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■ Abstract Coherent control of atomic and molecular processes has been a rapidly
developing field. Applications of coherent control to large and complex molecular
systems are expected to encounter the effects of chaos in the underlying classical
dynamics, i.e., quantum chaos. Hence, recent work has focused on examining control
in model chaotic systems. This work is reviewed, with an emphasis on a variety of new
quantum phenomena that are of interest to both areas of quantum chaos and coherent
control.

1. INTRODUCTION

Over the past two decades there have been great advances in the active control of
atomic and molecular processes by use of the quantum nature of the light-matter
interaction (1–6). The key idea that motivated this exciting field, now widely
known as “coherent control,” is that quantum coherence effects that are absent in
classical molecular dynamics can be manipulated via experimentally controllable
parameters to control the dynamics. For example, laser phases can be imprinted
on the relative quantum mechanical phase between different excitation pathways
to the same target state (7), or coherently encoded in laser pulses (8), resulting
in experimentally controllable quantum interference effects that can be useful,
dramatic, and even counter-intuitive. Coherent control methods also provide an
interesting approach to revealing and understanding new aspects of the quantum
nature of molecular dynamics (9–11). To date, coherent control has been most suc-
cessfully applied to unimolecular processes such as photodissociation reactions,
although the theory and computational applications to bimolecular processes are
now mature subjects (1).

Classical unimolecular reaction rate theory teaches us that the classical dynam-
ics associated with unimolecular reactions is nonintegrable in general (12–15).
As the reaction energy increases, chaotic behavior, i.e., the exponential sensitivity
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of phase space trajectories to slight changes of the initial conditions (16, 17),
arises with few exceptions. In such cases the classical molecular dynamics dis-
plays stochasticity that is induced by the dynamics itself and therefore allows for
statistical descriptions of the reaction rate. Indeed, the key assumption in a vari-
ety of classical statistical treatments of unimolecular reaction rate is precisely the
exponential loss of the memory of initial conditions (14, 15, 18).

Thus, coherent control studies and classical unimolecular reaction studies are
in sharp contrast: the former stress quantum effects and nonstatistical behavior that
can be controlled by external control fields, whereas the latter treat the dynamics
classically and emphasize the nature of equilibrium statistics in the absence of
external fields. This naturally brings up the important question as to whether one
can apply coherent control to classically chaotic molecular systems (19). This
involves: (a) the formal issue of controllability in quantum mechanical systems
(20–22), (b) practical issues of control in quantum systems, and (c) consideration
of the general features of the quantum dynamics in classically chaotic systems, the
main subject of the field of “quantum chaos” (23–25).

Quantum-classical correspondence in classically chaotic systems remains an
interesting fundamental issue in quantum theory (26–28). Well-established, how-
ever, is the fact that quantum systems with a discrete spectrum do not display
chaotic behavior in the strict sense (28, 29). That is, even when the underlying
classical dynamics is chaotic, the time evolution of a quantum system with a dis-
crete spectrum is necessarily periodic or quasiperiodic. Nonetheless, exponential
divergence of adjacent localized wavepackets and local positive Lyapunov expo-
nents do characterize the quantum dynamics of these systems over operational
timescales (30, 31). Hence, although quantum control of such systems may be less
demanding than classical control in the associated classically chaotic system (19),
careful studies are required to gain both quantitative and qualitative insight.

Note that there are two different types of coherent control as applied to dynam-
ical systems: one does not affect the qualitative nature of the underlying classical
dynamics, whereas the other uses control fields to change the classical phase space
structures, e.g., change the classical dynamics from chaotic to regular. Although
the latter can be closely related to controlling classical chaos (32–37), this review
is primarily concerned with useful quantum coherence effects that are responsible
for the coherent control of quantum chaos.

Coherent control is currently being applied to larger and larger systems to
achieve the control of the branching ratio between different chemical products (38),
of intramolecular energy transfer (39, 40), and of proton transfer and dynamics
in large molecules (41, 42). Because the classical dynamics of the rovibrational
motion of large molecules is usually complicated and often at least weakly chaotic,
it becomes relevant to examine and understand the nature and feasibility of coherent
control in systems that are classically chaotic. This has motivated a number of
recent studies, reviewed below, on coherent control in simple model systems whose
underlying classical dynamics can be chaotic (43–49). These model systems are
still far from realistic representations of molecules, but they embody the essence
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of quantum control in chaotic systems and offer new insights into a number of
fundamental problems that are of interest to both coherent control and quantum
chaos.

Finally it is of some historical interest that coherent control emerged (7, 8) from
two research groups engaged in studies of chaotic dynamics. It was precisely the
realization that quantum dynamics with a discrete spectrum does not permit chaos
that motivated the examination of quantum control. However, it is only recently that
quantum control of classically chaotic systems has been addressed, as described
below.

2. COHERENT CONTROL IN DELTA-KICKED SYSTEMS

The one-dimensional kicked rotor (KR) model provides a simple example of a
system (i.e., a planetary rotor) subject to a control field. It is useful for examining
the possibility of coherent control in classically chaotic systems for the following
reasons. First, the KR and its classical limit, the standard map, have long served as
paradigms for quantum and classical chaos (23). Both the classical and quantum
dynamics of the KR, which can be readily solved numerically, are extremely rich.
Second, there are ongoing experiments on the KR using atom optics techniques
(50–53). Third, the KR may be also realized by diatomics in microwave fields or
laser fields and should be of great interest to the study of molecular orientation
and alignment dynamics (54–56).

