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We present an efficient theoretical method for calculating the time evolution of the density matrix
of a multilevel quantum system weakly interacting with incoherent light. The method combines the
Bloch-Redfield theory with a partial secular approximation for one-photon coherences, resulting in
a master equation that explicitly exposes the reliance on transition rates and the angles between
transition dipole moments in the energy basis. The partial secular Bloch-Redfield master equation
allows an unambiguous distinction between the regimes of quantum coherent vs. incoherent energy
transfer under incoherent light illumination. The fully incoherent regime is characterized by orthog-
onal transition dipole moments in the energy basis, leading to a dynamical evolution governed by a
coherence-free Pauli-type master equation. The coherent regime requires non-orthogonal transition
dipole moments in the energy basis and leads to the generation of noise-induced quantum coherences
and population-to-coherence couplings. As a first application, we consider the dynamics of excited
state coherences arising under incoherent light excitation from a single ground state and observe
population-to-coherence transfer and the formation of non-equilibrium quasisteady states in the
regime of small excited state splitting. Analytical expressions derived earlier for the V-type system
[T. V. Tscherbul and P. Brumer, Phys. Rev. Lett. 113, 113601 (2014)] are found to provide a nearly
quantitative description of multilevel excited-state populations and coherences in both the small- and
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large-molecule limits. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4908130]

I. INTRODUCTION

A great deal of what is known about the dynamics of photo-
synthetic energy transfer in higher plants and marine algae
is based on the information obtained from ultrafast spectro-
scopic experiments on light-harvesting complexes (LHCs).'
These experiments use femtosecond laser pulses to generate
molecular excitations, which then migrate within the complex
network of chromophores composing the LHCs and transfer
their excitation energy to the reaction center where charge
separation and subsequent steps of photosynthesis occur.!
Recent experimental observations of long-lasting wavelike en-
ergy transfer in LHCs>™ has triggered a wave of experimental
and theoretical research into the possible role of quantum
coherences in photosynthesis.®’

In contrast to femtosecond laser light used in the labo-
ratory, natural photosynthesis uses incoherent light to excite
the system. Incoherent light lacks the temporal and spatial
coherence of a femtosecond laser pulse and is incident on the
LHCs on a much longer timescale. As a result, the nature
of molecular states prepared by incoherent excitation can be
very different from those prepared by femtosecond laser exci-
tation."!! In particular, it has been shown theoretically that
incoherent light illumination produces incoherent mixtures of
individual molecular eigenstates rather than their coherent
superpositions.
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Notwithstanding the conclusions of Refs. 8—11, an entirely
different kind of quantum coherence among the excited states
is known to arise'?>"'® and persist for a long time'® under inco-
herent light illumination. These coherences are due to the Fano
interference between different incoherent light-induced transi-
tion pathways'>!82021 and have much in common with previ-
ously explored quantum optical phenomena such as vacuum-
induced coherence, lasing without inversion, electromagneti-
cally induced transparency, and quantum control.'®!%?> This
kind of noise-induced coherence has recently attracted much
interest in view of its potential to enhance the efficiency
of quantum heat engines, both natural and artificially de-
signed. 13:14.16

Despite their obvious relevance to photosynthetic light
harvesting and photovoltaics, conditions for the generation
and preservation of the noise-induced coherences in multilevel
quantum systems remain unexplored. To our knowledge, there
have been no theoretical studies of these coherences in sys-
tems with more than a few excited levels. Even for the model
three- and four-level systems, previous theoretical work has
been largely limited to the steady-state analysis, which invoked
drastic approximations, such as the degeneracy of the excited
levels.!*!> A notable exception is the work of Hegerfeldt and
Plenio,'” which however focused on the properties of light
emitted by the three-level system, rather than the system itself.
We have recently shown'® that incoherent light can induce
long-lived excited state coherences in a model V-type system
provided that the excited state level splitting is smaller than

©2015 AIP Publishing LLC
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their radiative linewidths, and the dipole moments for the radi-
ative transitions are not orthogonal. However, real molecular
systems are comprised of hundreds and thousands of excited
vibronic levels, making it necessary to accurately simulate
the dynamics of multilevel quantum systems excited by weak
incoherent radiation.

The Bloch-Redfield (BR) master equation formalism??
provides a general framework for such simulations. These
equations describe both the incoherent pumping and sponta-
neous decay of quantum systems with arbitrary level structure.
The only approximation involved is the Born-Markov approx-
imation, requiring that the coupling to radiation is weak, and
that the memory time of the radiation is infinitely short. As is
well known,?* this approximation is well justified for atomic
and molecular systems pumped by weak incoherent radiation.
Recent theoretical work® explored the performance of BR
equations against more sophisticated (and realistic) theoret-
ical methods based on the hierarchy equations of motion®®
and found that BR theory provides an accurate description of
weak-field incoherent excitation of a chromophoric dimer in
all parameter ranges.>> When properly applied, the BR theory
can be a powerful theoretical tool for simulating excited state
dynamics in molecular aggregates coupled to a surrounding
protein environment.?’

