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We demonstrate that non-equilibrium steady states of the dissipative Rabi model show dramatic
spikes in transport rates over narrow parameter ranges. Similar results are found for the Holstein and
Dicke models. This is found to be due to avoided energy level crossings in the corresponding closed
systems, and correlates with spikes in the entanglement entropy of key eigenstates, a signature of
strong mixing and resonance among system degrees of freedom. Further, contrasting the Rabi model
with the Jaynes-Cummings model reveals this behavior as being related to quantum integrability.

I. INTRODUCTION operators. We find that even this basic model manifests

Transport in open quantum systems is a fundamen-
tal process applicable across a variety of areas including
chemical processes and quantum technologies, where the
quantity being transported could for example be energy,
charge, or information[l, 2]. When complicated many-
body quantum dynamics are subject to dissipative effects
(including measurement and environmental fluctuations)
as well as external driving, these act to interfere and de-
phase the wave-like motion, to supply energy for thermal
barrier crossing, and to dissipate energy along specific
dynamical pathways. The results are novel dynamical
phenomena not present in closed systems but possible in
nonequilibrium steady states (NESS) and in metastable
versions of NESS (long-lived trapped states).[3H].

Such NESS are significant and arise, for example, in
photophysical and photochemical processes sustained by
sunlight, an incoherent light source with turn-on/off time
scales much longer than typical relaxation times in mate-
rials and in molecules relevant to energy harvesting and
vision|[7H9]. In particular, our recent simulations of the
steady-state photoisomerization reaction quantum yield
of model rhodopsin (the first step in vision) show[L0, 1]
extremely sensitive dependence on the system parame-
ters while the transient dynamics remain nearly unaf-
fected. This is an unexpected and important result given
the ongoing enthusiasm for analyzing biological systems
using coherent pulsed laser spectroscopy and monitoring
the resulting transient dynamics. Short-time studies miss
this hypersensitivity of NESS to system parameters.

In this Letter we expose the roots of such extreme sen-
sitivity with a study of a variety of light-matter interac-
tion models and the corresponding many-body quantum
dissipative dynamics. We start with the open quantum
Rabi model, which is a two-level system (‘spin’) bilinearly
coupled to a simple harmonic oscillator (‘boson’), each
sub-system subject to a separate environmental interac-
tion. Working within the Lindblad equation formalism,
the dissipation is modeled using two different Lindblad

NESS with transport properties that are extremely sen-
sitive to parameter variation. Such behavior also obtains
for a number of generalizations including the few-level
spin Rabi model, the few-atom Dicke model, and the few-
site Holstein model under different system-environment
interaction scenarios. We demonstrate that in each of
these cases, a dramatically altered NESS transport in the
open system corresponds to Low-energy Avoided Cross-
ings (LAC) in the closed system spectrum. Also, the en-
tanglement entropy of key eigenstates spikes at precisely
the same parameter values. The entanglement entropy
in this case quantifies delocalization in physical space as
well as in Hilbert space. Transport rate sensitivity in the
open system is correlated with LAC arising from specific
resonances, typically in the presence of a relevant sym-
metry, across different subsystems. We show that this
parametric dependence of NESS is related to the integra-
bility of the system. The Jaynes-Cummings (JC) model,
which has greater symmetry than the Rabi model, and
is therefore more integrable, does not have this sensi-
tive parametric dependence. Although the main investi-
gation proceeded within the framework of the Lindblad
open quantum system formalism, which is valid under the
assumptions of a weakly interacting Markovian environ-
ment, the results were found also under relevant gener-
alizations in the nonsecular and multi-bath Redfield for-
malism framework as detailed in the Supplemental Ma-
terials (SM).[12].