Consider the KR Hamiltonian

H KR(L̂, θ, t) = L̂2/2I + λ cos(θ )
∑

n

δ(t/T − n), 1.

where L̂ is the angular momentum operator, θ is the conjugate angle, I is the
moment of inertia, λ is the strength of the kicking field, and T is the time interval
between kicks. The basis states of the Hilbert space are given by |m〉, with L̂|m〉 =
mh̄|m〉. The quantum KR map operator for propagating from time (N − 0+)T to
time (N + 1 − 0+)T is given by

F̂ KR = exp

[
i
τ

2

∂2

∂θ2

]
exp[−ik cos(θ )], 2.

with dimensionless parameters k = λT/h̄ and effective Planck constant τ = h̄T/I .
For later use we also define the dimensionless scaled rotational energy as Ẽq ≡
〈L̂2〉τ 2/2h̄2, where 〈·〉 represents the average over the quantum ensemble. The
classical dynamics of the KR is given by the standard map, which depends only
on one parameter κ ≡ kτ :

L̃ N = L̃ N−1 + κ sin(θN−1);

θN = θN−1 + L̃ N , 3.
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where L̃ ≡ Lτ/h̄ is the scaled c-number angular momentum and (L̃ N , θN ) rep-
resents the phase space location of a classical trajectory at (N + 1 − 0+)T . The
classical limit of Ẽq is given by Ẽc, the classical ensemble average of L̃2/2. An
essential difference between quantum and classical maps is that the former has
two characteristic parameters τ and k, whereas the latter depends only on their
product. As we decrease the magnitude of τ and fix the value of κ , the quantum
dynamics approaches the classical limit.

One molecular realization of the KR, proposed almost two decades ago (57,
58), uses periodically kicking microwave fields. In particular, if the characteristic
vibrational excitation energy is much higher than the rotational energy level spac-
ing, then the vibrational motion can be regarded as frozen and the Hamiltonian for
the rotational motion subject to periodic microwave pulses resembles that of the
KR:

Ĥ = Ĵ 2

2I
+ λ cos(θ )

∑
n

�

(
t

T
− n

)
, 4.

where Ĵ is the angular momentum operator, λ = µE0 with µ being the molecular
electric dipole moment and E0 being the amplitude of the driving field whose
polarization direction defines the z direction, θ is the polar angle, I is the moment
of inertia of the molecule about an axis perpendicular to the symmetry axis, and
�(t/T − n) is a pulse shape function simulating the delta kicking in the KR.
Because the projection of angular momentum onto the z-axis is a constant (set to
be zero below), the diatomic rotation motion has only one degree of freedom. Mi-
crowave pulses may be realized by an array of phase-locked microwave generators.
For sample calculations discussed below, � is assumed to take the form

�

(
t

T
− n

)
= 1 + 2

m=m N∑
m=1

cos

[
2mπ

(
t

T
− n − 1/2

)]
, 5.

with m N = 7. Clearly, in the limit of m N → ∞, one recovers the delta kicks.
However, even in this limiting case there are still some interesting differences
between a microwave kicked diatomic system and the KR in Equation 1. For
example, the polar angle θ ranges from 0 to π , whereas in the planetary rotor
θ ∈ [0, 2π ]. Hence, both are discussed below.

Another realization of the KR is that it makes use of the induced dipole mo-
ment of diatomics subject to an off-resonance strong laser field. Consider a linear
molecule interacting with a linearly polarized laser pulse. If the laser field is nonres-
onant with any vibronic transition, the laser-molecule interaction can be described
by an effective Hamiltonian (59):

Ĥ = Ĵ 2

2I
− E2

0

4
(α‖ − α⊥) cos2(θ )g(t), 6.

where g(t) is the envelope function describing a train of Gaussian pulses, and
α‖ and α⊥ are the components of the polarizability, parallel and perpendicular to
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the molecular axis. In the limit of zero pulse width, the Gaussian pulses can be
regarded as delta pulses, and a delta-kicked rotor model is realized with a kicking
potential cos2(θ ).

2.1. Initial State Coherence Effects

Figure 1 displays the Poincaré surfaces of section (16, 17) associated with the
classical dynamics of a microwave kicked diatomic system (see Equation 4). It is
clear from Figure 1 that when kτ ≥ 5.0, the classical dynamics is predominantly
chaotic in the entire region of J̃ ≡ θ̇T . This underlying classical chaos seems to
suggest that quantum phases that would be embedded in initial states should play a
minor role here due to the loss of memory of the initial state. However, this intuition
can be totally misleading because it is a classical argument that does not apply to
the quantum regime. In fact, although the standard map typically shows unlimited

Figure 1 Poincaré surfaces of section for the classical dynamics of a kicked diatomic
molecule. (a) kτ = 0.5. (b) kτ = 1.0. (c) kτ = 2.5. (d) kτ = 5.0. The classical dynam-
ics is predominantly chaotic when kτ ≥ 5.0. From Reference (44) with permission.
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linear energy increase due to the underlying classical chaos, the quantum dynamics
displays significant suppression of the classical chaotic diffusion. For example, in
the quantum KR the external field can only excite a finite number of unperturbed
energy levels (23). This phenomenon is called dynamical localization, probably the
best known and most studied aspect of quantum chaos in time-dependent systems.
This quantum feature of a classically chaotic KR suggests that quantum coherence
in the quantum dynamics is important and therefore that various coherent control
techniques should be applicable to alter the quantum diffusion in energy space.
Gong & Brumer (43, 44) have indeed shown that quantum relaxation dynamics
in the KR can be sensitive to the coherence characteristics of the initial state, and
that altering these characteristics allows for control over the energy diffusion. The
extent of the controlled behavior can be vast, from strong suppression to strong
enhancement of diffusion. The same situation exists for the microwave realization
of the KR, as discussed below.

