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Abstract

We review theoretical work in the field of “coherent control” (CC) of bound- and continuum-state dynamics. We explain the
principles of bichromatic and polychromatic control and show that CC is made possible through the execution of a disentanglement
transformation. We discuss limitations to control and show that controllability in continuum states is linked to a generalized Schwarz
inequality of vector spaces. We illustrate the success of these techniques in controlling photo-current directionality in semiconductors
using one- vs. two-photon interferences. We next turn our attention to CC using adiabatic passage (AP) processes, enabling the
achievement of both selectivity and complete population transfer. We demonstrate controllability in bound state dynamics by the
explicit construction of guiding fields which solve the “non-degenerate quantum control” problem. The CC + AP methodology is
then extended to the control of manifolds composed entirely of degenerate bound states. We use AP techniques in the control of
photoassociation and especially in the controlled recombination of ultracold atoms to form ultracold molecules. We next discuss
the optical manipulation of interferences between overlapping, decaying resonances as a way of suppressing spontaneous emission,
intramolecular vibrational redistribution, and internal conversion in molecules. Finally we discuss decoherence and the way material
and radiative phase-instabilities diminish controllability. We show how to combat decoherence and how to use CC to construct
“decoherence-free subspaces”.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Quantum mechanics, though a probabilistic theory, gives a “deterministic” answer to the question of how the present
determines the future. In essence, in order to predict future probabilities, we need to (numerically) propagate the time
dependent Schrödinger equation from the present to the future. The field of Quantum Control deals with an important
modification of this task, namely, it asks—given a wave function in the present, what dynamics (e.g. the Hamiltonian)
guarantees a desired outcome (“objective”) in the future?

In practice one can modify the Hamiltonian by introducing external fields (e.g. laser light). It is then possible to reach
the objective in a “trial-and-error” fashion, that is, one can guess a Hamiltonian, propagate the initial wave function to
the future, compare the result with the desirable objective, and correct the guess for the Hamiltonian until satisfactory
agreement with the objective is reached. A systematic way of executing this procedure is the sub-field called optimal
control [1–27].

This trial-and-error method is very time consuming, requiring the repeated solution of the time dependent Schrödinger
equation. When the explicit time-dependent terms in the Hamiltonian merely serve to prepare a state which then evolves
in the absence of an external field, or when its explicit time dependence can be treated adiabatically, there exists a much
more elegant method, called coherent control (CC) [2–57], which necessitates the solution of the (time-independent)
Schrödinger equation only once. Moreover, in that case, the CC solution allows for the simultaneous exploration of
other possible future outcomes (and not just a single “desirable” objective) resulting from different preparations of the
initial wave function. The CC method is the subject of the present review.

2. The principles of coherent control

2.1. The generation of entanglement in multi-channel Photodissociation

In this section we show that much of the difficulty in controlling future events, in pure state dynamics, arises from
the generation of entangled states, associated with many possible future outcomes. This is the situation in many natural
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processes, such as the dissociation of a molecule by a photon (“photodissociation”), a process that will serve here as a
generic example of a quantum-dynamical event. In Section 2.2 we show how to overcome this difficulty and disentangle
material states, thus giving rise to just one, pre-chosen, future outcome.

Consider a photodissociation process of the type,

ABC
h̄�→ABC ∗ →

{
A+ BC, q = 1,

B + AC, q = 2,

C + AB, q = 3.

(1)

Here ABC is a polyatomic molecule in a bound state, with A, B or C being atoms or groups of atoms. ABC ∗ represents
the same molecule in an excited dissociative state, with a light source of carrier frequency h̄� inducing the transition
between these states. The q = 1, 2, 3 quantum number designates the various ways (“arrangement channels”) to which
the molecule can break apart in the remote future. In addition to this quantum number there is a set of quantum
numbers, designated collectively as n (or m), which describe the individual states of the molecular fragments in a given
q arrangement. For example, n can incorporate the v, j, mj , and k̂ quantum numbers, designating respectively, the
vibrational level, rotational level, angular momentum projection on the z axis, and direction of recoil of the fragments.

Consider a coherent light field of the form

E(t)= ε̂ε(t)= ε̂

∫
d�ε(�) exp(−i�t) (2)

acting on the ABC molecule. Here ε(t) is the magnitude of the field, ε̂ is its polarization direction and ε(�) is the field’s
Fourier component at frequency �. The entire dynamics is determined by �(t), the time dependent material wave
function, satisfying the time dependent Schrödinger equation,

ih̄��(t)/�t =H�(t), (3)

where H is the full matter + radiation Hamiltonian,

H =HM +HMR(t), (4)

where HM is the purely material Hamiltonian and HMR(t) is the radiation-matter interaction, given in the dipole
approximation as

