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The fitting of physical models is often done only using a single target observable. However, when multiple
targets are considered, the fitting procedure becomes cumbersome, there being no easy way to quantify the
robustness of the model for all different observables. Here, we illustrate that one can jointly search for the best
model for each desired observable through multi-objective optimization. To do so we construct the Pareto front
to study if there exists a set of parameters of the model that can jointly describe multiple, or all, observables.
To alleviate the computational cost, the predicted error for each targeted objective is approximated with
a Gaussian process model, as it is commonly done in the Bayesian optimization framework. We applied
this methodology to improve three different models used in the simulation of stationary state cis − trans
photoisomerization of retinal in rhodopsin, a significant biophysical process. Optimization was done with
respect to different experimental measurements, including emission spectra, peak absorption frequencies for
the cis and trans conformers, and the energy storage. Advantages and disadvantages of previously proposed
models are exposed.

I. INTRODUCTION

In chemical physics, observables such as absorption
spectra are often simulated with closed-form model
Hamiltonians or Liouvillians. Examples studied in de-
tail here are models of cis − trans photoisomerization
of retinal in rhodopsin. The parameters of such mod-
els, θ, are usually fit by minimizing a scalar error func-
tion, f(θ) : Rd → R, that quantifies the accuracy of
the model with respect to a target set of observables,
where d is the number of parameters. Optimization of
f(θ) can be achieved by gradient-based methods or by
sampling algorithms that self-learn from previous itera-
tions, e.g., genetic algorithms1 and Bayesian optimiza-
tion (BO)2,3. For observables that depend on quan-
tum dynamics calculations, gradient-based methods are
rarely used, due to inaccuracies in approximating the
gradient of f(θ) with respect to the free parameters
of the model Hamiltonian or Liouvillian. By contrast,
sampling algorithms have proven to be robust search
tools in chemical physics. For example, BO has been
used to optimize density functionals,4,5 generate low en-
ergy molecular conformers,6,7 and inverse design poten-
tial energy surfaces for reactive molecular systems8. BO
has also been successfully applied for screening chemi-
cal compounds9–11, minimizing the energy of the Ising
model12, and has recently been used to optimize laser
pulses for molecular control13,14 .

Much effort has been devoted to mapping the search for
a physical model into an optimization problem. However,
in chemical physics comparing different models with re-
spect to a single observable can lead to overfitting. To ac-
count for more realistic physical models the search-space
must include M-different observables with M > 1. One

common strategy is to adopt linear combinations of the
M individual error functions, {f1, · · · , fi, · · · , fM}, that
account for the discrepancy between the model’s predic-
tion and that of each of the target observables,

L(θ) =

M∑
i

wifi(θ), (1)

However, mapping the search of a physical model using
Eq. 1 assumes that (i) the values of the linear coefficients,
wi’s, are known, and (ii) there exists a single optimal
minimum that jointly describes all observables. Both are
extremely strong assumptions. Furthermore, the possi-
bility of having multiple local minima strongly depends
on how the values of wi are chosen.

Such difficulties can be circumvented by not assum-
ing a scalar function (a certain set of wi’s) to quantify
the accuracy of the model but instead by working with
a vector function whose elements are the individual er-
ror functions: F(θ) = [f1(θ), · · · , fM (θ)]. Here, we pro-
pose that deeper insights can be gained about the model-
space by learning the boundaries of F(θ) at different val-
ues of θ and by reformulating the problem in terms of a
multi-objective optimization scheme. Multi-objective op-
timization has been used to guide the experimental search
for materials with desired properties15–17 and to optimize
chemical reactions.18,19 This procedure was also used to
fit the potential energy surface for diatomic molecules
from their rotational and vibrational spectra.20

In this paper we apply multi-objective optimization to
examine, and improve, three proposed models of retinal
photoisomerization, the first step in vision. These models
have generally been considered for short time dynamics
arising from pulsed laser studies. However, as we have
previously shown21–23 the fact that nature operates with
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incoherent (solar) radiation implies that we should fo-
cus on properties in the stationary state, the approach
adopted below. In particular, we examine, using previ-
ously underutilized stationary state data, the extent to
which these models can provide a minimal representation
of retinal isomerization in the naturally-occurring steady-
state. The Pareto front results identify advantages and
disadvantages of each model.

The paper is organized as follows: Section II provides
an introduction t o the central tool used in this work, an
algorithm to construct the Pareto front. In Section III,
we apply the method to three different models for retinal
photoisomerization. Sections IV and V provide results
and the discussion, respectively.

II. MULTI-OBJECTIVE OPTIMIZATION

In this section we present a brief introduction to multi-
objective optimization and to the concept of the Pareto
front (PF).

A. Pareto Front

Multi-objective optimization considers the optimiza-
tion of multiple objective functions and is usually formu-
lated as seeking a minimum of the vector function;

θ∗ = arg minθ F(θ) = arg minθ [f1(θ), · · · , fM (θ)] .(2)

Since it is unknown if a single θ could jointly minimize all
fi’s, we must consider all different values where compo-
nents of F are minimal. To quantify the improvement of
F, we introduce the concept of Pareto dominant points,
θ`, defined as,

1. fi(θ`) ≤ fi(θ), for all fi’s in F.