Consider an initial superposition state prepared as

|ψ(0)〉 = cos(α)| j1, 0〉 + sin(α) exp(−iβ)| j2, 0〉, 7.

where | j, 0〉 denotes the angular momentum basis states with zero projection on
the z-axis. Of course, more basis states can be considered, providing more ad-
justable parameters for control. The energy diffusion behavior can be described
by the dimensionless rotational energy Ẽ ≡ ∑

j Pj j( j + 1)τ 2/2, where Pj is the
occupation probability of the | j, 0〉 state.

Figure 2 shows two representative examples (τ = 1.0, k = 5.0 in Figure
2a; and τ = 1.2, k = 4.8 in Figure 2b) of controlled quantum chaotic diffu-
sion in kicked diatomic molecules. The initial superposition state is given by
either (|1, 0〉+ |2, 0〉)/√2 or (|1, 0〉− |2, 0〉)/√2, with their only difference being
the relative phase between the two participating basis states. For both examples,

Figure 2 Dimensionless rotational energy of the kicked diatomic molecule Ẽ =∑
j Pj j( j + 1)τ 2/2 versus time (in units of T ). Solid line and dashed lines are for the

initial states (|1, 0〉 + |2, 0〉)/√2 and (|1, 0〉 − |2, 0〉)/√2, respectively. (a) τ = 1.0,
k = 5.0. (b) τ = 1.2, k = 4.8. From Reference (44) with permission.
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(|1, 0〉 − |2, 0〉)/√2 results in almost no diffusion over the energy space, whereas
(|1, 0〉+|2, 0〉)/√2 shows extraordinarily fast diffusion [even faster than the semi-
classical diffusion with the effective Planck constant significantly decreased (44)]
before it essentially stops at t ≈ 10 T . Note (a) that this huge difference is achieved
solely by changing the initial relative phase between the two participating states
|1, 0〉 and |2, 0〉 in the initial superposition state, and (b) that by contrast, each
of |1, 0〉 or |2, 0〉 individually would give very similar diffusion behavior lying
between the solid and dashed lines in Figure 2. In effect, states |1, 0〉 and |2, 0〉
can either constructively or destructively interfere with each other, even though
the underlying classical dynamics is strongly chaotic. These results are similar to
those in the KR (43). Note also that β = 0 or π always gives the best control due
to the time-reversal symmetry of the system (44).

One of the main results of the study of quantum chaos is that statistical prop-
erties of eigenfunctions and eigenvalues of the quantum map operator (or of the
Hamiltonian operator for conservative systems) tend to be well described by the
random matrix theory (RMT) if the underlying classical dynamics is chaotic (24,
25). Indeed, statistical behavior close to RMT predictions is regarded as a clear
signature of classical chaos. However, it turns out that RMT does not apply here,
as it would suggest that the quantum interference between states |1, 0〉 and |2, 0〉
would be insignificant (44). As such, the above observed control can be interpreted
as a strong manifestation of the deviation from RMT.

2.2. Control of Dynamical Localization
by Periodic Field Reversal

Control of quantum molecular dynamics can either keep the system Hamiltonian
intact or strongly affect the phase space structures associated with the underly-
ing classical dynamics. Control based on initial state coherence effects clearly
belongs to the first type. Consider now a simple control scenario of the second
type (47), where the kicking field is periodically reversed after a certain number of
kicks. Specifically, consider a slightly modified kicked rotor (MKR) system whose
Hamiltonian is given by:

H MKR(L̂, θ, t) = L̂2/2I + λ cos(θ )
∑

n

fM (n)δ(t/T − n), 8.

where fM (n) is real, | fM (n)| = 1, and fM (n) changes sign after every M kicks.
That is, the only difference between the KR and MKR is that in the MKR the kick-
ing potential is reversed after every M kicks. The effect of reversing the kicking
potential can be seen more clearly by examining the time-evolving wave function,
which can be expanded as a superposition of |m〉 states:

∑
m Cm〈θ |m〉, with ex-

pansion coefficients Cm . Because cos(θ +π ) = −cos(θ ), and
∑

Cm〈θ +π |m〉 =∑
m(−1)mCm〈θ |m〉, reversing the kicking potential is equivalent to adding a π

phase difference between all neighboring basis states. So the field-reversal sce-
nario here is an extension of the previous approach: it introduces quantum phases

A
nn

u.
 R

ev
. P

hy
s.

 C
he

m
. 2

00
5.

56
:1

-2
3.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lr
ev

ie
w

s.
or

g
 A

cc
es

s 
pr

ov
id

ed
 b

y 
U

ni
ve

rs
ity

 o
f 

T
or

on
to

 L
ib

ra
ry

 o
n 

11
/2

1/
21

. F
or

 p
er

so
na

l u
se

 o
nl

y.
 



25 Feb 2005 20:9 AR AR241-PC56-01.tex AR241-PC56-01.sgm LaTeX2e(2002/01/18) P1: FHD

8 GONG � BRUMER

into the system periodically. Note that the field reversal can also be effectively
realized by introducing a time delay after every M kicks (47).