The BR equations have been applied to study the dynamics
of incoherent excitation of few-level atomic systems in quan-
tum optics.'>'>13 In these studies, the equations are typically
derived “from scratch” in operator form, which is advanta-
geous for exploring the mathematical properties and phys-
ical meaning of the various terms in the master equation.'>?8
Here, we take an alternative approach, starting from the BR
equations in the energy basis,>> and apply a partial secular
approximation that allows us to simplify the equations. The
resultant partial secular BR equations have a clear physical
meaning and are parameterized by experimentally observable
quantities such as the spontaneous decay and incoherent pump-
ing rates, and show that the alignment parameters between
different transition dipole moments play a significant role.
They allow for a clear and unambiguous distinction between
quantum coherent vs. incoherent energy transfer under inco-
herent light illumination. Specifically, the incoherent regime is
characterized by orthogonal transition dipole moments in the
energy basis. In this regime, the time evolution of the system’s
reduced density matrix is shown below to be governed by
the standard Pauli-type rate equations, and a fully incoherent
mixture of energy eigenstates is immediately formed, whose
character (e.g., localization properties) determines the photo-
reaction efficiency or quantum yield.?’ In the opposite regime
of non-orthogonal transition dipoles, we observe nontrivial
dynamical effects due to the Fano interference,'” prior to long
time relaxation to energy eigenstates.

The paper is organized as follows. Section II presents the
derivation of the BR equations and applies the partial secular
approximation to arrive at the partial secular BR equations.
The equations are then specialized to the case of a single-
ground state and multiple excited-state systems in Sec. III B.
Numerical results for the population and coherence dynamics
in model 3-, 6-, and 11-level systems are presented and dis-
cussed in Sec. III. The paper concludes with a brief summary
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of main results and a range of open questions to be addressed
(Sec. 1IV).

Il. THEORY

A. Bloch-Redfield equations for incoherent excitation
of multilevel systems: General theory

In this section, we derive the Bloch-Redfield equations
of motion for incoherent excitation of a multilevel quantum
system comprised of two manifolds separated by an energy gap
hwy, as shown in Fig. 1. The combined system plus radiation
field Hamiltonian is

H=Hg+ Hg + Vsp, (D

where Hgli) = 3, €;i)(i] is the system Hamiltonian with the
eigenvalues €; and eigenstates [i). Hp = S wk&:{)ﬁkk is the
Hamiltonian of the bath, representing a collection of non-
interacting field modes with wavevectors k and polarizations
A = 1,2, created and destroyed by the operators ﬁ;\ and dx, (in
the following, we set 7i = 1). Incoherent thermal radiation is
characterized by the canonical density operator pg = e 1B/
Trge PHB where B = 1/kgTs is the inverse temperature of the
radiation source (for the Sun, 1/8 = 0.5 eV at T = 5800 K),
and Trp denotes trace over the bath degrees of freedom.

In the dipole approximation, the system-bath coupling in
Eq. (1) takes the form?*28

N R e ' A
Vsp = — fi Z (2 ) €0(d. — 4y,), 2
o E()V

where /i is the transition dipole moment operator of the molec-
ular system, and éltx creates a photon with wavevector k, polar-
ization €y, and frequency v. Expanding the transition dipole
moment operator in system eigenstates |i) with energies €; and
transforming Eq. (2) to the interaction picture, we find

Vsp(t) = = > > g e iy jlaw, + Hee.,  (3)
ij K\
. . . . i.j)
where the hg.ht—matter coupling .coefﬁments are given by g,
= ;i - € with p;; = (i|fi|j) being the matrix elements of the

transition dipole moment operator in the energy basis.”® The

(a) (b)
e v}e’

}g
Fano coherence

no Fano coherence

FIG. 1. Incoherent excitation of a multilevel quantum system with parallel (a)
and orthogonal (b) transition dipole moments. Double-sided arrows represent
incoherent pumping and stimulated emission transitions; one-sided arrows
indicate the orientation of transition dipole moments, and downward arrows
represent spontaneous emission. Shaded areas represent the coherences gen-
erated by incoherent pumping among the excited eigenstates.
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first term on the right-hand side of Eq. (3) corresponds to
an absorption transition between states |i) and |j) whereby
a photon is destroyed by the operator dy;. Spontaneous and
stimulated emission transitions are contained by the Hermitian
conjugate (H.c.) term in Eq. (3).

Substituting Eq. (2) into the Liouville-von Neumann equa-
tion for the total (system-plus-bath) density matrix, tracing
over the bath degrees of freedom to obtain the reduced density
matrix of the system, and invoking the Born-Markov approxi-
mation®*?8 give the integro-differential equation?®-3°

(1) = = iTrp[V (1), p(to) ® p(to)]

t
~Tin [ 0.0 00 ® pateolldr, &)
to

where the system-plus-bath density matrix is assumed to be a
tensor product p(t') ® pp at all times, and the density matrix
of the bath pp corresponds to a canonical distribution (see
above). Since Eq. (2) is time independent, it, in conjunction
with Eq. (4), implies sudden turn-on of the incoherent radiation
att = to. The weak-coupling condition necessary for the Born-
Markov approximation to hold is** y < wg, where wy is the
energy gap between the ground and excited-state manifolds
(see Fig. 1) and y is the spontaneous decay rate of excited-state
levels. For a typical atom or molecule excited by incoherent
light, ¥ ~ 1 GHz and wy ~ 10° GHz, so the weak-coupling
conditions are satisfied** and BR equations provide an essen-
tially exact description of quantum dynamics.