2. fi(θ`) < fi(θ), for at least a single fi in F.

YP = {F(θ1), · · · ,F(θ`), · · · ,F(θn)} are the collection
of all the dominant points in the function space, referred
to as the PF, and XP = {θ1, · · · ,θ`, · · · ,θn} are the
corresponding points in the parameter space, where n is
the number of Pareto dominant points.

B. Example of Pareto Front

As a pedagogical example of the PF consider the linear
combination of the Fonseca-Fleming functions39,

LFF (x;λ) = λ1f1(x) + λ2f2(x), (3)

where f1(x) = 1 − e
−
∑2

i=1

(
xi− 1√

2

)2

and f2(x) = 1 −

e
−
∑2

i=1

(
xi+

1√
2

)2

. As is evident, the function LFF also
depends on the linear combination coefficients, λ =

FIG. 1. (a) The symbols represent the minimizer of
LFF (x,λ) =

∑2
i=1 λifi(x), as a function of λ1/λ2, and the

black-square symbols are the minimizers, x∗, for each indi-
vidual fi function. (b) and (c) Function LFF (x,λ), for the
sample (b) λ1 = 0.6 and λ2 = 0.5, and (c) λ1 = 0.5 and
λ2 = 0.8. The black symbols represent the optimization tra-
jectory with gradient descent started with a random x.

[λ1, λ2], influencing the location of the minimizer; x∗ =
arg minx L(x;λ). f1 and f2 have different minimizers: for
f1 at x∗1 =

[
1√
2
, 1√

2

]
, and for f2 at x∗2 =

[
− 1√

2
,− 1√

2

]
.

From Figure 1, we can observe that by varying the val-
ues of λ1 and λ2, the location of x∗ moves between x∗1
and x∗2, the minimizers of f1 and f2. Tuning the values λ
is not a trivial process, but we could study the optimiza-
tion of multiple functions by means of multi-objective op-
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timization, Eq. 2. For the Fonseca-Fleming functions ex-
ample, the Pareto dominant points connect both minima
of the f1 and f2 functions, as these points describe where,
in the function-space, f1 and f2 are minimal. Figure 2
depicts, in part (a), a set of points (blue) obtained by
evaluating [f1(x), f2(x)] at various points x. The Pareto
dominant points x′ generate a set of [f1(x′), f2(x′)] that
give the black markers in Figure 2(a), which form the PF.
In principle, since we seek minimization, the PF is the
relevant quantity (a). However, the other (blue) points
are shown to give an overview of the [f1(x), f2(x)] for
all x. The Pareto dominant points are shown as black
markers in Figure 2 (b).

The PF, for this example and those obtained
for photoisomerization models, were found using
the multi-objective Bayesian optimization (MOBOpt)
algorithm24,25, explained below.

FIG. 2. The black markers represent the PF for the Fonseca-
Fleming functions found with the MOBOpt algorithm. (a)
The blue markers are functional values of both f1 and f2
functions, and (b) the x value for each Pareto point.

C. Optimization Algorithm

The optimization algorithm relies on approaches de-
scribed in references25,27,29. We provide a brief overview
of this algorithm in this section.

For multi-objective optimization protocol, the function
F has multiple elements, F = [f1(θ), · · · , fM (θ)], each
individual one (fi) describes a different task. One of
the key advantages of machine-learning algorithms is the
ability to approximate any function based on few data
points. Here, we approximate each fi with an individual
Gaussian process (GP), as is commonly done in single-
objective BO;

fi ∼ GPi(µi,Σi), (4)

where µi is the mean and Σi is the covariance of the
model. Gaussian process prediction for a new point x∗ is
achieved by,

µi(x
∗) = k(x∗,X)> [K(Xi,Xi) + σn1]

−1
yi (5)

σi(x
∗) = k(x∗,x∗) [K(Xi,Xi) + σn1]

−1
k(x∗,Xi), (6)

where µi(x∗) and σi(x∗) are the mean and standard de-
viation of the posterior distribution for fi. Xi (and n×d
dimensional matrix) and yi (an n− component vector)
are the training points for the task i. σn represent the
noise for each training observations; all of our simula-
tions are noiseless, meaning σn = 0. Here K(·, ·) is the
covariance matrix, whose matrix elements are computed
using the kernel function, Kij = k(xi,xj). The entries
of k(x∗,X) are between x∗ and all the training data X.
For all calculations in this work we used the Matern 2/5
kernel,

kMat(xi,xj) =

[
1 +
√

5r(xi,xj) +
5

3
r2(xi,xj)

]
exp−

√
5r(xi,xj),

(7)

where r2(xi,xj) = (xi − xj)>M(xi − xj), and M is a
diagonal matrix that contains different length scale con-
stants, ` = {`i}di=1, for each dimension of x. Its di-
mension, d, is the number of parameters. The kernel
parameters for each GPi are different given that they are
constructed with different data points. The optimal ker-
nel parameters ({`∗i }di=1) were found by maximizing the
log-marginal likelihood,

`∗ = arg max
`

log p(y|X)

= arg max
`

[
−1

2
y>K(X,X)−1y − 1

2
log |K(X,X)| − n0

2
log 2π

]
,

(8)

where n0 is the number of training points for each indi-
vidual Gaussian processes. For more details about GPs
we refer the reader to Ref.27.