To understand the control mechanism from a classical dynamics perspective,
let us first discuss the so-called transporting trajectories in both the KR and MKR.
For particular values of κ , the standard map can generate trajectories whose
momentum increases (or decreases) linearly with time. These trajectories are
called transporting trajectories (60). To see this, consider the initial conditions:
(L̃ = 2πl1, θ = ±π/2) for κ = 2πl2, where l1 and l2 are integers. Clearly, these
phase space points are shifted by a constant value (±2πl2) in L̃ after each iteration,
resulting in a quadratic increase of rotational energy. These transporting trajecto-
ries are rather stable insofar as they may persist for values of κ close to 2πl2,
thus giving rise to transporting regular islands (60), called the accelerator modes
in the KR case (61–63). If classical trajectories are launched from the accelerator
modes, they simply jump to other similar islands located in adjacent phase space
cells. For trajectories initially outside the accelerator modes, the stickiness of the
boundary between the accelerator modes and the chaotic sea induces anomalous
diffusion over the energy space, i.e., energy increases in a nonlinear fashion, but
not quadratically. This is intrinsically different from the case of normal chaotic
diffusion in which energy increases linearly with the number of kicks.

Dramatically, for the classical MKR with M = 2 (46), there exist novel types of
transporting trajectories that are different from those in the KR (46). In particular,
for κ = (2l2 + 1)π , trajectories emanating from L̃ = (2l1 + 1)π, θ = ±π/2 will
be shifted by a constant value [±(2l2 +1)π ] in L̃ after each kick. This observation
suggests that transporting regular islands that differ from the accelerator modes
in the KR can be created by reversing the kicking potential after every two kicks.
Figure 3 displays the classical phase space structures of both the KR and the MKR
with M = 2, for κ = 5.0 (a and b) and κ = 3.5 (c and d). The regular islands seen
in Figures 3a and 3c (the KR case) are not transporting because the momentum of
the trajectories launched from these islands is bounded and oscillates periodically.
By contrast, a simple computation reveals that the small islands seen in Figures
3b and 3d in the MKR case are transporting. Classical trajectories launched from
the right (left) regular region shown in Figures 3b and 3d have their momentum
shifted by π (−π ) on the average after each kick, indicating that these regular
regions originate from the marginally stable point L̃ = (2l1 + 1)π, θ = ±π/2
with κ = π . Hence, in this case the periodic field reversal in going from the KR
to the MKR has both destroyed the nontransporting regular islands of the KR and
induced new transporting regular islands. Note that the transporting islands shown
in Figure 3d are much larger than the well-studied accelerator modes in the KR.
Interesting transporting islands are also found in cases where the kicking potential
is reversed after every M > 2 kicks where M = 6, 10, 14 . . .. However, in these
cases the transporting regular islands are much smaller and are extremely sensitive
to the value of κ .

Figure 4 displays energy absorption of the MKR with M = 2 for the case
of τ = 1.0, k = 5.0. Here the effective Planck constant is at least one order of
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Figure 3 A comparison of classical phase space structures between the standard map
and the MKR map with M = 2, in the case of κ = 5.0 (a and b) and κ = 3.5 (c and
d). All variables are in dimensionless units. Note that the regular islands seen in b and
d are transporting whereas those in a and c are not.

magnitude larger than the area of the regular islands in Figure 3b. Intuitively, one
would anticipate that such transporting regular islands are too small to be relevant
to the quantum dynamics. Surprisingly, this intuition is incorrect. As shown in
Figure 4, the energy absorption associated with the MKR with M = 2 (upper
dashed line) is much larger than that of the KR (solid line). Consider, for example,
Ẽ at a specific time t = 1500 T when the energy absorption of both the KR and
MKR has clearly shown signs of saturation: Ẽ = 67.7 for the KR and Ẽ = 1269.7
for the MKR. Thus, a control factor larger than an order of magnitude has been
achieved in going from the KR Hamiltonian to the MKR case with M = 2.
To confirm that this control is uniquely related to the transporting islands in the
classical phase space, Figure 4 also shows the result in the MKR case with M = 3,
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Figure 4 Time dependence of the dimensionless scaled rotational energy Ẽq for KR
(solid line), for the MKR with M = 2 (upper dashed line), and for the MKR with
M = 3 (middle dashed line), with τ = 1.0, k = 5.0, and the initial state |0〉. From
Reference (47) with permission.

whose energy absorption is slightly faster than the KR case, but much slower than
the M = 2 case.

The significant results in Figure 4 suggest that although coherent control relies
on quantum coherence effects that are absent in classical dynamics, classical phase
space structures may be very useful in understanding and designing simple control
scenarios. This can be the case even when the classical dynamics is primarily
chaotic and the quantum dynamics is in the deep quantum regime.