To derive a master equation for the reduced density matrix
of the system, we follow the standard procedure’*?%3 and
substitute Eq. (3) into Eq. (4). The second term on the right-hand
side of Eq. (4) gives a sum of products of interaction-picture
system-bath coupling operators at two times (Vsg(t)Vsp(t')) and
the system density matrix at time 7. A typical term in the sum
has the form

DU sl g Nawap ikl ()
ij kl K\

where (. ..) = Trg(. .. pp) denotes the canonical average. Note
that the system-radiation field coupling enters all the terms in
the master equation via a common prefactor

Z Zgl(jij)gl(!;’l): Z Z(ﬂij'ka)(ﬂkz'ka). (6)

ik, kA ik, kA
The exact form of this coupling depends on the nature of
the incoherent radiation field. Here, we are interested in the
excitation of atomic and molecular systems with isotropic and
unpolarized blackbody radiation, in which case the sum over
k and A in Eq. (6) can be evaluated to yield**?

Z(ﬂij €)Mkl - €10) = Hij - Mk @)
K

Combining Eqgs. (4)—(7) leads to a set of Bloch-Redfield
equations in the interaction picture

pfj(t) = Z Ry jrie @ik ol (1), (8)
il

where R;;i; are the elements of the relaxation tensor, and w;;
= €; — €; is the energy gap between eigenstates |i) and |j). An
equivalent form of the BR equations for the reduced density
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matrix in the Schrédinger picture p;;(r) may be obtained by
setting p; (1) = e7ii" p!(¢) into Eq. (8)**%

pij(t) = —iw;;pi;(t) + Z Rijkipri(t). 9
ol

The elements of the relaxation tensor in the eigenstate basis are
given by??

Rijkr = =61 Z Lkt T+ Tjig = i Z Ly (10)
r r

where the summations extend over all system eigenstates. The
four-index correlation tensors I';: , describe the coupling be-
tween the multilevel system and the isotropic and unpolarized
blackbody radiation.?® In general, the tensor elements Flf’j AT
complex; the imaginary part of I" li] x; contributes to the coherent
evolution of the system (the first term on the right-hand side
of Eq. (9)). Here, we neglect the Lamb shift contribution,
expected to be negligible for weak system-radiation couplings.
The real part of I“;’j «; can be evaluated from Egs. (4)—(7)

following the standard procedure®>”® and is given by!’
1 472 B

i = WT(IIU ) W3 iwrg) (Wi > 0)
1 472

(i) - pro)wiy [1+ i(we)]  (wig < 0),
(1

eoi(2nc)® 3

where 7i(w) = [1 — e“/*BT]7! is the thermal occupation num-
ber at frequency w and temperature T, and p;; = (i|f1]j) are the
matrix elements of the transition dipole moment in the energy
basis. The other matrix elements in Eq. (10) can be obtained
from Eq. (11) via the identity I';, ., = (l"l.*jk ). An important
feature of Eq. (11) is the presence of the scalar product of two
transition dipole matrix elements (u;; - pr;). This scalar prod-
uct does not depend on the polarization vector € as expected
from Eq. (7), reflecting the fact that the incoherent radiation is
isotropic and unpolarized.

It is instructive to define the alignment parameter between
the transition dipole moment vectors

Hij - Hkl
MijHki

Pij.kl = €080;j 1 = (12)

which can take on values from 1 (parallel transition dipoles)
to —1 (antiparallel transition dipoles). As shown below, this
parameter “switches on” the couplings between the popula-
tions and coherences and thus plays a fundamental role in the
dynamics of noise-induced quantum coherences induced by
incoherent light illumination of multilevel molecular systems.

Using Eq. (12) along with the standard definitions of spon-
taneous emission and incoherent pumping rates for the i — j
transition

rij = viji(wij),

1 4n* 5 (13)
= —————— . W
Yii eoh(2nc)® 3 Hij @iy
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Equation (11) can be recast in a more physically transparent
form

1
+ e p— .. .
Fijkl = 2Pz.1.kl\/rurkl

1
SPij.ki [Vrire + VYiye)  (wi < 0).

(wrr > 0),
(14)
Fi+jkl =

This expression shows that the spectral correlation tensor
element Flf’j «; can be expressed via sums of products of spon-
taneous decay and incoherent pumping rates. The expressions
for wy; < 0 contain terms proportional to +/y;;/¥xi» which
represent the effects of spontaneous emission. As demon-
strated below, the terms with p;; z; # 0 lead to quantum inter-
ference between incoherent pumping and decay pathways i
— j and k — ['®?% and play a crucial role in the generation
of noise-induced coherences.