The second key component in BO is the acquisition
function that guides the samples through the optimiza-
tion towards the minimum of the scalar function under
study. For multi-objective BO optimization, the acquisi-
tion function must describe how the PF change by sam-
pling all the objective functions at different θ. At each it-
eration, we used the manifold of {GPi}Mi=1 to infer XP (t)
and YP (t), where t denotes the iteration number in the
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optimization procedure, using the non-dominated sorting
genetic algorithm II (NSGAII)28. At each iteration, the
goal is to sample a new point that would make XP (t)
and YP (t) a more accurate approximation of the Pareto
front. The proposed samples are suggested by,

xnext = arg max
`∈1,··· ,n

[
q

(
d`,f − µf

σf

)
+ (1− q)

(
d`,x − µx

σx

)]
,

(9)

where the first and second terms describe the distance
between YP (t) and {yi}Mi=1, and XP (t) and X; {yi}Mi=1

are the training data for all M objectives. At each it-
eration, the suggested point xnext is evaluated for all M
objectives, making the training data Xi the same for all
M objectives. d`,f and d`,x are the L-2 norm between the
point ` in YP (t) and XP (t) respectively, and all training
points at iteration t. µx and σx are the average and stan-
dard deviation for all d`,x. Eq. 9 ensures that we sample
points closer to the Pareto front to increase the accu-
racy of all M Gaussian processes close to the real Pareto
front. q is a hyperparameter associated with exploration-
exploitation; q ∈ [0, 1] . If q ≈ 1, we will sample more
points close to the approximate PF (exploitation), and
when q ≈ 0 the points are sampled from the parame-
ter space where the functions are minimal (exploration).
Lastly, at each iteration all {GPi}Mi=1 are retrained by in-
cluding in the training data xnext and {yi}Mi=1, the sug-
gested point evaluated for all fi’s (yi = fi(xnext)). In all
cases discussed below, we found that after 150 iterations
the PF did not change significantly.

For future references we denote this algorithm as the
multi-objective Bayesian optimization (MOBOpt) algo-
rithm. For more details consult Refs.25,29.

III. cis− trans ISOMERIZATION MODELS

Here we introduce the physical models used to simulate
(a) the emission spectra and (b) the maximum absorp-
tion frequencies for the cis and trans retinal conformers,
and (c) the energy storage, the energy difference between
these two conformers in rhodopsin. We then focus on
the extent to which these models can represent observed
data. The primary motivation of this study is to identify
important features of retinal in the steady state. We are
cognizant of the fact that retinal itself spans a 49 dimen-
sional potential surface, so we cannot anticipate quality
agreement of these models with experimental data. How-
ever, the extent to which optimized results do or do not
agree with experimental data points to required direc-
tions for improved modeling.

A. Single and two-mode models

The numerical simulation of minimal models has been
a fruitful way of studying 11-cis→all-trans photoisomer-
ization of retinal in rhodopsin in the last decades. Some

of the most well known models rely on a parametrized
form of the two lowest electronic energy states to de-
scribe the isomerization30–33. Three of them are consid-
ered here. The simplest model uses a rotational coordi-
nate φ and potentials

V SM0,0 =
1

2
W0(1− cosφ) (10)

V SM1,1 = E1 −
1

2
W1(1− cosφ), (11)

where V SMi,i are the diabatic potential energy surfaces
(PESs) for the ground (i = 0) and excited (i = 1) elec-
tronic states. The coupling between different electronic
states, Vi,j , is assumed to be constant, V0,1 = V1,0 = λ.
For this model, the free parameters to be optimized are
θSM = [E1,W0,W1, λ]. We refer to this model as the
single-mode (SM) model. By including an additional vi-
brational degree of freedom, x, each diabatic PES now
includes the terms30–33,

V TM0,0 = V SM0,0 +
ω

2
x2 (12)

V TM1,1 = V SM1,1 +
ω

2
x2 + κx. (13)

We refer to this model as the two-mode (TM) model,
and the coupling between the ground and excited state
is defined as V TM0,1 = V TM1,0 = λx. The free parameters
in this model are θTM = [E1,W0,W1, κ, λ]. For all the
calculations presented here, we fixed the value of ω to
0.19 eV, corresponding to literature fits to short time
dynamics.

We also consider a third model inspired by (but not
the same as) the two-state-three-mode model reported
in Ref.34, where

V Omod0,0 =
ω

2
x2 −W0 cosφ−W1 cos(2φ) (14)

V Omod1,1 = E1 +
ω

2
x2 + κx−W2 cosφ

+ W3(1− cos(2φ)) (15)
V Omod0,1 = V Omod1,0 = λ sin(2φ). (16)

Here V Omodi,i are the diabatic PESs for the ground and ex-
cited states, and V Omod0,1 is the coupling between the two
states. The free parameters of this model are θOmod =
[ω,W0,W1, E1, κ,W2,W3, λ].