The field reversal control scenario also offers new opportunities for studying
quantum correlations and fluctuations in quantum chaos. Consider now the charac-
teristic lineshape of the distribution function P(m) versus m long after the energy
absorption in the quantum KR or MKR system has saturated, where P(m) is the
probability of finding the system in state |m〉. It is well known that dynamical
localization of the KR can be mapped onto the problem of Anderson localiza-
tion in disordered systems (64) and that an exactly soluble case of disorder in
tight-binding models (65) suggests that dynamical localization should assume an
exponential lineshape. However, due to some subtle quantum phase correlations in
the quantum dynamics, nonexponential dynamical localization lineshapes in the
KR are also expected to exist, which were previously observed in the KR for some
particular system parameters (61, 66). Interestingly, intriguing differences in the
dynamical localization lineshape can be created by simply reversing the kicking
potential after every two kicks (47). A sample result is shown in Figure 5, which
compares the broad nonexponential dynamical localization lineshapes in the MKR
to the analogous narrow exponential lineshapes in the KR, for four different values
of k and τ . As shown in Figure 5, in the MKR case, P(m) plotted in the log scale
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Figure 5 Four examples of nonexponential lineshapes for dynamical localization in
the MKR with M = 2, shown in terms of the probability P(m) of finding the system
in the state |m〉 after 8000 kicks, with the initial state |0〉. The results will remain
the same for longer times. The MKR results are represented by upper dashed lines
(the broad lineshape) and, for the purpose of comparison, the corresponding results in
the KR case are also shown here and represented by solid lines (the narrow lineshape).
(a) τ = 1.0, k = 5.0, (b) τ = 2.0, k = 5.0, (c) τ = 1.0, k = 5.7, and (d) τ = 2.0,
k = 6.0. (From Reference 47 with permission.) Note the log scale on the ordinate.

displays structures that are far from purely exponential. For example, one sees that
the initial exponential decay rate of P(m) is considerably smaller than that for
large |m|, suggesting that multiple characteristic lengths are needed to describe
dynamical localization in the MKR. Also seen is that the difference in P(m) be-
tween the KR and MKR can be as large as ten orders of magnitude or more. We
anticipate that results here should motivate an increasing interest in characterizing
and understanding nonexponential dynamical localization. Note however, that all
the lineshapes shown in Figure 5 are symmetric, i.e., P(m) = P(−m). As seen in
Section 2.4 below, this property disappears in the presence of a second symmetry-
breaking kicking field.

2.3. Faster-Than-Classical Anomalous Diffusion

Consider now quantum versus classical energy absorption behavior in cases where
the effective Planck constant (e.g., τ = 0.1) is smaller than the area of the trans-
porting islands (46). We choose κ = 3.5 as an example; the associated classical
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phase space structures in the KR and MKR with M = 2 have been shown in
Figures 3c and 3d. Consider the case where the initial quantum state is chosen
to be |0〉, which evidently does not overlap the transporting islands. The corre-
sponding classical initial state is given by L̃ = 0 with θ uniformly distributed
over [0, 2π ]. Figure 6a displays the quantum-classical comparison in the KR case.
Clearly, quantum effects in the KR strongly suppress classical energy absorption
and the quantum-classical-correspondence (QCC) break time t KR

b in Figure 6a is
∼20 T . By contrast, Figure 6b shows that both the quantum and classical MKR
systems display characteristics of anomalous diffusion: an excellent log- log lin-
ear fit of the results in Figure 6b after the MKR QCC break time (denoted t MKR

b )
gives that Ẽq ∝ N 1.85 (solid line) and Ẽc ∝ N 1.36 (dashed line), where N is the
number of kicks. Hence, significantly, the quantum energy absorption is seen to
be far greater than that associated with the underlying classical anomalous diffu-
sion. This rapid quantum growth is even more visible in Figure 6c, which shows
that the faster-than-classical excitation process shown in Figure 6b persists for
much longer timescales, as well as for an effective Planck constant that is 10 times
smaller (see the discrete points in Figure 6c). Also evident in Figure 6c is that a
smaller effective Planck constant gives better QCC. Thus, counter-intuitively, the
quantum anomalous diffusion here approaches the underlying classical anomalous
diffusion from above rather than from below as the effective Planck constant goes
to zero. This is quite different from the standard picture of quantum suppression
of classical chaotic diffusion.

This faster-than-classical anomalous diffusion may be explained in terms of
a quantum tunneling mechanism (46, 62). At early times, both the quantum and
classical systems that are not initially on the transporting regular islands tend to
stick to the fractal structures lying between the main transporting regular islands
and the chaotic sea, resulting in excellent QCC in anomalous diffusion. Later, for
t ∼ t MKR

b , a non-negligible part of the time-evolving quantum state tunnels from
the chaotic sea to the large transporting islands, whereas each classical trajectory
can at most continue to sojourn in the neighborhood of the transporting islands for
a certain time. Thus, if the mean sojourn time of classical trajectories is relatively
short compared to the characteristic timescale over which the transporting-island
component of the time-evolving quantum state builds up and then tunnels back to
the chaotic sea, the quantum tunneling effects can strongly enhance the transport in
phase space, and therefore quantum anomalous diffusion can be significantly faster
than classical anomalous diffusion. This also makes it clear that quantum anoma-
lous diffusion in the MKR will slow down and dynamical localization can take
place when significant tunneling in the reverse direction (i.e., from the transporting
islands to the chaotic sea) occurs.

This mechanism of faster-than-classical anomalous diffusion indicates that in
controlling classically chaotic quantum dynamics, advantage may be taken of
quantum tunneling to make use of certain classical phase space structures, even
when these structures are not dynamically reachable in the classical dynamics.
Such effects have dramatic consequences in energy absorption behavior. Figure 7

A
nn

u.
 R

ev
. P

hy
s.

 C
he

m
. 2

00
5.

56
:1

-2
3.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lr
ev

ie
w

s.
or

g
 A

cc
es

s 
pr

ov
id

ed
 b

y 
U

ni
ve

rs
ity

 o
f 

T
or

on
to

 L
ib

ra
ry

 o
n 

11
/2

1/
21

. F
or

 p
er

so
na

l u
se

 o
nl

y.
 