At this point, we restrict attention to a system spectrum
consisting of two sets of eigenstates separated by an energy
gap wy that is large compared to the splitting between the states
within each manifold (see Fig. 1). This motivates splitting the
summation in Eq. (9) into four terms

T _ B i(wij—wg, gt NI
pl](t)_ Z legkgle Y k81 pgkgl(t)
8k-81
i(wij—w t 1
+ Z Rffgkeze( i Csker) pgkel(t)
8k-€l
(wij—we, o)t I
+ 2 Rijeg 0w pl, (1)
K81

+ 3 Rijepe@ @il ). (15)

€l.eq

where g; and e, enumerate the states in the ground and excited-
state manifolds (from now on Latin letters are used to index the
states that belong to both manifolds).

To derive an equation of motion for excited state coher-
ences pe,e (1), we substitute i — ¢; and j — e; on the left-hand
side of Eq. (9) and observe that wg, ., ~ wp > Wee;- Hence,
the second and third terms on the right-hand side of Eq. (9)
oscillate via the complex exponential factor o', at close to
the optical frequency wq ~ 10'> Hz. As a result, we can apply
the secular approximation to the optical transitions between the
states of different manifolds. Transforming Eq. (9) back to the
Schrodinger picture and using Eq. (10) give

pe,-ej(t) =- iweiejpeiej(t) + Z [F;lejeigk + F;le_ieigk]

8k-81
X Perat®) = D Peres D D Thig o1
9 8r
= > Perer® D Tirgreres (16)
€] 8r

Here, we made use of the fact that (e;|I]e;) = (g;lfilg;) = O for
any i, j, so according to Eq. (11) or (14), the tensor elements
I /¢, vanish identically. A similar equation of motion may
be obtained for the ground-state manifold by replacing, in
Eq. (16), every index e; by g; and vice versa.

To simplify Eq. (16), we express the tensor matrix ele-
ments l";'j «; in terms of incoherent pumping and spontaneous

emission rates using Eq. (14). The resulting equations of
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motion take the form
peie]'(t) == i"-)eiej'peiej'(t)

* Z PeregeisiyTerei s1e;Psrar()

8k>81
1
- 5 Z peke_i(t) Zpeigr,ekgr
€k 8r

X (\/’yeigr’yekgr + \/reigrrekgr)

1
- E Z pe,—ek(t) Zpekgrvejgr
€k 8r

X (ersVeyor + \FenarTeer) - (A7)

These equations describe the generation and destruction of
quantum coherences under incoherent light excitation of a
multilevel quantum system and form the central result of this
work.

Consider the physical significance of the various terms on
the right-hand side. The term weje; peiej(t) describes the uni-
tary evolution of the quantum system under the Hamiltonian
Hj in the absence of dissipation and decoherence. The sec-
ond term describes the generation of coherences due to inco-
herent pumping from the ground-state manifold. The coher-
ences arise as a result of the interaction of excited states with
the same field mode, a phenomenon predicted to occur in a V-
type system.'%~!8 Below, we show that Eq. (17) reduces to the
equations of motion previously derived for three-level A and
V-type systems.'®!” The advantage of Eq. (17) is its generality;
it applies to a multilevel system with an arbitrary number of
ground and excited-state levels.

The last two terms in Eq. (17) describe the decay of the
coherences via spontaneous and stimulated emission; spon-
taneous decay via the terms proportional to \/Ye ¢, Verg, and
stimulated emission by the terms proportional to \/F¢ ¢, Te g,
Both of these terms are important for isolated atoms and mole-
cules, where they give rise to, e.g., vacuum-induced coherence
in spontaneous emission,”’ which has recently been observed
experimentally in quantum dots.?' For a molecule in the pres-
ence of an external environment, these vacuum effects are,
as we have shown,'® of limited relevance since isolated reso-
nances are subject to rapid environmental relaxation, transferr-
ing populations away from the excited eigenstates and limiting
coherence lifetimes. The effects of environmentally induced
relaxation and decoherence can be included in Eq. (17) by
adding system-specific terms that describe the coupling to a
phonon bath."”

The alignment parameters in Eq. (17) form a square tran-
sition dipole alignment matrix with elements p; ;. FOr pe. ¢, ¢, ¢
= Oe;,e;» the time evolution of the populations is decoupled
from that of the coherences, leading to Pauli-type rate equa-
tions for the populations and the exponential decay of the
coherences. 32428 A diagonal p;; results whenever the transi-
tion dipole moments for the transitions g, — e¢; and g, — ey
are orthogonal. In the case of incoherent excitation from the
ground state pg,(0) = 1 (where all other elements of the density
matrix are zero), it follows from Eqs. (17) that there are no
coherences generated by incoherent excitation if the transition
dipole moments are all orthogonal to one another, that is, p;;
= 6i Jje
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B. Application to V- and A-type systems

Here, we specialize partial secular BR equations of motion
(17) to the case of incoherent excitation to a manifold of states
from a single ground level. This model provides a reasonable
starting point for the description of incoherent excitation of
internally cold atoms, molecules, or quantum dots," in which
thermal excitations from the absolute ground state can be ne-
glected.