The kinetic energy operators of these models are writ-
ten as T = − 1

2m
∂2

∂φ2 + ω
2
∂2

∂x2 , except for the SM model
where only the first term exists. Here, we take ~ = 1 and
the total Hamiltonian is Hs = V +T . The parameters of
all three models as reported in the literature are given in
Table I.

In the following sections we present the PF for these
three models with respect to different experimental mea-
surements. They are three emission spectra excited at
different wavelengths, the maximum absorption frequen-
cies for the cis and trans conformers, and energy storage.
The energy storage is defined as the energy difference be-
tween the lowest state in the trans-well (π2 ≤ φ <

3π
2 ) and
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that in the cis-well (−π2 ≤ φ < −π2 ). These two states
are also instrumental in defining the absorption spectra
of the cis- and trans-conformers, while the specific defini-
tions of the other five spectroscopic observables are given
in the next section.

The aim of this analysis is twofold; first to compare
the best sets of parameters for each model, and second
to determine the extent to which the models can agree
with experimental data. We emphasize, once again,
that our interest lies in the stationary state that models
natural excitation with sunlight21–23. All results were
computed with the MOBOpt algorithm described in
Section IIC. Significantly, once having optimized the
parameters in these models, any remaining deviation
from experiment implies the need for improved models
with additional functional forms. In the extreme case,
it may imply the need for a basic atomistic model of
retinal photoisomerization.

TABLE I. The literature value of the system parameters: SM
and TM models are from Refs.30–33, andOmodmodel is based
on Ref.34. All parameters are given in [eV].

SM TM Omod

E1 2.0 2.58 ω 0.19
W0 2.3 3.56 W0 0.65
W1 1.5 1.19 W1 0.73
λ 0.065 0.19 E1 1.68
ω – 0.19 W2 0.58
κ – 0.19 W3 -0.5

κ 0.19
λ 0.61

m−1 1.43×10−3 28.06×10−4 m−1 2.8×10−2

B. System-Bath Couplings and Spectral Lineshape

In order to compare to experimentally measured spec-
tra we take into account the interaction between the sys-
tems and their environment following the approach of
Stock et al.38 in writing the coupling between the system
and a collection of harmonic modes accounting for the
effects of the protein pocket and the vibrational degrees
of freedom of retinal not included in the system Hamil-
tonian:

Hs,b =
∑
b

Sb ·
∑
k

gb,k(b†b,k + bb,k) (17)

where Sb is a system operator, gb,k is the coupling
strength of the kth mode of bath b, and b† (b) is the cor-
responding creation (annihilation) operator of the bath
mode.

The forms of Sb and the spectral density Jb(ω′) =
π
2

∑
k g

2
b,kδ(ω

′−ω′b,k) depend on the model. We adopt the
convention of Stock et al.38 and take Sφ = (1−cosφ)|1〉〈1|
for all three system models and Sx = x|1〉〈1| for the TM
and Omod models, and Ohmic bath spectral densities

Jb(ω′) = ηbω
′ exp(−ω′/ω′b) with parameters given in Ta-

ble II.

TABLE II. The parameters for the system-bath coupling
terms adopted in the calculation.

SM TM Omod

ηx – 0.1 0.1
ηφ 0.15 0.15 0.15
ωx – ω ω

ωφ

√
W0
2m

√
W0
2m

√
W0+4W1

2m

The effect of system-bath coupling is treated within the
Markovian-Redfield framework, described elsewhere21.
Since we are primarily interested in spectroscopic ob-
servables at the stationary state, we further employ the
Bloch-secular approximation, decoupling the dynamics of
populations and coherences in the system energy eigen-
basis. The former can be expressed as the solution to
the master equation Ṗ = W × P , where Pi(t) is the
population of system energy eigenstate i and Wij is the
scattering rate from states j to i due to the system-bath
coupling. Under the secular approximation, the absorp-
tion spectrum is simply the superposition of all bright
states broadened by a Lorentzian lineshape:

Ax(ε) =
∑
i

fx,i ·
|Wii|

(ε− εi)2 +W 2
ii

(18)

where fx,i = |〈i|µ̂|x〉|2 is the oscillator’s strength from
state x (the ground state in the cis- or trans-wells) to
state i with energy εi = 〈i|Hs|i〉, and Wii = −

∑
jWij

is the diagonal term of the rate matrix ensuring the
conservation of population under the Bloch-secular
approximation. We note that while the decoupling
of population dynamics with that of the coherences
employed by the Bloch-secular approximation generally
introduces error in the transient regime, we are primarily
interested in the stationary state, where we expect it to
yield reliable results.