25 Feb 2005 20:9 AR AR241-PC56-01.tex AR241-PC56-01.sgm LaTeX2e(2002/01/18) P1: FHD

QUANTUM CHAOS MEETS COHERENT CONTROL 13

Figure 6 Time dependence of the average dimensionless scaled rotational en-
ergy, denoted by Ẽq and Ẽc for quantum and classical ensembles, respectively, for
(a) KR, (b) MKR with M = 2, and (c) MKR over even longer timescales, with
κ = 3.5. Solid lines denote quantum results for τ = 0.1, dashed lines denote classical
results. The discrete points in (c) represent quantum results for τ = 0.01. Note that in
(b) and (c) quantum results are well above the classical results. From Reference (46)
with permission.
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Figure 7 Control of energy absorption behavior by reversing the kicking field after
every two kicks. Shown here is a comparison between KR (dashed line) and MKR
(solid line) in terms of the probability P(m) of finding the system in the state |m〉 at
t = 3000 T . κ = 3.5, τ = 0.1, and the initial state is |0〉. From Reference (46) with
permission.

displays a comparison between the KR and the MKR with M = 2 in terms of the
occupation probability P(m) of |m〉 after 3000 kicks, with κ = 3.5, τ = 0.1, and
the initial state |0〉. It is seen that, for many states (e.g., for 90000 > |m| > 8000),
P(m) of the MKR is 1020 larger than that of the KR. It should be stressed that this
vast quantum control over energy absorption is achieved by simply reversing the
kicking potential, or, alternatively, by introducing a certain time delay after every
two kicks, and that the control mechanism here is uniquely based upon quantum
anomalous diffusion in the MKR, and is thus far more effective than that in the
amplitude-modulated KR (67, 68) or the phase-modulated KR (47) in the absence
of transporting islands.

2.4. Ratchet Accelerator

Ratchet effects, i.e., directed transport without external bias due to a broken spatial-
temporal symmetry, are of great interest in the understanding of molecular rotors
in biological systems and have been under intense investigation using a variety
of simple model systems (69, 70). Early studies focused on the role of external
noise, which was then replaced by deterministic chaotic dynamics with dissipation
(71–74). Recently, it was shown that even purely Hamiltonian dynamics with both
regular and chaotic phase space structures (75–77), or even with complete chaos
(78–80), is capable of generating ratchet effects. As such, there is a renewed
interest in considering a number of variants of the KR in an effort to observe and
understand ratchet effects. For example, delta-kicked systems with an alternating
kicking period and an asymmetric kicking potential (76, 78, 79), or with multiple
external fields (77) have been considered.

Although not often thought of as such, the basic idea behind these studies, i.e.,
to manipulate spatial or temporal symmetry properties to induce a directed current,
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is not new from a coherent control perspective. Indeed, more than fifteen years
ago Kurizki et al. (81) proposed a simple bichromatic coherent control scenario
that can generate photocurrents in semiconductors without a biased voltage. This
proposal and its various extensions (82, 83) have been experimentally realized (84–
86). Related symmetry-breaking control scenarios designed to manipulate chiral
processes are reviewed elsewhere (87).

Here we discuss an entirely different type of Hamiltonian control effect (49)
in a model chaotic system called a ratchet accelerator. This system can produce
accelerating directed transport in the classical limit without a net external force.
The model (49) is based upon large transporting islands in the classical phase
space plus a second kicking field that breaks the spatial symmetry. With the same
notation as above, the Hamiltonian is given by

H ratchet(L̂, θ, t) = L̂2/2I + λ cos(θ )
∑

n

fM (n)δ(t/T − n)

− λ′ sin(2θ )
∑

n

δ(t/T − n), 9.

where λ′ denotes the strength of a second kicking field with the kicking potential
sin(2θ ), where θ is understood as a variable in an extended phase space, i.e.,
θ ∈ (−∞, +∞).

Figure 8a shows (for κ = 3.8, λ′/λ = 0.2/3.8, and M = 2) that upon intro-
ducing the small-amplitude second kicking field, the classical transporting islands
no longer appear in pairs as were seen in Figures 3b and 3d. Rather, the spatial
symmetry of the phase space structures is clearly broken. In particular, all the
trajectories on the transporting island seen in Figure 8a will increase L̃ by approx-
imately π after each kicking period T . The remaining part of the phase space cell is
exclusively occupied by the chaotic sea: there does not exist a similar transporting
island that reduces L̃ in a linear fashion.

For a classical ensemble that uniformly covers the entire phase space cell shown
in Figure 8a, the spatial and temporal periodicity of the system implies that the
average acceleration rate is zero (75), i.e.,

ac Ac + π Ar = 0, 10.

where Ac and Ar denote the areas of the chaotic sea and the transporting regular
region, and ac denotes the average acceleration rate for those trajectories in the
chaotic sea. Consider now an initial classical ensemble described by L̃ = 0 and
θ ∈ (−∞, +∞). Because this initial ensemble is entirely located in the chaotic
sea (note that the structure of the entire phase space is a simple repetition of what
is seen in Figure 8a), Equation 10 predicts that the average acceleration rate of
the classical ensemble is given by −πAr/Ac, the negative sign indicating that
more trajectories travel to negative θ . That is, even though the average force of the
kicking fields is zero and the initial classical ensemble is both spatially symmetric
and time-reversal invariant, the magnitude of the classical current, defined as the
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Figure 8 Dynamical behavior of a classical ratchet accelerator and the associated
quantum system. (a) Classical phase space structure of the ratchet accelerator; (b) the
probability P(m) of finding the quantum system in the state |m〉 after 4000 kicks, for
two values of the effective Planck constant τ (solid line is for τ = 0.1 and dashed line
is for τ = 0.2); and (c) classical directed current (divided by a factor of five) versus
the quantum directed current.

ensemble averaged value of L̃ , will increase linearly with time. It can also be proved
that as time evolves the variance of momentum becomes less and less important
as compared with the current (49).