For the ground-state manifold consisting of a single state
lg), Egs. (17) to yield

Pij(t) = = iw;jpij(t) + pijpeg(ONTiT}
1
-5 Z prjOpix (Vv + VTire)
2%

1
~5 Z pikOpjx NYVe + ), (18)
3

wherei = e;, j = e;,v¢i = Vi, andpgei,gej = p;;. Note that trace
conservation implies pg, = 1 — >34 prk, so Eq. (18) can be
formulated entirely in terms of the excited eigenstates. In addi-
tion, Eq. (18) establishes that the time propagation of any given
density matrix element p;; is determined by the matrix ele-
ments g ; in the same row (or column) of the excited-state den-
sity matrix. The other columns are decoupled, a feature which
may be used to design more efficient algorithms for the numer-
ical solution of the equations of motion. Even without taking
advantage of this property, numerical solution of Eq. (18) is
more straightforward and computationally efficient than direct
integration of BR equations (9). This is because only two
matrix-matrix products are required on each time step for
Eq. (18), as compared to more than ten matrix operations in
the original O(N?) algorithm of, e.g., Pollard and Friesner.??3

Note that in the case where excitation occurs only to a pair
of excited eigenstates |1) and |2), the equations of motion for
the coherence reduce to

. 1
pra(t) = — 5 (r1 + 12+ y1 +y2) + p\rirpg

1 .
- EP(V riry + \y1y2)(pi + p22) — iwapia, (19)

where p = pi». This is the equation of motion for the V-type
system pumped by incoherent radiation,'?!>!° demonstrating
that the partial secular BR equations for excitation from a
single ground state reduce to the correct expressions in the limit
of one ground and two excited states.

For the sake of completeness, we also consider the decay
of a single excited state |e) to a manifold of ground-state levels
|gi) = |i). This decay is known to generate coherence between
the |g;) provided the ¢ — g; transition dipole moments are
not orthogonal,'>3* and has been observed experimentally in
GaAs quantum dots at very low temperatures.®! The equation
of motion for p follows from Eq. (17) in the single excited-state
limit

Pij(t) = = 1w;jpij(t) + pee()NTiT; + \YiY))
1
) ; PkjDik NTiTk

1
~ 3 D PPN (20)
k
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where the sums over k do not include the excited state. If the
excited state decays into two ground states |1) and |2), for
example, Egs. (20) reduce to

1
piat) =— 3 (r1 + r2) + p(Nrir2 + \y1¥2) Pee

1 .
- Epvrll’z(Pn + p2) —iwi2p1n (21)

which is the equation of motion for the ground-state coherence
in the A-type system.!”%

Ill. RESULTS AND DISCUSSION

As an application of the partial secular BR theory, consider
the dynamics of a multilevel system with a single ground
state illuminated by incoherent light (see Fig. 1). The single-
ground-state approximation is reasonable for the excitation of
cold molecules on time scales that are short compared to the
spontaneous emission, when the excited-state population is
small, and the effects of spontaneous decay back to ground
state levels can be neglected (typically, less than 1 ns).

Consider incoherent excitation of a model molecular sys-
tem initially in the ground state (p,(0) = 1) by isotropic
and unpolarized incoherent radiation (e.g., sunlight) suddenly
turned on at time zero. For simplicity, we assume that (i)
r; =r and y; =y with y/2xr =1 GHz, corresponding to a
typical radiative lifetime of 1 ns, (ii) the states are equidistant,
with w; ;-1 = A, and (iii) all transitions have dipole moments
either all aligned along the same axis (p; = 1) or completely
orthogonal (p;; = ¢;;). These assumptions will be relaxed in
our future calculations,>® in which a realistic set of parameters
r; and y; will be employed.

A. Small-molecule limit: A/y > 1

Consider first the regime of large splitting A between the
excited-state energy levels, where A/y > 1, corresponding to
the small-molecule limit.’” The resultant off-diagonal elements
of p(t) are shown in Fig. 2 for Nex = 10 and A/y = 24. The
coherences exhibit damped oscillations with frequency set by
the energy splitting A. Note that no coherent driving fields are
present, and that these oscillations arise due to the sudden turn-
on of the interaction with the incoherent radiation field, hence
the name noise-induced coherences.'>!?

We previously showed, for a V-type system with p = 1
that is weakly pumped by incoherent light, that the coherence
between the two upper eigenstates |i) and |j) evolves as'’

Re(p;j) = (L) e sin(w;;t), (22)
Wij
where w;; was equal to A. For the case of adjacent levels,
the real part of the coherence is plotted as a dashed line in
Fig. 2(a), and clearly follows Eq. (22). Here, we observe that
Eq. (22) accurately describes the dynamics between any two
excited eigenstates of a multilevel V-system in the regime
A/y > 1. Specifically, Eq. (22) predicts that the maximum of
Rep;; decreases with increasing w;; while its oscillation fre-
quency increases. This behavior is clearly visible in Fig. 2(a):
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FIG. 2. (a) The real part of the coherence in the energy basis: p; > (black
line), p1,4, and p1,g (middle line) versus time for A/y =24, and for p;;
=1. (b) Time evolution of the excited-state populations p(z) for different
numbers of excited levels Nex =2, 5, and 10. Results for both fully aligned
(pij =1, full lines) and orthogonal (p;; = 6;;, dashed lines) transition dipole
moments are shown.