C. Spontaneous Emission Spectra

We also examine the fluorescence emission spectra aris-
ing from the radiative decay of the excited state. To
this end, in the master equation Ṗ = W × P we also
consider the rate kernel corresponding to a photon bath
with Jem(ω′) = 4π2ω′3/3ε0(2πc)3, the photon spectral
density from Planck’s law where ε0 is the vacuum permit-
tivity and c is the speed of light, coupled to the system22.
The spontaneous emission spectrum of a given reduced
system density matrix at frequency ω′ is obtained by
collecting temperature-independent terms in the corre-
sponding rate at ω′ ≈ −ω′kl. In other words, the inten-
sity of the emission spectrum at a certain frequency is
proportional to the magnitude of the generalized rates
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connecting states with that frequency difference. For
Bloch-secular approximated dynamics, the spectrum is
given by

E(ω′, t) ∝

∣∣∣∣∣∣
∑
ij

W em
ij Pj(t)δ(ω

′
ij + ω′)

∣∣∣∣∣∣ (19)

and the cumulative spectrum is,

E(ω′) =

∫ ∞
0

dt E(ω′, t). (20)

In practice the δ function is replaced by a window func-
tion with a width ∆ε on the order of the average nearest-
neighbor energy gap of the system. Here we use the rect-
angular function δ(ω′ij +ω′)→ Θ(ω′ij +ω′)Θ(−ω′ij−ω′−
∆ω′).

The three experimental emission spectra with which we
compare were obtained by exciting the rhodopsin sample
with a continuous wave laser at various frequencies35.
Such an excitation condition is mimicked in our simu-
lations by narrow band incoherent excitation coupling
to the photon bath. Here only the stimulated ab-
sorption and emission terms of the corresponding Red-
field rate kernel are included, and the spectral den-
sity is masked with a window function J

′em(ω′) =
Jem(ω′)D(ω′;ω′e, δω

′) centered at the excitation energy
ω′e and a finite width δω′. We take a Gaussian window
function with δω′ = 140 cm−1. The secular Redfield mas-
ter equation with this source term of a given excitation
energy is propagated from the ground state (P (0) = |1〉)
to the steady state and Eq. (20) is used to extract the
emission spectrum.

In addition, to account for the inhomogeneous broad-
ening effect and better compare to the experiments, we
further convolve Eqs. (18) and (20) with a Gaussian of
width 2000 cm−1.

IV. RESULTS

To gain insight into the relative merits of each of the
three retinal models, we obtain the PF, optimizing first
with respect to subsets of: the energy storage, three emis-
sion spectra excited at 472.7, 514.5, and 568.2 nm, and
the maximum absorption frequency for the cis and trans
conformers. The experimental values are reported in Ta-
ble III. For the emission spectra we used the experimen-
tal data from Ref.35.

For all simulations presented in the paper, we quantify
the accuracy of each model with respect to the emission
spectrum via the sum square error for each emission spec-
tra, f(Ei),

f(Ei) =
∑
νi

(
g(νi)− ĝ(νi)

)2
, (21)

where g(ν) is the calculated emission spectra at frequency
ν, and ĝ(·) are the corresponding experimental values of

the emission spectra from Ref.35. f(Ei) is dimensionless
given that g(νi) is normalized to the peak value. Ei
are the excitation frequencies [472.7, 514.5, 568.2] in
nm from Ref.35, that yield the three observed emission
spectra. Additionally, we included a penalty to the
contributions to the emission spectra for wavelengths
larger than 2 × 104 nm; ĝ(νi) = 0 for νi > 2 × 104 nm.
We quantified the accuracy of the models for the energy
storage, and the maximum absorption frequencies for
the cis and trans states using their absolute error. For
all three models, the MOBOpt algorithm learned the
PF as a function of ∆θi, a correction factor for each
parameter from Table I; θi = θ0i + ∆θi. For the TM
model we did not include the ω parameter in the search
procedure, and for all models the mass parameter in
the kinetic energy operator was held fixed. In Table
III we report the calculated values for all three models
when ∆θi = 0 (i.e., the models in the literature). The
corresponding emission spectra are displayed in Figure 3.
All are clearly in poor agreement with the experimental
data, one of the motivations for an effort to improve the
models.

For all calculations we set the number of Pareto points
to 100, and in the starting of the optimization we ran-
domly sample 50 different ∆θ. By iteratively sampling
new points with Eq. 9 we can update each objective
function and reconstruct the PF using the NSGAII
algorithm28. The maximum number of optimizations
for each example was set to 200 to ensure proper explo-
ration of the parameter space, for the majority of our
simulations the Pareto Front did not change significantly
after the 150th iteration . Additionally, one sanity check
was to verify that the proposed YP are positive, since
for this work all error functions are positive.

TABLE III. The calculated values of the energy storage, and
cis and trans states maximum absorption frequencies for all
three different models with parameters from Table I, as well
as the experimental values for energy storage36, and the max-
imum absorption frequencies for cis and trans37.

