ρbbÞ −

p
2

ffiffiffiffiffiffiffiffiffi

γaγb
p ðρaa þ ρbbÞ;

ð1Þ

where ρab ¼ ρRab þ iρIab, γi is the radiativewidth of level jii,
i ¼ a; b [see Fig. 1(a)], ri is the incoherent pumping rate,
and p ¼ μac · μbc=ðμacμbcÞ quantifies the angle between
the c → a and c → b transition dipole moments (below we
focus on the case p ¼ 1, as justified in the Supplemental
Material [17]). In Eq. (1), Γi are the (phenomenological)
relaxation rates, and γd is the decoherence rate. For a
molecule in the absence of an external environment,
Γi ¼ γd ¼ 0. Following previous theoretical work [3],
we adopt ra ¼ rb ¼ r, γa ¼ γb ¼ γ. This assumption
greatly simplifies the analytical solution of Eq. (1) while
retaining the essential physics of the problem [23]. We note
that in deriving Eq. (1), we do not make the secular
approximation, which neglects the elements of the relax-
ation tensor Rijkl [15] with ωij ≠ ωkl, where ωij is the
energy gap ϵi − ϵj between eigenstates jii and jji. This
procedure is commonly justified by noting that the oscil-
latory factors eiðωij−ωklÞt multiplying Rijkl average to zero if
the time scale of interest is much longer than the system
evolution time, 1=ωij. The secular approximation breaks
down for a V-type system where ωab ¼ Δ > 0 can be
arbitrarily small. However, the inclusion of nonsecular
terms means that Eq. (1) is no longer of the Lindblad type
[16], and can therefore have spurious solutions where state
populations ρiiðtÞ can take unphysical negative values [24].
The use of non-Lindblad-type master equations to describe
open quantum systems has been the subject of ongoing
debate [4]. Fortunately, as shown here, the existence of
positive solutions is guaranteed for a V-type system subject
to initial conditions appropriate to weak-field incoherent
excitation.
The solution of Eq. (1) can be represented as ρaaðtÞ ¼

−a=a0 þ
P

i ~cie
λit, where λi are the roots of the cubic

polynomial λ3 þ a2λ2 þ a1λþ a0 ¼ 0, and ~ci are time-
independent coefficients determined from initial
conditions appropriate to incoherent excitation from the

ground state, [ρijð0Þ ¼ 0, ρccð0Þ ¼ 1] (all results below
are derived in the Supplemental Material [17]). The exact
time dynamics of the coherence between the excited-state
levels (hereafter referred to as simply “coherence”) is
ρRabðtÞ ¼ −(1=pðrþ γÞ)Pi ~cið3rþ γ þ λiÞeλit. The behav-
ior of the coherences in a V-type system is thus determined
by the values of the roots, λi. Two important physical
regions can be identified: Δ=γ ≫ 1 (one real and two
complex conjugate λi), and Δ=γ ≪ 1 (real λi).
Consider first the limit of large excited-state splitting,

Δ=γ ≫ 1, applicable to weak-field (r=γ ≪ 1) incoherent
excitation [25,26] of small- to medium-sized molecules
with typical excited-state lifetimes of 1–10 ns and the
density of states of less than 1 state in γ ∼ 0.005–
0.05 cm−1. Under these conditions, the roots of the cubic
equation are λ1 ¼ −γ, λ2;3 ¼ −γ � iΔ, and the upper-
state population and the real part of the coherence take
the form

ρaaðtÞ ¼ ðr=γÞ½1 − e−γt�; ð2Þ

ω

γγ Δ

γ

0 0.5 1 1.5 2 2.5
−3

−2

−1

0

1

2

(a)

(b) x 10
−3

time (ns)

ρ abR

p = 0.5

0 0.2 0.4 0.6 0.8 1

0.1
0.2
0.3
0.4
0.5

time (ns)

C

 

 

FIG. 1 (color online). (a) The energy level structure of the
V-type system. The shaded area represents the effects of
environment-induced relaxation and decoherence on the excited
states a and b with Δ ¼ ϵa − ϵb. The real part of the two-photon
coherence ρRabðtÞ (b) and the ratio C ¼ jρabj=ðρaa þ ρbbÞ (inset).
Full lines—exact result (numerical calculations), dashed lines—
analytical result obtained in this work in the Δ=γ ≫ 1 limit
(γ=2π ¼ 1 GHz, Δ=γ ¼ 24). The incoherent pumping rate
r=γ ¼ n̄ ¼ 0.063, where n̄ ¼ 1=½eℏωac=kBT − 1� is the thermal
occupation number (kBT ¼ 0.5 eV for sunlight), and ωac ¼
1.41 eV. Results for p ¼ 1=2 are also shown [green (light grey)
line].
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ρRabðtÞ ¼ ðr=ΔÞe−γt sinðΔtÞ ðΔ=γ ≫ 1Þ; ð3Þ