The energy splitting between eigenstates |i) and |j) is w;;
= A(j - 1) for j > i, so, for example, the coherences p; ;(r)
decrease in magnitude as 1/(j — 1) and oscillate with frequen-
cies (j — 1)A. The remarkable ability of Eq. (22) to predict
the noise-induced coherent dynamics of a multilevel system
is, as we have suggested,19 a manifestation of the fact that
the isolated resonances |i) are not directly coupled by the
incoherent light. Rather, they experience pairwise interactions
via dipole coupling to the common ground state |g).

Figure 2(b) displays the time dynamics of excited-state
populations calculated for both parallel (p;; = 1) and orthog-
onal transition dipole moments (p;; = d;;), which are seen to
be virtually the same. The populations smoothly evolve from
zero to a steady-state value given by the Boltzmann distribution
characterized by p;;/p;; = e B@iiforr/y = ii(wy), where wy s
the splitting between the ground and excited-state manifolds of
states (we take wg = 1.41 eV throughout). Note that the steady-
state p;; values decrease with increasing number of excited
states Nex. This is a consequence of trace conservation, since
the entire population is spread over a larger number of excited-
state levels. The analytic solution for the population of two-
state system, assuming equal pumping rates, was obtained in
Ref. 19. Here, we can extend this solution to apply, at long
times, to an N level system

J. Chem. Phys. 142, 104107 (2015)
P2 (r
Pii

= T2 (Do e. 2
F0t N 7/)[ e (23)

The first factor on the right-hand side of Eq. (23) ensures that
the populations tend to a canonical steady-state value at long
times, i.e., p;i/ Pgg = e B0 (here, the index i is restricted to run
over the excited states). Significantly, in this A/y > 1 regime,
the behavior of the populations is independent of transition
dipole moments alignment, in stark contrast to the coherences
given by Eq. (22), which vanish identically for p;; = ¢;;, as
discussed at the end of Sec. II A. In the V-system limit (Nex
= 2), Eq. (23) reduces exactly to Eq. (3) of Ref. 19, as expected.
The short-time behavior of both the populations and coher-
ences shown in Fig. 2 can be reproduced by first-order semi-
classical perturbation theory in light-matter interaction.’3
While these perturbative equations provide additional insight
into excitation dynamics at short timescales, they are funda-
mentally limited in two ways: first, they do not describe the
approach to steady-state equilibrium at longer times. Second,
the semiclassical theory of light-matter interaction does not
capture the effects of spontaneous emission, and hence cannot
be used whenever these effects are important, e.g., for strongly
radiatively broadened levels and/or timescales comparable to
the radiative decay time of excited-state levels 7 = 1/y. A
proper description of excitation dynamics in these regimes
requires the fully quantum BR theory developed above.

B. Large-molecule limit: A/y < 1

Polyatomic molecules are characterized by small A/y,
with an average energy spacing much smaller than the radi-
ative linewidth. For example, in a medium-sized molecule
such as pyrazine, typical rovibronic splittings are on the order
of 0.04 cm™! and decrease rapidly with increasing molecule
size, reaching values ~1075 ¢cm™! for antracene. This is to be
compared with the radiative decay width of 1 GHz = 0.03 cm™'
corresponding to a radiative decay lifetime of 1 ns. It is there-
fore important to study incoherent light excitation in the “large-
molecule”’ limit A/y < 1.

The time dependence of the coherence between two closely
spaced eigenstates is shown in Fig. 3(a) as a function of
time for A/y = 0.024. Unlike the case in Sec. Il A, the
two states now appear as radiatively broadened resonances,
experiencing decay to the continuum. The effects described
below are therefore similar to those observed in previous work
on Fano resonances.'®2° However, this previous work focused
on the resonances in few-level atomic systems and was more
concerned with the decay of resonances rather than with their
population or coherences, the aspect that we focus on here.

The most striking feature in Fig. 3(a) is the long lifetime
(note, here and below, the logarithmic scale of the abscissa)
of the coherences between closely spaced eigenstates with
parallel transition dipole moments. The N = 2 case, for which
the BR equations can be solved analytically in the weak-pump
limit'® (with w; j = A), motivates consideration of the follow-
ing form for coherences of a pair of levels in the N case:

2

Rep;;(t) =
(24)
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FIG. 3. (a) The real part of the coherence pj > (black line) versus time for
A/y=0.024 for different numbers of excited states Nex=2,5,10 for p;;
=1. (b) Time evolution of the excited-state population p;(¢) for Nex =2,
5, and 10. Results p;; =1, full lines, and p;; = &;;, dashed lines, are shown.

providing general insight into the decoherence dynamics.
(Note that, from Ref. 19, one would anticipate that A on the
right hand side of Eq. (24) should be replaced by w;; for
arbitrary levels i and j. However, results in Fig. 4(b) show that
Eq. (24) is correct for any two levels that lie within the radiative
line width y of one another).