The question is then how this ratchet accelerator manifests itself in the corre-
sponding quantum system if it is far from the classical limit. Figure 8b shows the
associated distribution function P(m) after 4000 kicks for two values of τ . It is
clearly seen that P(m) is asymmetric: the probability of observing a positive m can
be much higher than that of observing a negative m. This is due to the stickiness
of the boundary between the classical regular structure and the chaotic sea seen in
Figure 8a, and the fact that the quantum ensemble, initially located in the chaotic
sea, can tunnel to the transporting islands. Because the chaotic sea and the trans-
porting islands have opposite acceleration signs (see Equation 10), the quantum
tunneling between them (46) necessarily decreases the net current. Figure 8c dis-
plays a detailed quantum-classical comparison in terms of the directed current. In
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the case of τ = 0.2, the quantum net current, defined as 〈L̂τ/h̄〉, is in the opposite
direction of the classical current. This is unlike other observations of tunneling-
induced current reversal in quantum Brownian motion (88), as the tunneling here
is between a chaotic sea and a regular region and this system is totally isolated
from the environment. In the case of τ = 0.1, the quantum current does increase
almost linearly for as many as 2000 kicks; the average increase rate is about three
times smaller than in the classical case. This suggests that τ = 0.1 seems to
be small enough to achieve directed quantum current that increases linearly with
time without using a biased external field. However, as seen in Figure 8c, due to
the dynamical localization in quantum delta-kicked systems, the quantum directed
current cannot grow all the time. These results indicate that the ratchet accelerator
is an ideal system for studying quantum-classical differences in the presence of
anomalous diffusion.

It would be of great interest to consider a molecular realization of the ratchet
accelerator. As suggested by Equations 4, 6, and 9, diatomics subject to both
microwave field and off-resonance laser field, whose polarization directions are
perpendicular to one another, are a possible candidate. However, because of the
subtle difference between kicked diatomics and the KR (44), detailed calculations
using a three-dimensional rigid rotor model of kicked diatomics should be carried
out to guide the experimental studies.

3. COHERENT CONTROL OF PHOTODISSOCIATION
REACTIONS IN THE CLASSICALLY CHAOTIC REGIME

Coherent control was initially introduced to influence chemical reactions (7, 8).
Because chaos can occur in molecular systems (14, 15), it is of interest to examine
whether chaos does, or does not, affect the feasibility of quantum control of bond
breaking. In a simple scenario for the coherent control of photodissociation reac-
tions, a bichromatic laser field is used to excite a coherent superposition of two
bound eigenstates |E1〉 and |E2〉 on the electronic ground state |g〉, with energies
E1 and E2 (7). The wavefunction of the system in the absence of the control field
is then given by

|ψ(t)〉 = |g〉[c1|E1〉 exp(−i E1t/h̄) + c2|E2〉 exp(−i E2t/h̄)], 11.

where c1 and c2 are complex coefficients, and t is the time. The light field can be
written as

ε(t) =
∫

dω ε(h̄ω) cos(ωt + φω), 12.

where ε(h̄ω) is the electric field amplitude at frequency ω and φω is the associated
laser phase. Given the Born-Oppenheimer approximation, the system wavefunc-
tion in the presence of the control field can be described by
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|�(t)〉 = |g〉[c1|E1 > exp(−i E1t/h̄) + c2|E2〉 exp(−i E2t/h̄)]

|e〉
[∑

f,q

∫
d E B(E, f, q|t)|E, f, q−〉 exp(−i Et/h̄)

]
, 13.

where |E, f, q−〉 is an eigenstate of the system Hamiltonian that correlates with
photodissociation fragments in the q arrangement, in the internal state f , at total
energy E , and in the electronic state |e〉.

Denote R as the branching ratio between two arrangement channels q1 and q2

at total energy E ,

R ≡
∑

f |B(E, f, q1|t → ∞)|2∑
f |B(E, f, q2|t → ∞)|2 . 14.

Then first-order perturbation theory gives

R =
∑

j=1,2 |c j |2|ε̄(E − E j )|2µq1
j j + c1c∗

2 ε̄(E − E1)ε̄∗(E − E2)µq1
12 + c.c.∑

j=1,2 |c j |2|ε̄(E − E j )|2µq2
j j + c1c∗

2 ε̄(E − E1)ε̄∗(E − E2)µq2
12 + c.c.

, 15.

where

µ
q
i j ≡

∑
f

〈Ei |de,g|E, f, q−〉〈E, f, q−|de,g|E j 〉, 16.

ε̄(h̄ω) ≡ ε(h̄ω) exp(−iφω), and c.c. denotes the complex conjugate of the preced-
ing term. Equation 15 clearly shows that by changing the magnitude and phase
of the laser field and/or the coefficients c1 and c2, the quantum interference terms
such as c1c∗

2 ε̄(E − E1)ε̄∗(E − E2)µq1
12 can be altered, leading to the control of the

branching ratio R.
The above control scenario makes no reference to the underlying classical

dynamics, suggesting that it should still work even when the initial state is in the
classically chaotic regime. This is confirmed by a recent study of the branching
photodissociation reaction CH2Br + I ← CH2BrI → CH2I + Br by Abrashkevich
et al. (45). They treated CH2BrI as a pseudo-linear-triatomic molecule, composed
of the I, the CH2 group, and the Br atom, and constructed three empirical potential
energy surfaces, whose parameters are determined by fitting the results to all the
available experimental data (89), including the A and the B bands absorption
spectra and the I/Br branching ratios at 193.3 and 248.5 nm.