with the imaginary part of the coherence ρIab ¼
ðr=ΔÞe−γt½cosðΔtÞ − 1�. Figure 1(b) confirms that the
analytic result, Eq. (2), is in excellent agreement with
the exact time evolution of ρRabðtÞ obtained by numerical
integration of Eq. (1), here for Δ=γ ¼ 24. The coherence
exhibits damped oscillations with frequency Δ and decays
to zero on the time scale τs ¼ 1=γ; i.e., the decoherence
time scale is given here by the radiative lifetime of the
excited-state levels, τs ¼ 1=γ. On short time scales
(t ≪ τs), spontaneous decay can be neglected, and the
decoherence time scale, quantified by the ratio C ¼
jρabj=ðρaa þ ρbbÞ [26,27], decreases as 1=jΔtj [27]. This
dependence reflects the linear growth of the excited-state
population [Eq. (2) yields ρaa ¼ rt in the limit t ≪ 1=γ],
while the coherences are bounded by r=Δ. The inset of
Fig. 1(b) illustrates the slow decrease of CðtÞ, which is
consistent with our previous results obtained independently
via a different theoretical approach [26–28]. However,
Eqs. (2) and (3) are required for longer time scales. As
shown in Fig. 1(b), reducing p leads to a decrease of the
coherence without affecting the overall time dynamics.
In the opposite limit Δ=γ ≪ 1, which applies to the

incoherent excitation of a V-type system with very closely
spaced upper levels (e.g., a polyatomic molecule like
anthracene has Δ=γ ∼ 10−7 [29]), the roots of the cubic
equation are given by λ1 ¼ −2γ, λ2 ¼ −γ, and λ3 ¼
− 1

2
γðΔ=γÞ2. For the upper-state population and the real

part of the coherence we find in the weak pump limit
r=γ ≪ 1 (r=γ ∼ 10−9 for sunlight illumination [25])

ρaaðtÞ ¼ ðr=2γÞ½2 − e−2γt − e−ð1=2ÞγðΔ=γÞ2t�; ð4Þ

ρRabðtÞ ¼ ðr=2γÞ½e−ðγ=2ÞðΔ=γÞ2t − e−2γt�; ð5Þ

whereas the imaginary part of the coherence, ρIab ¼
ðrΔ=2γ2Þ½2e−γt − e−2γt − e−ð1=2ÞγðΔ=γÞ2t�, is smaller by the
factor ðΔ=γÞ ≪ 1. We observe that in the Δ=γ → 0 limit,
the time scale for the decay of the first exponent in Eq. (5),
τlong ¼ ð2=γÞðΔ=γÞ−2 approaches infinity. Thus, Eq. (5)
establishes the existence of two widely disparate time
scales in coherence dynamics: At shorter times (t ∼ 1=γ),
the first exponent on the right-hand side is close to unity,
so the coherence grows from zero to a quasi-steady-state
value r=2γ. At t ≫ 1=γ, but still short compared to τlong, the
coherence remains constant, before eventually decaying to
zero at t > τlong. These coherences, physically similar to
those previously described [30,31], result from observing
weakly coupled system-radiation field states in the sys-
tem basis.
To illustrate this behavior, we provide a log plot in Fig. 2

of the time variation of the population ρaaðtÞ and of the
coherence ρRab for Δ ¼ 10−7 eV, in the Δ=γ ≪ 1 limit. The
extremely long survival time of the quasistationary

coherence is apparent: for the given parameters, it survives
for as long as 10 μs, which is ∼104 times longer than the
excited states’ radiative lifetime. This is a consequence of
the continuous pumping and the resultant establishment of
a quasisteady state. In the limit of Δ → 0, the time scale for
the existence of the quasistationary coherence approaches
infinity, underscoring the crucial role of the excited-state
level splitting Δ in determining the noise-induced coher-
ence dynamics. Setting Δ ¼ 0 in Eq. (5) produces a
nonzero steady-state value of the coherence ρRabð∞Þ ¼
r=2γ, in agreement with prior Δ ¼ 0 results [3].
However, for any Δ > 0 the coherences have a finite
lifetime τlong ¼ ð2=γÞðΔ=γÞ−2. Maximizing the lifetime
of the coherences is proposed to be beneficial, e.g., to
the design of quantum heat engines based on Fano
interference [1,2], and our analysis suggests the benefit
of using as small a Δ as possible. As shown in Fig. 2,
changing p from 1 to 1=2 causes the coherence to decrease
and shortens its lifetime.
Both the analytical prediction, Eq. (5), and the numerical