Equation (24) indicates that the real part of the coherence
has a bi-exponential form controlled by two timescales, the first
of which is spontaneous decay 7y = 1/y, which governs the
time evolution of the system at short times ¢ < 75. At ¢ ~ 74,
the second exponent on the right-hand side of Eq. (24) decays
to zero, and the coherences approach a quasisteady state value
given by r/(Ney). This plateau lasts for 74 = (2/y)(A/y)72,
during which the first exponent in Eq. (24) slowly decays to
zero. Because in the A/y > 1 regime 1A > 7, the overall
decoherence timescale is given by 7, and can be arbitrarily
long. It is, however, finite for A > 0, so that the coherences
eventually decay to zero.?! The prefactor 2/N, is Eq. (24)
accounts for a decreasing amount of excited-state coherence
with increasing Nex as coherences spread over a large number
of excited states, a tendency clearly apparent in Fig. 3(a) and
below.

Note that Eq. (24) is essentially an analytic solution to the
V-system problem, renormalized to account for trace conser-
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FIG. 4. (a) Exact multilevel excited-state coherences p2(2) for Nex =5, and
10 (full lines) modeled using Eq. (24) (dashed lines). (b) The real part of the
coherences pi.2, p1,4, and pj g versus time for A/y =0.024, Nex =10, and
p[j = 1.

vation in the presence of multiple excited states. To test the
accuracy of Eq. (24), we plot in Fig. 4(a) the real part of
the coherence between the adjacent eigenstates in a multilevel
system as a function of time, together with the prediction
of Eq. (24) for Nx =5 and 10. We observe that the two-
level expression accurately captures the overall effect of the
multilevel Fano coherence. However, Eq. (24) predicts a later
onset (and early decline) of the quasisteady behavior compared
to exact calculations, thereby underestimating the coherence
lifetime in real multilevel systems. In addition, the analytical
expression does not reproduce the late-time oscillations pres-
ent in the exact results shown in Fig. 4(a). Nevertheless, simple
model (24) provides a good estimate of the magnitude of the
multilevel coherences and puts a lower bound on their lifetime
in the A/y <« 1 regime.

Figure 4(b) shows the time evolution of the various off-
diagonal elements of the density matrix in the small A/y regime
for Nex = 10. In contrast with the large-A limit for two levels,
the duration of the coherences does not decrease with increas-
ing w;, but rather is in accord with Eq. (24). We attribute this
remarkable and unexpected longevity of multistate coherences
to the constructive Fano interference between three or more
excited states, which cannot be properly captured by a two-
level model.

As discussed below, the long-lived quantum coherences
shown in Fig. 3(a) are closely related to deviations from ther-
modynamic equilibrium displayed by the populations. We will
thus refer to both of these behaviors as due to non-equilibrium
quasisteady states (NEQSs). As shown in Fig. 3(a), the coher-
ences associated with the NEQSs form for any value of N and
persist for the same amount of time 7.
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FIG. 5. Sum of excited-state populations as a function of time for A/y
=0.024. Results for both fully aligned (p;; =1, full lines) and orthogonal
(pij=0ij, dashed lines) transition dipole moments are shown.

Consider now the time evolution of excited-state popula-
tions. Figure 3(b) compares, as an example, the diagonal matrix
elements p11(¢) for A/y = 0.024 evaluated for parallel (p;; = 1,
full lines) and orthogonal (p;; = ¢;;, dashed lines) transition
dipole moments. Figure 5 shows similar data, but for the sum
of excited-state populations vs. time for different numbers of
excited states N, i.e., the total population excited from the
ground state. As in the N, = 2 case,'® the excited-state pop-
ulations are determined by two independent timescales, one of
which [t = (2/7)(A/y)™?] can be much longer than the other
[7s = 1/y]. Unlike the coherences, however, the populations in
the very long-time limit, t > T, tend to their true equilibrium
values set by the Boltzmann distribution, p;;/pge = e B«0_ This
long-time limit is the same as that reached in the process of
incoherent excitation of the many-level system with orthogonal
transition dipole moments. As illustrated in Figs. 3(b) and 5,
the coherence-free evolution associated with p;; = 6, shown
by the dashed lines, results in the same steady-state values of
populations. An important difference is, however, the time that
it takes for the system to reach equilibrium; this time is much
longer for the system that exhibits the Fano interference.

In both Figs. 3(b) and 5, in the absence of Fano interfer-
ence, the population is seen to grow steadily at short times
before reaching a steady state. The steady state value of the
sum scales linearly with N as expected. The Fano coherence
has a profound effect on the time evolution of the population
sum: as shown in Fig. 4, a quasisteady state value is reached
between 100 and 10° ps that does not depend on the number
of excited states. This is due to the population — coherence
transfer occurring on this intermediate timescale, during which
the excited-state coherences increase with time (see Figs. 2
and 3). At ¢ > 1y, the curves for different N start to diverge,
tending to their Boltzmann steady state limits. This signals
the beginning of coherence — population backtransfer, which
enhances the value of the population sum for larger Ney.