The Lindblad master equation dynamics for the re-
duced — i.e. after tracing out environmental degrees of
freedom — density matrix p is
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where £ are the Liouvillian superoperators. The quan-



tum Rabi Hamiltonian is
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Hsys =
with o; the Pauli matrices and af, a the creation and
annihilation operators. The parameters A and w set en-
ergy scales for the spin and the boson degrees of freedom
(DOF), respectively, and A is the coupling strength be-
tween the two. We are interested in the steady state
density operator pgs for this system under generalized
measurement including environmental decoherence. This
dissipative coupling is induced by two Lindblad operators
Ly = rsa_ and Lb \/Tba, and introduces finite life-
times (75! and r;, ") for excitations of the two DOF. [I3]

We solve Eq. 1.) for the steady states pss satisfying
p(t) = 0. This is done by expressing the quantum Rabi
Hamiltonian in the number basis of the harmonic oscil-
lator and truncating at N, = 20 (Further increasing Ny
yields the same results). Transport rates are studied via
the steady state spin flux Jy = Try[Trp[Lepss|oz]/2.[14]
Figure l(a ) shows J; as a functlon of the two independent
parameters A=A /w and A= A/w, where each unique
pair {A, )\} corresponds to different NESS. The spin flux
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FIG. 1. (a) Steady state spin flux Js for the open quantum
Rabi model as a function of the model parameters A = A/w
and A = A/w. (b) Jsat A=0.2 and A = 1.

is seen to depend in very structured ways on system pa-
rameters: (a) There are narrow dips in the limit A — 0 at
odd integer values of A, except for A = 1 which shows a
broad dip, and this is most pronounced for A =3,5; (b)
as \ increases, dips appear at Ax 7,9,--- and all dips
shift to smaller values of A; (c) the dips ﬂatten with in-
creasing \; (d) secondary and tertiary dips with A>7, of
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FIG. 2. Low-lying energy levels of the Rabi model as func-
tions of A. Solid lines represent even parity and dashed lines,
odd parity. Diamonds mark the locations of energy av01ded
crossings. (a) A = 0.2. (b) A

lower intensity and narrower line shapes also exist. Two
different slices across this ﬁgure are plotted in Flg[b
showing Js as a function of A for A = 0.2, A = 1.

We have observed sharp parametric sensitivity of
transport rates in several other many-body open quan-
tum model systems including a generalization of the Rabi
model to a few-level system coupled to a harmonic oscil-
lator, the few-atom Dicke model, the few-site Holstein
models, and JC model as well as its few-level gener-
alizations, where we used a variety of open system se-
tups. These are summarized in S1 of SM. Notably, in the
JC model and its generalizations, in each case obtained
from a corresponding Rabi/Dicke model by dropping the
counter-rotating wave terms A(ao_ + aTU+), there is no
parametric sensitivity.

To unravel the mechanism behind these unusual trans-
port rate dips, and motivated by being in the weak-
coupling Lindblad regime for the open system dynam-
ics, we turn to the energy eigenvalues of the correspond-
ing closed many-body system. In Figl2] we show the
energy eigenvalues as functions of A for the same two
A € {0.2,1} slices. This spectrum changes in a compli-
cated fashion with A. Tt is easier to understand this if
we label the eigenvalues according to their parity (dashed
lines are positive parity and solid lines are negative par-
ity), which is their simultaneous eigenvalue of the parity
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is the nth excited state of the boson DOF, as usual. The
focus on parity is motivated by a critical difference be-
tween the JC and Rabi models which we discuss in more
detail below. For the Rabi model, we see directly the im-
portant role of parity: lines of different parities tracing
eigenvalues as functions of system parameters can cross
freely (are degenerate at crossings) while those of the
same parity avoid crossings (are prevented from degener-
acy); these avoided crossings are indicated by diamonds.

