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S-matrix approach to the construction of decoherence-free subspaces
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Analyzing theS matrices associated with a host of relaxation processes allows one, using extra “chaperon”
states, to construct a decoherence-free subgR#€®) that is immune to the effects of relaxation. The method
does not require knowledge of the system-bath Hamiltonian, which is rarely known. Thus, a DFS can be
constructed directly from experimentally determined relaxation and dephasing rates of the relevant decoher-
ence processes. Although the method requires resetting the coefficients of the chaperon states at various times,
this resetting does not require determining the coefficients of the states belonging to the DFS that one uses for
control, computations, or information storage.
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Quantum computatiofl] and coherent contrdl2,3] of We assume that in the absence of the interaction with the
material and photonic processes require the creation arghth, the system dynamics is described by the system Hamil-
maintenance of coherent quantum superposition states foonianHg, whose eigenstates are denoted|ly Here we
relatively long times. Decoherence, i.e., dephasing and relaXecus on energetically degeneratsubspaces oHg, i.e.,
ation of asystemdue to collisions with atoms or molecules states of the same system enekgy For example, we might
of a bath, which is detrimental to all processes that requireconsider a situation in which the system is comprised of a set
coherence and rely on quantum interferences, can poseaij=1,... N s;=*1/2 spinors, kept sufficiently far apart
serious obstacle to realizing quantum computation devicefom one another, such that their spin-spin interaction is neg-
[1] and quantum control. The construction of superpositioriigible. In this case we will write statés) as either
states that belong to a subspace that is imm(anas rela-

tively insensitive to decoherence, the so-called decoherence- [i)= HJN:1|SJU)> (1)
free subspac€DFS) [4,5], would, if realizable, alleviate
much of the decoherence problem. or as entangled linear combinations of such states.

In this paper, we describe a procedure for constructing a Standard scattering theofy] gives the probabilityPy; of
DFS, based on knowledge of ti%matrices associated with making a transition to a final stafé) having started in the
all the processes contributing to decoherence. More explidhitial state|i) due to a collision with a bath atom of energy
itly, we show that we can construct a DFS by adding addiEj (i.e., at total energfe=E+Ey), as
tional stategwhich we term chaperon staje® a subspace
of interest. Although the coefficients of the chaperon states, Pi(E)=|Tr(E)[%, (2

which by themselves are susceptible to decoherence, must be B , , y
reset from time to time, no such resetting needs to be done {§here Tr(E)=(f|T(E)[i). HereT(E) is the transition op-

the smaller subspace of interest, which, due to interferencedator defined a(E)=S(E) —I, whereS(E) is the scatter-
with the chaperon states, becomes immune to decoherendB9 operator and is the unit operator. The total probability
The effectiveness of chaperon states is due to a propertfys—i(E) of executing a transition into the entire subspace
shown in our previous work on the suppression of reactivd 3} that is comprised oM, energetically degenerate final

tunneling[6], if the number of final states that are energeti-States is given by

cally accessible to a given scattering process is less than the Mg
number of initial states in the space of interest, then one can Poi=> |Thl? 3)
construct subspaces in which the given scattering process is B &y i
suppressed.
Focus then on theystenstateg A) in a Hilbert subspace where, for brevity, we have suppressed the energy irelex
{a} that undergo transitions to statd) in the Hilbert sub- In most situations, the decoherence process cannot be de-

space{ B} due to the action of an external perturbation, suchscribed by a single transition operator. Rather, one finds

as that exerted by a bath. The subspdegsand{B} may be distinct processes that operate in a completely independent
equal, or may differ from one another. We show that byway from one another. For example, we may have collisions
utilizing states in another subspace, which undergo transiat various bath energids,, or contributions from many or-
tions to{B} and possibly other states, we can modify} to  bital angular momentgWe do not consider as being distinct
be decoherence-free. This, as shown below, is due to quaprocesses that operate simultaneously or in a concerted way.
tum interference effects. Such processes can be lumped under a sifgl&cattering
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theory [7] tells us that for a set of distinct processes, the If there is a zero eigenvalue, i.e. Nf=0 is an eigenvalue
integral (i.e., angle-averagedcross section is given as a of Eq. (10), with an eigenvectoc® satisfying

simple sum of the cross sections associated with each inde-
pendent process. We can therefore generalize(8qin a
straightforward way to read

o-c9=0, (12)

then [by inserting Eqg.(11) into Eqg. (8)] we have that
Ps_«0=0. Therefore, the superposition state with t
Psi= 2 E |92, (4)  coefficients is completely immune to all scattering processes
into subspacég}, i.e., |c?) is a “decoherence free” state
with respect to subspadg}.