Figure 9 displays a computational example of coherent control of the I/Br
branching ratio in the CH2BrI photodissociation reaction. Here exp(iθ j ) f j ≡
ε̄(E − E j )c j ( j = 1, 2), S ≡ 1/(1 + | f1/ f2|2), 2πh̄c/(E − E1) = 280 nm,
and the initial superposition state comprises two highly excited bound states with
energies E1 = −0.128018 au and E2 = −0.128008 au. These two energies are
approximately 40 kcal/mol above the ground vibrational state, well above the
energy threshold of the onset of classical chaos for the electronic ground state of
CH2BrI (90). As seen from Figure 9, the branching ratio ranges from R = 0.4 at
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Figure 9 Coherent control of the I/Br branching ratio (×10) of the CH2BrI photodis-
sociation in the classically chaotic regime, using a superposition of two highly excited
states that are about 15 kcal/mol below the CH2Br + I dissociation threshold. From
Reference (45) with permission.

S = 0.86, θ1 − θ2 = 345.6◦ to R = 2.36 at S = 0.52, θ1 − θ2 = 172.8◦. This
corresponds to a decrease of R by 56.7% relative to the initial state solely given
by |E1〉 (where R = 0.93) and to an increase by 38.9% relative to an initial state
solely given by |E2〉 (where R = 1.7). Extensive control is also observed when
superposition states of even higher-lying energy levels (45) are prepared. Clearly
then, superpositions of highly-excited states in the classically chaotic regime can
also provide the high quality of control expected from superpositions of low-lying
states.

The situation is somewhat more complicated if the continuum states |E, f, q−〉
are chaotic. Qualitatively, this is the case if the classical dynamics displays a long-
lived collision complex at energy E , whose lifetime is longer than the inverse of
the Lyapunov exponent. Quantum mechanically, the analog is the existence of a
long-lived resonance at energy E . If this resonance is ideal (91), then the Bohr
assumption holds (14) and the cross section σq (i) for the formation of product
arrangement q starting in state i satisfies

σq (i) = P(i → r )σ ′(r → q), 17.

where r denotes the intermediate resonance and P(i → r ) denotes the probability
of forming r from state i . From Equation 17 the ratio of product states in two
product arrangement channels is given by σq (i)/σq ′ (i) = σ ′(r → q)/σ ′(r → q ′),
which is independent of the initial state. Hence, in this case the dynamics cannot
be controlled by varying the coherence characteristics of the initial state. Rather,
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the only type of coherent control one might envision in this ideal resonance case
is attained by altering the character of the intermediate resonance. Note that these
conclusions apply only when all products go through the same resonance. When
this is not the case, such as in F + HD scattering, control in the presence of
resonance can be extensive (91).

4. A PHASE CONTROL APPROACH TO
NONADIABATICITY-INDUCED QUANTUM CHAOS

Because coherent control emphasizes quantum interference effects that can be
altered at will, it also provides a unique tool for studying atomic and molecular
quantum processes. For example, Reference 48 considers a phase control approach
to simulating a special type of quantum chaos that can occur in molecular dy-
namics: quantum chaos induced by the nonadiabatic transitions between different
electronic potential surfaces (92–95). Space considerations prevent a description
of this approach. Note, however, that it provides a means of adjusting the degree
of adiabaticity in a laser-excited three-level system to allow for control of the
nonadiabatic dynamics.

5. CONCLUDING REMARKS

The results reviewed above indicate that coherent control can be applied to those
quantum systems that have a chaotic classical limit and can be very useful in
understanding the quantum dynamics as compared with the underlying classical
dynamics. In particular, even extremely simple control schemes, such as those us-
ing initial state coherence, periodic field reversal, or multiple kicking fields, may be
used to manipulate classically chaotic quantum dynamics. The resultant controlled
quantum systems have also revealed a variety of intriguing quantum phenomena
that are of importance to the study of quantum chaos and quantum-classical corre-
spondence. These include: (a) faster-than-classical quantum anomalous diffusion,
(b) coherent control that is based upon the quantum tunneling between regular
phase space structures and a chaotic sea, (c) the manifestations of classical phase
space structure in the quantum dynamics with its area much smaller than the ef-
fective Planck constant, (d ) nonexponential lineshape of dynamical localization,
(e) current reversal induced by quantum coherence effects in a ratchet accelerator,
and ( f ) nonadiabaticity-induced quantum chaos simulated in an optical lattice.
Similarly, we have noted both the ability to control scattering systems where one
channel is dominated by a resonance, and photodissociation from chaotic states.

A more ambitious goal is to consider coherent control in classically chaotic sys-
tems with many degrees of freedom, where issues related to the quantum resonance
character, noted above, still remain to be resolved. We note, however, that recent
studies of intramolecular energy transfer in organic molecules (39, 40) have shown
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that energy relaxation in large molecules can occur within a manifold whose di-
mension is much smaller than that predicted by global ergodicity. If this is the case,
then the results described above for low-dimensional classically chaotic systems
may be directly relevant to consideration of such high-dimensional systems.

Finally, we note that very recent studies on quantum control in classically
chaotic systems (96, 97) further support the view that coherent control can be a
powerful tool in manipulating quantum chaos.
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