SM TM Omod Exp.
Energy Storage [eV] 0.496 1.26 1.3 1.39

max cis [nm] 623.61 490.37 497.34 504.85
max trans [nm] 654.21 530.30 611.35 538.86

A. Pareto Front for Emission and Energy Storage

In this section we present the PF, considering only the
experimental subset of the three emission spectra and the
energy storage. Figure 4 displays the YP computed with
the SM model, Figure 5 for the TM model, and Figure
6 for the Omod model. All . consist of three panels (a)-
(c) that correspond to two dimensional projections of the
full four dimensional space of F with a third dimension
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FIG. 3. Emission spectra predicted with the SM model (a),
TM model (b), and the Omodmodel (c) using the parameters
reported in Table I. The symbols represent the experimental
emission spectra excited at the three frequencies35, indicated
by the vertical dashed lines, and the solid curves are the pre-
dicted emission spectra.

represented by a color; F = [f(E1), f(E2), f(E3), |ES −
1.39|].

The PF for the SM model shows that the emission
spectra and the energy storage are not simultaneously
minimized. Two values of θ are identified, θαSM =

[1.58, 1.97, 0.55, 0.64] and θβSM = [2.02, 2.73, 0.56, 0.33]
corresponding to the lowest mean error for the three
emission spectra, and the lowest energy storage error and
mean emission spectra, respectively. θαSM shows an en-
ergy storage of 0.92 eV, and 1.42 eV for θβSM , compared
to the experimental value of 1.39 eV. Both are improved
compared to the value in Table III. Figure 7 shows the
emission spectra and the adiabatic potential energy sur-
faces for both SM models. Both set of spectra are in
poor agreement with experiment.

Figure 5 displays the PF for the TM model.
The visual impression of points gathering towards
the lower left corner implies that reasonably good
agreement with experiment is possible with this

model. The selected points in black, corresponding
to θαTM = [1.88, 3.87, 0.641, 0.074, 0.627] and θβTM =
[1.833, 4.477, 1.143,−0.0158, 0.351] give energy storage of
1.28 and 0.69 eV respectively. Whereas the emission spec-
tra for θβTM is in good agreement with experiment, as
shown in Figure 8 (b), its energy storage is half of the
experimental value. By contrast, θαTM gives very good
agreement with the experimental energy storage, but is
not in good agreement with the emission spectra (Figure
8 (a)).

Adiabatic potential energy surfaces for the three TM
models are shown in Figure 9. Clearly there are signifi-
cant differences in the structure of these surfaces and the
relative positioning of the conical intersection. Specifi-
cally, for the θβTM and the original model, the energies
of the ground electronic states remain mostly constant
for φ = π

2 . However, this feature disappears for the θαTM
model. Interestingly, θαTM and θβTM both have similar
mean error for the three emission spectra, but θβTM has
almost twice the error for the energy storage.

Potential energy surfaces for other models are not
shown since we conclude below that the TM model is
in best agreement with experimental data.

Figure 6 shows the PF for the Omod model. The
panel (b) is particularly interesting because the PF
avoided the lower left corner, indicating that simul-
taneous agreement of these properties to experiments
is not possible. For the Omod model, the parame-
ter set that best describes all emission spectra with
an accurate energy storage (1.36 eV), is given by θOmod =
[0.2709, 0.6802, 0.5314, 1.5213, 0.2066, 0.5498,−0.636, 0.6623],
as shown in Figure 10. While the energy storage is
in excellent agreement, the emission spectra are poor.
Lastly, from Figure 6 we can observe that there exist
points with more accurate emission spectra but all have
considerable energy storage error. The θOmod model was
the only point that has an acceptable energy storage
error.

The difficulty of interpreting the PF data motivated
us to simplify matters by computing the mean square
error for the emission spectra and the energy storage ab-
solute error with the PF for each model. From Figure 11
we can observe that the TM and Omod models have a
smaller error in the predicted emission spectra than the
SM model. This approach motivates the study in the
next section.

B. Pareto Front for mean Emission, Absorption and Energy
Storage

In the previous section we showed that the mean er-
ror for the emission spectra is a useful metric to learning
a set of viable parameters. Here, we use

∑3
i=1 f(Ei) as

one of the elements of F to quantify the accuracy of all
three emission spectra. Moreover, we expand the num-
ber of target observables to include the peak absorption
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FIG. 4. PF for the SM model computed with respect to the
three emission spectra and the energy storage. The energy
storage accuracy was quantified with the absolute error. The
black symbols indicate the selected two models θαSM and θβSM .
Each panel displays the PF points for different pairs of func-
tions, i.e., (a) f(E1) vs f(E2), (b) f(E2) vs f(E3), and (c)
f(E1) vs f(E3).

frequencies for the cis and trans conformers so that F =[∑3
i=1 f(Ei), |νcis − ν̂cis|, |νtrans − ν̂trans|, |ES − 1.39|

]
,

where ν̂’s are the frequencies reported in Table III, and
ES is the calculated energy storage. We follow the same
procedure and use the MOBOpt algorithm to look for
the PF for these four objectives.