The parametric dips in transport rates in Fig[l] occur
at the low-lying avoided crossings in Figl The lowest
avoided crossings for A = 0.2 are at odd integer values
of A, as are the dips of Js(A). Further, the secondary
structure of Jy(A, \) is also related, since the secondary
dips for Jy(A, X = 1) in Fig. b) coincide with the sec-
ond lowest energy avoided crossings in Fig. b). Lastly,
the prominence of the dips correlates with the size and
sharpness of the avoided crossings, as defined by either
dip width (e.g. comparing the widths of the three dips at
A~1,35fr A= 0.2) or dip magnitude (e.g. comparing
the main and the secondary dips for A= 1). Thus, the
parametric spikes are seen to arise due to resonant cou-
pling between the two DOF comprising the same parity
eigenstates of the closed system, which are then exploited
by the open system dynamics. Only the lowest-lying
avoided crossings contribute, which is consistent with our
understanding that for a zero-temperature environment,
only the low-lying part of the spectrum matters. No-
tably, as shown in Fig. a) which specific pair of states
are the low-lying avoided crossing is dependent on A.

To further probe the quantitative connection between
many body open system transport and closed system
properties we adopt physical measures, such as entan-
glement entropy, that signal delocalization, and hence
resonance interaction between closed system eigenstates.
In Fig. [2] a red line guides the reader to identify the LAC
states of interest, and diamond symbols are used to high-
light avoided crossings.

Consider then the entanglement entropy of the LAC
eigenstates of the Rabi model as a function of A. The en-
tanglement entropy measures the mixing in a given state
among various DOF of the system. For a pure state |k)
in the Hilbert space of the quantum Rabi model it is
natural to define the entanglement entropy through

Sy = —Try[pr,s log pr,s] = —Trs[pxplog prp]  (3)

where p s = Trplk)(k| and pgp = Trglk)(k|. By con-
struction, a product state has zero entanglement entropy
whereas finite entropy indicates mixing, with its magni-
tude indicating the strength of the resonant interaction
between the spin and the boson DOF. Fig[3|shows S}, for
the red LAC state in Fig. [I} compared to the NESS spin
flux J5(A). We find excellent agreement between the
dip locations for the two. Figure b) highlights both
these primary dip states as well as the sequence of states
tracking the second lowest energy avoided crossings (all
of negative parity), indicated by the blue line, associated
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FIG. 3. The entanglement entropy of a sequence of energy
eigenstates as functions of A. The corresponding steady state

spin flux Js(A) is also shown (black dashed lines). (a) A =
0.2, the states_correspond to those indicated in red dots in
Fig. a). (b) A =1, the red and blue lines correspond to the
states marked in red and blue respectively in Figb).

with the secondary dips shown in Fig. For A = 1 in
particular the primary dips coincide with the spikes in
entanglement entropy of the lowest LAC state (red in
Fig[2(b)) while the secondary dips coincide with that of
the second LAC state (blue).

Thus, the delocalization of LAC many-body states cor-
relates with observed transport sensitivity in the open
system. While this single S, measure of the LAC states
provides information about the transport ‘resonance’, it
is not trivial to generalize, especially as the number of
DOF increase. Specifically, the focus on low-energy reso-
nances arose from our model choice with Lindbladian dis-
sipators. Changing the open-system dynamics alters the
weighted average over all the avoided crossings that these
early results indicate and could be considerably more
complex.[I5] In systems with greater number of DOFs,
for example, a subset of system DOFs might come into
resonance (resulting in one or multiple avoided crossings)
that are immaterial to the transport in other subspaces
of the Hilbert space, particularly given the critical role
of the chosen Lindblads. Here, an appropriate biparti-
tion for the entanglement entropy could be designed to
match with the transport in question: For example if
transport takes place primarily within a single DOF, e.g.
the reaction coordinate of a chemical reaction where the
transport occurs between the reactant and the product
domains such as a double-well potential, a coarse-grained



measure can be taken within the said DOF[I6] to as-
sess the degree of wavefunction delocalization across the
reactant-product barrier. Studies on these issues are in
progress.