results for p ¼ 1 establish that the time dependence of
excited-state populations closely follows that of the coher-
ences up until t ¼ τs, thereby implying significant short-
time coherence effects, with CðtÞ ¼ 1=2. We emphasize
that this behavior is drastically different from the 1=jtΔj
decay of the coherence-to-population ratio in the limit
Δ=γ ≫ 1 shown in the inset of Fig. 1(b). This indicates that
very closely spaced energy levels maintain coherence on a
much longer time scale than levels separated by an energy
gap that is large compared to their natural linewidth.
Finally, we note that in both small-Δ and large-Δ regimes,
the populations ρiiðtÞ remain positive at all times in the
r=γ ≪ 1 limit.
Effects of relaxation and decoherence.—Thus far we

have considered an isolated V-type system. However,
the excited states of a system within a condensed-phase
environment (e.g., a molecule in a liquid) are subject to
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FIG. 2 (color online). Excited-state population and coherence
dynamics in the Δ=γ ≪ 1 limit (Δ=γ ¼ 0.024, γ=2π ¼ 1 GHz,
r=γ ¼ 0.1n̄). Exact results (full line), analytic results (dashed
line), results for p ¼ 1=2 [green (light grey) line].
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relaxation and decoherence. To model these effects, we
consider nonzero Γ and γd in Eq. (1), and modify the
equations to include relaxation to an auxiliary level jdi.
Figure 3(a) illustrates the effect of environmental relaxation
and decoherence in the large-Δ=γ regime using the C ratio,
which quantifies the amount of coherences relative to
populations. We observe that for moderate decoherence
(γd ¼ 5γ) the ratio displays periodic oscillations super-
imposed on a slowly decaying background. This time
dependence is similar to that observed in the absence of
relaxation and decoherence; however, the asymptotic value
of C does not decay to zero due to a finite steady-state value
of jρabj (not shown).
The origin of this counterintuitive behavior can be

understood by noting that relaxation prevents the
excited-state population from accumulating by causing
decay to the auxiliary level jdi. While the coherences
are also suppressed by environmental decoherence, this
effect is not as significant as relaxation-induced suppres-
sion of excited-state populations. As a result, the popula-
tions can no longer outgrow the coherences and the value
of C saturates at a steady state. As shown in the inset of

Fig. 3(a), the value of the decoherence rate γd has a major
effect on the dynamics in the Δ=γ ≫ 1 regime, suppressing
the coherent oscillations. Already for γd ¼ 5γ, the oscil-
lations are damped on the time scale τd ¼ 1=γd, i.e., much
sooner than in the absence of environment (τs ¼ 1=γ),
indicating that in the regime γd ≫ γ, the decoherence time
scale is set by the environment-induced decoherence, rather
than spontaneous decay.
Figure 3(b) shows that relaxation and decoherence lead

to a suppression of the quasistationary coherences in the
Δ=γ ≪ 1 regime, and cause a decrease in the intermediate
“plateau” values reached at t ≫ 1=γ. In addition, the time
of reaching the plateau decreases with increasing γd,
indicating that in the γd ≫ γ regime, the dynamics are
governed by a time scale τd ¼ 1=γd. Nevertheless, the
coherences are still substantial in magnitude, and the C ratio
(not shown) remains close to unity over a large time interval
even in the presence of relaxation and decoherence [17].
To begin to explore the applicability of these results to

real molecules, we solved the quantum optical master
equation for a multilevel analog of the V-type system
[17]. The multilevel excited-state coherences were found to
qualitatively follow the behavior observed in Figs. 1 to 3,
and the coherences to persist relative to the populations.
The V-type system thus provides insight into multilevel
dynamics, a consequence of the weak intensity of the
incoherent light and the absence of direct light-induced
coupling between the excited states [17]. Such V-type
systems can be explored experimentally by incoherent
excitation of single trapped ions [13] or Rydberg atoms
[27] and observing the signatures of noise-induced coher-
ences in time-resolved fluorescence signals.
Theoretical work on atomic systems [8,11] and quantum

dots [3] has shown that the key condition for the generation
of noise-induced coherences—the existence of nonorthog-
onal transition dipole moments (p ≠ 0)—requires two
closely spaced excited levels with the same values of total
angular momentum J0 and its space-fixed projection M0.
The optimal conditions of p ¼ 1 can be realized, e.g., for
the closely spaced Rydberg states [27], or excited vibra-
tional states of polyatomic molecules with the same J0 and
M0 (see the Supplemental Material [17]).
In summary, we have presented a theoretical analysis of

noise-induced coherences in a V-type molecular system
interacting with incoherent radiation, a basic model for a
wide array of excitation processes in atomic, molecular,
and solid-state systems [32]. This work demonstrates that,
contrary to expectation, incoherent light excitation can
generate long-lived quasistationary coherences that can
survive environment-induced decoherence, and display
considerable coherence at short time. As a consequence,
these results strongly motivate examination of their role in
biological processes, such as cis-trans photoisomerization
of retinal [33] (the first step in vision) or photosynthetic
energy transfer.
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decoherence on V-type system dynamics: (a) The C ratio and
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Note added in proof.—A related V-type system model has
just been developed [32].
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