OF i i
whereT'"’ is the T operator associated with process Clearly, A =0 is obtained if

Consider now a further generalization in which the initial
state is not a single eigenstate, bct, an entangled super-
position of many eigenstates of the same endigy de(ﬂ)zdet; (TOTTP)=de(Th- T5)=0, (12

H (i) where7 is a superT matrix, including the¢ different pro-
&)= 2 ili)= E i 1|S ) © cesses as a subscript,

Because all these states have the same energy, the probability T =T (13

of forming | f) from this initial state is ) ) e ,
Equation(12) holds if the number of initial states compris-

2 ing the initial superpositiofEq. (5)] is greater tharLM 4.

, (6) To see this result, note that, under these circumstances,
a matrix of orderK XK and the7; matrix is of orderK
XLMg. If K>LMg, then we can construct X K order
matrix Ag by adding a submatrix ofK—LMpg) rows of
zeros to the lower part of each);. Then

7 det o) =del( T} Tp) =del A ;- Ap)
=det A })del A) =0. (14)

L

Pf<—C: Z

K

> T
1

and the total transition probability into subspd¢g, P,
is
K

> T
1

2

L MB
PBHCZE 2
(=1 f=1

Note, in Eq.(7), the distinctly different character of the two

sums: i.e., the incoherent sum over probabilities to flnaIThe last equality holds because the determinantd pfind

states and over different processes, and the coherent swﬁh are zero.

over amplitudes from initial states. The latter sum will, as The number of decoherence-free states with respect to

shown below, allow control over the relaxation process.  subspacgg}, i.e., the degeneracy of the=0 eigenvalue of
Introducmg the matrixe=3,TH- T with elements  Eq. (11), is K—rank(e) =K —rank(7;). Given the dimen-

=3,_ leMB T (OT allows us to rewrlte Eq(7) as sionality of 75, and thatk>LMg, the degeneracy is at
least, and typicallyk —LM ;. This result leads immediately
Pg o= ¢ o-c (8)  to the development of a strategy of constructing a DFS of

dimensionM . That is, we first identify the subspa¢g} of
where the dagger denotes the Hermitian conjugate. #he dimensionM  that is coupled to the subspafe} by thel
subscript on theT() symbol indicates that we are dealing scattering processes considered above. We now use a larger
with the submatrix of the') containing the transition am- space, of dimensiok = LM4z+M,, to construct the super-
plitudes into the{ 8} final subspace only. position stategc®) all having, according to E¢10), zero
We now wish to choose optimal sets ofvectors that eigenvalues and hence zero transition probabilities to sub-
minimize the transitions into subspagg}, consistent with space{ 8}. We call the extra_l\/lﬂ states “chaperon” states.

the normalization constraift{ ,|c;|>=1. We obtain the op- In order to create the desired DFS, we choose Nhe
timal solutions by requiring degenerate®©) eigenvectors satisfying Eq11) to be of the
form
J < J
g {PBHC—)\E |ci|2}= —[c" o c—1c'c]=0, (9) cOMT=(1,0,...,0c0 e, .o e,
Ck i=1 JdCy
) o o ) (02)T_ (02)  (02) (0,2)
where\ is a Lagrange multiplier. Explicitly taking the de- ¢ (0.1,....0c w1 CM 20 Bk ).
rivative gives the result that the optimized coefficients satisfy
the eigenvalue equation
(15
oM oM oM
o cN =\ (10 cOMJT=(0,...,0,1¢(¥ ;l’, © fz), LMy

Note that Eq(10) also results from taking derivatives in Eq. written for typographical convenience in terms of the matrix
(9) with respect tacy, sinceo is Hermitian. transposeT.
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Thec{®”,,, ... e i=1,... M, coefficient matrixis done at a rate which is expected to be much smaller than the
determined by substituting E6L5) into Eq.(11) and solving ~ "elaxation rates themselves. Thus, for example, to do quan-
it. The resulting set of vector€®), i=1,... M, spans a tum computing in the DFS we would perform operations on