Our previous work on the parametric sensitivity in a
model photochemical reaction found parametric sensi-
tivity in the presence of Wignerian nearest-neighbor en-
ergy level spacing distribution, an established measure of
quantum chaos in closed systems.[I0] At the same time,
a normal-to-superradiant quantum phase transition has
been demonstrated to occur in the quantum Rabi model
in the A — oo limit at the critical coupling strength
A\ = VAw/2.[17] This transition has been recently asso-
ciated with the onset of quantum chaos as measured by
out-of-time-order correlation functions.[I8] In the present
work, the Rabi model is well within the normal phase,
and we conclude that a quantum chaotic closed system —
in either sense above — is not necessary for parametric hy-
persensitivity in open system transport rates. We then
consider the role of integrability and conserved quanti-
ties (including parity).[I9, 20] The Rabi model, whose
Hamiltonian commutes with the Parity operator, is solv-
able with its eigenvalues obtained as zeros of a pair of
transcendental functions.[20] Its rotating-wave approx-
imated version, the JC model, has more operators that
commute with the Hamiltonian, which has been exploited
to yield closed form expressions for eigenvalues.|21] Since
the open version of the quantum Rabi model shows para-
metric hypersensitivity while that of the JC model does
not, we examine the role of integrability via a system
with tunable counter-rotating terms

A
Hgys(s) = 50 +wa'a+ No_a' + so_a+H.c.) (4)

where 04 = 0, +i0, and 0 < s < 1[19], yielding the JC
model at s = 0 and the Rabi model at s = 1. It should be
noted that for the JC model all the avoided crossings be-
come level crossings except for those at A = 1, represent-
ing the level repulsion between the so-called JC doublets.
In Fig (a) we show Jy(A) as in Figb)7 with s linearly
scaling from 0 (blue) to 1 (red). No A-dependence is ob-
served for the JC model, and the parametric sensitivity
for s # 0 grows as s increases. The rotating wave ap-
proximation holds best at A ~ 1. Indeed, we find least
difference between the NESS solutions to the two models
in this regime.

This preliminary study therefore indicates that many-
body open system transport is affected by the integrabil-
ity of the system through its effect on avoided crossings.
In Fig(b) we map Sy for the the relevant LAC energy
eigenstates defined as before[22] and again see correlation
between entanglement entropy and transport. However,
for the JC model, there is a broadened A = 1 peak for the
entanglement entropy while there is no dependence on A
for the open system population dynamics. Thus, avoided
crossings are not a sufficient condition for open system
rate sensitivity. However, we conjecture that it is a nec-
essary condition, i.e. that all parametric spikes in open
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FIG. 4. (a) A-dependence of Js for various values of s in
Eq. . A is set to 0.04. Red is the Rabi model (s = 1)
and blue the JC model (s = 0), with intermediate colors in
increments of 0.2. (b) Entanglement entropy of the sequence
of energy eigenstates defined similar to those highlighted in
Figa). Successive s values are shifted vertically by unity
for clarity. The insets zoom in on the vicinity of A = 3.

system transport are correlated with an avoided crossing
in the closed system arising from a resonance among its
DOF. This has held true across all of our investigations.

In conclusion: We have examined the parametric sen-
sitivity of NESS transport rates in the quantum Rabi
model, a prototypical model for light-matter interaction,
and linked its appearance to the avoided crossings of en-
ergy eigenvalues of the corresponding closed system aris-
ing from resonances between the DOF within the system.
For the zero-temperature dissipative environment stud-
ied, the dips in the transport rates can be individually
mapped to specific LAC. Several other few-body quan-
tum systems, as well as several variations of dissipative
environments show similar behavior. Further, the en-
tanglement entropy of selected eigenstates of the closed
many-body Hamiltonian is useful in predicting paramet-
ric enhancement in the open system. We work deep in
the so-called ‘normal regime’ of the many body quantum
phase transition regime of the Rabi model so that in this
case it is clear that quantum chaos is not intimately re-
lated to parametric hypersensitivity. Finally, our study
of Hamiltonians that interpolate between the JC model
and the Rabi model that have different degrees of quan-
tum integrability indicates that some form of quantum
integrability is key in determining this parametric de-



pendence in open quantum system.
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