The PF for the SM model was computed but was
found to be incapable of jointly describing these observ-
ables, not even individually. The lowest error value for
the cis and trans absorption frequencies is relatively
large. Given this result, and the poor results reported
in the previous section, the SM model is not regarded as
a “contender” for a usable description of the system.

FIG. 5. PF for the TM model computed with respect to the
three different emission spectra and the energy storage. The
black symbols indicate the selected two models θαTM and θβTM .
Note that the axes of the three panels are not on the same
scale. Each panel displays the PF points for different pairs of
functions, i.e., (a) f(E1) vs f(E2), (b) f(E2) vs f(E3), and
(c) f(E1) vs f(E3).

The global potential energy surface for retinal chro-
mophore is a 49 dimensional function, which would re-
quire a vast amount of data for an accurate fitting. As
noted earlier, this has been the main motivation to con-
struct a reduced representation that accurately describes
its cis → trans photoisomerization process. The main
difference between the SM model and the TM and Omod
is the extra vibration degree of freedom, typically inter-
preted as the bond length alternation coordinate in the
retinal chromophore. According to our results, it is the
key factor of why the SM lacks robustness to describe
the emission spectra.

The PF for the TM model, displayed in Fig-
ure 12, shows that this model is capable of
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FIG. 6. PF for the Omod model computed with respect to the
three different emission spectra and the energy storage. The
black symbol indicates the selected model θOmod. Note that
the axes of the three panels are not on the same scale. Each
panel displays the PF points for different pairs of functions,
i.e., (a) f(E1) vs f(E2), (b) f(E2) vs f(E3), and (c) f(E1) vs
f(E3).

better describing this set of physical observ-
ables. The best values were obtained with
θγTM = [2.385, 3.382, 0.8418, 0.1987,−0.00519]. The
predicted energy storage is 1.31 eV, and 516.6 and
515.7 nm are the max absorption frequencies for the
cis and trans conformers, respectively. This compares
to an experimental energy storage of 1.39 eV and max
absorption at 504 nm and 539 nm, respectively. Figure
13 (b) displays the predicted emission spectra with these
parameters, which are in far better agreement with
experiment than the original TM parameters.

The biggest and perhaps most consequential difference
introduced in the θγTM model is its λ parameter, the
nonadiabatic coupling, that is nearly vanishing. This

FIG. 7. (a) Adiabatic surfaces for the original SM model
θ0
SM and those of θαSM and θβSM . Dashed curves represent

the excited adiabatic state, and the solid curves the ground
adiabatic state. (b) Predicted emission spectra of θαSM model.
(c) Predicted emission spectra of θβSM model. In panels (b)
and (c) the symbols represent the experimental emission spec-
tra excited at the three frequencies35, indicated by the vertical
dashed lines, and the solid curves are the predicted emission
spectra.

leads to the similarity between the adiabatic surfaces
with their diabatic counterparts, as seen in Figure 14. In
contrast to a “peaked” conical intersection typically seen
in a TM model, the energy gap between the two adiabatic
surfaces opens up only slightly along the |x| > 0 direction
owing to the small λ value. Consequently, the gradient
of the adiabats is dominantly aligned in the φ direction,
especially in regions close to the Franck-Condon states
expected to be most emissive. In such a case one expects
a relaxation trajectory that retains more memory of its
initial starting point, leading to a stronger dependence
of emission spectrum on the excitation frequency as ob-
served in the experiment. We note that the situation in
the actual rhodopsin is much more complex and might
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FIG. 8. Emission spectra predicted with TM model with
various parameter sets. (a) θαTM , and (b) θβTM . The symbols
represent the experimental emission spectra excited at the
three frequencies35, indicated by the vertical dashed lines, and
the solid curves are the predicted emission spectra.

involve more degrees of freedom afforded by an effective
two-state two-model model.34 However, our analysis of
the θγTM model which produces good agreement with ex-
perimental emission spectra sheds light on the relevant
energy landscape.

Regarding the Omod model, our calculations, dis-
played in Figure 15, indicate that the TM model better
describes all experimental observables. For example, the
Pareto front point that best describes all the three emis-
sion spectra has an error twice as large as the θγTM model,
and also has a 0.5 eV error for the energy storage. These
results indicate that although the Omod model has more
free parameters that the TM model, it does not perform
better in describing the three emission spectra, maximum
absorption frequencies for the cis and trans states, and
the energy storage.

V. DISCUSSION

There are two aspects to the results in this paper,
the nature of the multi-objective optimization procedure,
and the application to the retinal models. In the first
category we note that the optimization of physical mod-
els to reproduce a set of target observables is a common
task where machine-learning algorithms have proven to
be useful. When multiple target observables are consid-
ered, the standard procedure is to linearly combine all
error functions. This can lead to models with a vari-
ety of accuracy for the target observables due to possible

FIG. 9. Adiabatic surfaces for the selected TM models. (a)
Parameters from Table I, (b) θαTM , and (c) θβTM .