DFS of dimensiorM , that is immune to thé bath-induced vectors in the entire space, but use for computing only the
{a}—{B} transitions. Note that the structure of EG.5) first M , elements of the vectors. Like other error corrections
arises from the fact that each vector Haldl ; free coeffi- ~Methods, one need never measure anything about the first
cients plus the number one in one of the entries. This i/« Coefficients with which computations or information
exactly the number of coefficienormalization is of no storage are_done._ Rather, whatever operation was performed
consequendeeeded to satisfy Eq11). Each of theM , null ~ ©N theM a-dlmenspnal DFS subspace can be performgd ona
eigenvectors thus generated is different from the other, beZ€ctor prepared with the prestored chaperon coefficients of
cause the one is placed in a different position. the d; ; matrix to reset the coefficients, without measuring

The nature of the elements in to@") is of interest. Note  thea; values. _ _
that the firstM , coefficients in each of these vectdushich In order for the procedure to work in practice, we need to
span the origina{a} subspacecannot change under relax- krl%" (tge o relaxation matrix, or more specifically, the
ation processes. This is because they correspond to statkg '’ Products. Traditional scattering experiments yield
which could only go to the subspaé8} under the decoher- directly only the absolute valugd{’|. As a consequence,
ence processes, and transitions & have been eliminated the phases off ()T must be extracted using one of a
by the above construction. By contrast, the chaperon statesimber of methods. For example, one can obtain the com-
can make transitions to states other than thogg}nand can  plex transition amplitudes from differential cross sections us-
therefore change under decoherence. If we fail to maintaifng “inverse-scattering” methods and generalized unitarity
the original values of the chaperon coefficients, the initialrelations[8,9], or by using coherently controlled scattering
{a} subspace will no longer be “protected” and will cease to[10], which is sensitive to the phases Bimatrix elements.
be immune to relaxation. However, because these coeffAlternatively, one may perform a “forward” fitting proce-
cients are known to us, we can reset the values of the chaglure, in which one optimizes a set of parameter-dependent
eron coefficients from time to time, as needed, thereby guaPhases to fit all the experimentally available differential
anteeing that the DFS constructed remains a DFS for as lorgfoss-sections data. Although this is not a trivial task, it is
as we wish. one that is doable.

In a similar way we can reset the values of the chaperon Finally, error producing effects that may well effect the
coefficients for any superposition state{ia}. Storing clas-  efficacy of this approaclie.g., errors in resetting subspace

sically thed matrix of chaperon coefficientsii'jzcﬁvilj , coefficients, _et().need be _studie_d in detz_iil within the frame-
i=1 M, j=1 LM, we can write a genergl vec- work of particular scenarios This work is currently ongo-
g oo ey ar PRCEE ) 1

. M ; INg.
tor in {a}, of the forma==3 "4 a,c™), as gIn conclusion, we have presented a method of construct-
ing decoherence-free subspaces via quantum interference
a'=|a;,a,, ...,y E a;d; 1, that is immune to the action df different scattering pro-
“ ' cesses with a bath. The method has the great advantage that
the system-bath Hamiltonian, which is very difficult to ex-
xz ad;,, ... 2 adi im. |- (16) tract and is therefore rarely known, is not needed. Neither is
[ ’ i TP the method dependent on any special form of the system-

. . bath Hamiltonian. Applications of this method to various
In order to maintain the protective effect of the chaperon bp

| . systems are currently under study.
states, thereby guaranteeing that we retain a true DFS, all wé’ y y

need is to reset from time to time the values of the chaperon

coefficients to be the vector product of the fiMdt, gbits, Support by Photonics Research Ontario, the U.S. Office
whose values need not be determined, times(¢hassically  of Naval Research, the Minerva Foundation, Germany, and
stored d matrix. Because the fird¥l,, coefficients are ex- the GIF Foundation are gratefully acknowledged. We thank
pected to be very stable, as they can begin to change onRKrofessor Daniel Lidar for comments on an earlier version of
after the chaperon coefficients change, this resetting can kdbis manuscript.
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