IV. DISCUSSION AND SUMMARY

This paper provides a theoretical framework for describ-
ing incoherent excitation of multilevel quantum systems by
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weak solar radiation, the central result being a system of partial
secular BR equations describing the time evolution of the
system reduced density matrix. The spectrum of the solar
radiation is close to that of a black body at 5800 K, with
maximum intensity at transition energies wy ~ 1.2-2 eV. Since
the states within the ground and excited-state manifolds are not
directly coupled by the incoherent radiation, we can apply the
secular approximation to the inter-manifold transitions while
retaining the essential coherences between the states within the
same manifold. Invoking this approximation gives a simplified
system of partial secular BR equations for the dynamics of pop-
ulations and coherences under incoherent illumination. These
equations are parameterized by the incoherent pumping and
decay rates, as well as by the angles between the i — j and
k — [ transition dipole moments p;; ;. They can be solved
by a simple and efficient O(N?) algorithm without the need
to perform numerous matrix products (as required in standard
Redfield approaches®>3?) and may thus enable accurate numer-
ical simulations of incoherent excitation of quantum multilevel
systems involving hundreds to thousands of excited states.

In the limit of orthogonal transition dipole moments,
Dij,ki = 0ij ki, the simplified BR equations reduce to rate
equations for incoherent population transfer among system
eigenstates. In this limit, the time evolution of the excited-
state populations is decoupled from that of the coherences
and coherences are not generated by incoherent pumping from
the ground state. We thus arrive at the conclusion reached in
Refs. 8,9, and 11. The present work shows that this conclusion,
i.e., the absence of coherences, is valid at all times if the
transition dipole moments are orthogonal to one another. In
the presence of non-orthogonal transition dipole moments,
however, Fano coherences are initially generated and can last
for long times. Eventually, at longer times, these coherences
cease to play a role and a Boltzmann steady state results in
agreement with a previous theoretical result.” The timescale
for the existence and role of these coherences in real biological
systems (which are also subject to relaxation and decoherence
due to the interaction with a protein/solvent/phonon environ-
ment) remains unexplored.

The key condition for the generation of Fano coherences
in that of non-orthogonality of transition dipole moments:
Dij,kl # 0ij k1, which gives rise to couplings between the pop-
ulations and coherences. In Sec. III, we studied the noise-
induced coherence dynamics in both small and large-molecule
limits. In the small-molecule limit characterized by A/y > 1,
the coherences show damped oscillations and decay to zero at
times long compared to the radiative lifetime 73 = 1/7.

In the large-molecule regime of small level splittings
(A/y < 1), extremely long-lived coherences are observed
along with the formation of non-equilibrium quasisteady states.
These states survive on a timescale that scales as A~2 provided
that the eigenstates are close enough in energy. An analytical
model recently developed for the V-type system' is found to
apply to the multilevel case as well. With certain modifications,
this model provides a nearly quantitative description of noise-
induced coherences and population dynamics in the relevant
regimes. Finally, calculations show that Fano interferences
slow down the approach to equilibrium in multilevel systems
with non-orthogonal transition dipole moments. This slow
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approach is correlated with the presence of near equilibrium
steady states characterized by finite values of the coherences
[see Fig. 3(a)].

We envision several extensions of this work. First and
foremost, it is important to quantify the role of noise-induced
coherences in real molecules, where several considerations are
expected to be relevant: (1) intramolecular vibrational relaxa-
tion due to the presence of dark states other than the ground
state, leading to secondary decay channels, (2) dipole and
symmetry selection rules leading to many possible orienta-
tions of transition dipole moments, (3) the presence of inco-
herent transitions from multiple ground states, (4) anharmonic
excited-state level spacings, (5) slow turn-on of the incoherent
light [which can be studied by incorporating time-dependent
pumping rates r,.,(t) in Eq. (17)], and (6) possible Lamb
shift effects at very small A (Ref. 40). A first-principles simu-
lation of dynamics of this type could be performed using
the approach developed here (Eq. (17)), where the equations
would be parametrized by ab initio rovibrational energy levels
and transition dipole moments. Such a dynamics calculation
currently appears feasible for diatomic and modest-size poly-
atomic molecules, such as HCN or acetylene, which could
serve as prototypes for noise-induced coherences in larger
systems.

Second, for large molecules where direct eigenstate com-
putations are not feasible, it would be necessary to develop
adequate theoretical models to take into account the relaxation
and decoherence of excited states induced by a phonon bath.
As alluded to above, this task is complicated by the presence of
many internal degrees of freedom and proteomic environments
(such as that in cis-trans photoisomerization in retinal*®) which
are likely to result to rapid relaxation and decoherence of
excited state coherences. However, model calculations show
that these coherences can still play a non-negligible role in the
energy transfer among certain eigenstates at short times, be-
ing comparable in magnitude to the populations.'%!*-3¢ Theo-
retical work aiming to explore these effects is currently in
progress.

As mentioned above, an important question that remains
to be addressed is whether the multilevel Fano coherences
considered in this work play a significant role in photosyn-
thetic energy transfer. The mechanisms such as noise-assisted
energy transfer and/or supertransfer were proposed for the case
of coherent excitation initially localized on a single chromo-
phore.*!*? Under natural light illumination, the entire assem-
bly of chromophores is excited and these mechanisms may no
longer apply,'! so it is important to study the energy transfer
dynamics in model LHCs induced by incoherent excitation.
Such studies are currently in progress.*>*
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