FIG. 10. Emission spectra predicted with the Omod model
using the θOmod parameters given in the text. The symbols
represent the experimental emission spectra excited at the
three frequencies35, indicated by the vertical dashed lines, and
the solid curves are the predicted emission spectra.
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FIG. 11. PF for the average square error for the different
emission spectra and the absolute error of the energy storage
computed with the (a) SM model, (b) TM model, and (c)
Omod model. Note that the axes of the three panels are not
on the same scale.

existence of multiple local minima. This type of opti-
mization scheme will only succeed if there is a single set
of parameters jointly optimizing all the target functions,
which is a strong assumption. To overcome these ob-
stacles we used a multi-objective optimization protocol
where the goal is to learn the limits of each objective
through the Pareto front. The results illustrate that we
can learn more about the robustness of a physical model
by finding the Pareto front than would results from using
a single objective optimization scheme. Furthermore, the
MOBOpt algorithm used in this work relies on individual
Gaussian processes for each target observable reducing
number of evaluations that are required.

One of the key features of multi-objective optimization
is the possibility of recognizing a joint minimizer shared
across different objectives as displayed in the Pareto front
in . 4, 5, and 6. This is in contrast to the Pareto front
for the cis and trans conformers’ maximum absorption

FIG. 12. PF for the TM model computed with respect to the
sum of three different emission spectra errors, absolute differ-
ence for the maximum absorption frequency for the cis and
trans states, and the absolute error for the energy storage.
Note that the axes of the three panels are not in the same
scale. Each panel displays the PF points for different pairs of
functions, i.e., (a)

∑3
i=1 f(Ei) vs |νcis− ν̂cis|, (b)

∑3
i=1 f(Ei)

vs |νtrans − ν̂trans|, and (c) |νcis − ν̂cis| vs |νtrans − ν̂trans|.

frequencies which displays a wall shape40, e.g., Figure
12, which indicates that the two functions do not share
a minimizer in the parameter space. Furthermore, given
the flexibility of MOBOpt algorithm and the efficacy of
Gaussian processes, the present procedure is indepen-
dent of the simulation procedure for each observable, and
could be used for other problems besides quantum dy-
namics.

Retinal photoisomerization, as it occurs in nature, i.e.
in the steady state induced by incoherent (e.g., solar) ra-
diation, is a particularly important system to examine via
this algorithm. In particular, models exist for this sys-
tem that are parameterized to fit short time femtosecond
dynamical data. Optimizing the fits to steady state data
provides deep insight into the overall utility of such min-
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FIG. 13. Emission spectra predicted with TM model with
various parameter sets. (a) θγTM . (b) Parameters from Ta-
ble I, figure reproduced from Figure 3. The symbols repre-
sent the experimental emission spectra excited at the three
frequencies35, indicated by the vertical dashed lines, and the
solid curves are the predicted emission spectra.

imal models, their advantages and their deficiencies for
photoisomerization under natural conditions. To utilize
this algorithm, we considered the emission spectra ex-
cited at three different wavelengths, combined with the
maximum absorption frequencies for the cis and trans
conformers and the energy storage for the retinal chro-
mophore in rhodopsin, all evaluated in the steady state.
This set of observables were simulated with three differ-
ent models: single-mode, two-mode models, and a third
one based on Ref.34, accounting for the two lowest en-
ergy electronic states. We expose the character of the
Pareto front by considering different combinations of all
six observables. For example, we demonstrate that the
SM model is incapable of fitting the emission spectra
and the maximum absorption frequencies without com-
promising other observables. However, for the TM and
the Omod model the Pareto fronts show that more ac-
curate model exists without jeopardizing the accuracy of
the rest of the observables.

We found that the TM model with the θγTM parame-
ters E1 = 2.385, W0 = 3.382, W1 = 3.382, ω = 0.8418,
κ = 0.1987, and λ = −0.00519 is the model that best
describe all the different experimental observables con-

FIG. 14. (a) Adiabatic surfaces for θγTM .(b) Absolute differ-
ence between the adiabatic surfaces produced with θγTM and
parameters from Table I.

sidered in this study. Here the λ value is significantly
different from the literature value (Table I); E1 = 2.58,
W0 = 3.56, W1 = 1.19, ω = 0.19, κ = 0.19, and λ = 0.19,
Most significantly, the small magnitude of λ, the nona-
diabatic coupling, of the θγTM model is likely responsible
for the good agreement with the experimental emission
spectra. This is a trait that might also be applicable to
more complicated, higher dimensional models to be in-
vestigated in the future. Indeed the lack of quantitative
agreement with experimental data in all the models af-
ter parameterization motivates such studies, which are
ongoing in our laboratory.
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FIG. 15. PF for the Omod model computed with respect to
the sum of three different emission spectra errors, absolute
difference for the maximum absorption frequency for the cis
and trans states, and the absolute error for the energy stor-
age. Note that the axes of the three panels are not in the same
scale. Each panel displays the PF points for different pairs of
functions, i.e., (a)

∑3
i=1 f(Ei) vs |νcis− ν̂cis|, (b)

∑3
i=1 f(Ei)

vs |νtrans − ν̂trans|, and (c) |νcis − ν̂cis| vs |νtrans − ν̂trans|.
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