HMR(t)=−ε(t)ε̂ · ��, (5)

with �� being the transition dipole operator.
We consider a common situation in which the system resides initially (at t = 0) in a single bound (“precursor”) state
|E1〉. As a result of the interaction with the photon, some population is transferred to a dissociative manifold, spanned
by the |E, n, q−〉 set of fully interacting scattering states. Both the initial and scattering states are eigenstates of the
material Hamiltonian, i.e.,

lim
ε→+0

[E − iε−HM ]|E, n, q−〉 = 0; [E1 −HM ]|E1〉 = 0. (6)

The −iε boundary condition makes the scattering state go over, as t →∞, to individual fragment states,

lim
t→∞,ε→+0

|E, n, q−〉e−i(E−iε)t/h̄ = |en,q〉|kn,q〉e−iEt/h̄ ≡ |E, n, q; 0〉e−iEt/h̄. (7)

Here, en,q denotes the internal energy of the fragments in the q arrangement and n internal state, while h̄kn,q is the
linear momentum of the free motion of the fragments in the q-arrangement, the magnitude of which is given via energy
conservation as

h̄2k2
n,q/(2mq)= E − en,q , (8)

where mq is the reduced mass in the q-arrangement. For example, mq=1 ≡ m(A)m(BC)/[m(A)+m(BC)], with m(A)

being the mass of the A fragment, etc.
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Using the above states we can expand |�(t)〉 as

|�(t)〉 = b1(t)e
−iE1t/h̄|E1〉 +

∑
n,q

∫
dEbE,n,q(t)e−iEt/h̄|E, n, q−〉. (9)

The photodissociation amplitude to observe a specific fragment state labeled by (m, q ′) at time t is given as

A
(q ′)
m (t)= 〈em,q ′ , km,q ′ |�(t)〉 = b1(t)〈em,q ′ , km,q ′ |E1〉e−iE1t/h̄

+
∑
n,q

∫
dEbE,n,q(t)〈em,q ′ , km,q ′ |E, n, q−〉e−iEt/h̄. (10)

Assuming that 〈em,q ′ , km,q ′ |E1〉 = 0, (e.g., the two states belong to different electronic states), it follows from Eqs.

(10), (7) and the orthogonality of the continuum states that P
(q ′)
m (E), the photodissociation probability to observe a

particular fragment state in the remote future at total energy E is given by

P
(q ′)
m (E)= |A(q ′)

m (E)|2 = |bE,m,q ′(t →∞)|2. (11)

In order to obtain the b1 and bE,n,q expansion coefficients we substitute Eq. (9) into the time-dependent Schrödinger
equation and use the orthogonality of the basis functions to obtain the usual set of first-order differential equations,

d

dt
b1 = i

∫
dE

∑
n

�1,E,n(t)bE,n,q(t)e−i�Et (12a)

d

dt
bE,n,q = i�∗1,E,n(t)ei�Etb1(t) for each E and n (12b)

where we have retained only the “rotating waves” terms. The detuning, �E,i , is defined as

�E,i ≡ �E,i − �L with �E,i ≡ (E − Ei)/h̄, i = 1, . . . , (13)

and �1,E,n(t), the (time-varying) “Rabi-frequency”, is defined as

�1,E,n(t) ≡ 〈E1|ε̂ · ��|E, n, q−〉ε(t)/h̄. (14)

We proceed [58] by integrating the bE,n,q continuum coefficients of Eq. (12) over time, while imposing the boundary

condition that only the |E1〉 state is initially populated, i.e., that b
(1)
E,n,q(t → −∞)= 0. With this boundary condition,

we have that,

bE,n,q(t)= i
∫ t

−∞
dt ′�∗1,E,n(t ′)b1(t

′)ei�Et ′ . (15)

Hence,

P
(q)
n (E)

P
(q ′)
m (E)

=
∣∣∣∣ bE,n,q(∞)

bE,m,q ′(∞)

∣∣∣∣
2

=
∣∣∣∣ 〈E, n, q−|ε̂ · ��|E1〉
〈E, m, q ′−|ε̂ · ��|E1〉

∣∣∣∣
2

. (16)

Note that all laser pulse parameters and the time dependence have neatly canceled out in the expression for the branching
ratio. We conclude that in traditional photodissociation the branching ratios at a fixed energy E are independent of the
laser power and pulse shape. This result, though independent of the pulse strength, coincides with that of perturbation
theory. It holds true whenever only one “precursor” state |E1〉 exists.

This argument motivates the idea that the way to control photodissociation is to use more than one “precursor” state,
or in greater generality, to use multiple excitation pathways to the same continuum state. Below we demonstrate that
such a strategy allows us to actively influence and control which photodissociation product is formed. These ideas,
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which introduce the notion of “coherent control”, will be later shown to hold true for any dynamical process, not just
for photodissociation.

2.2. The basic principle of coherent control

We introduce the basic principles of CC through a series of examples. In particular, we first extend the treatment of
the previous section to the photodissociation of a non-stationary superposition of bound states,

|�(t)〉 =
∑

i

bi(t)|Ei〉e−iEit/h̄. (17)

Numerous experimental techniques can be used to create the �(t) state (see e.g., Refs. [59–61]). Whatever the method
of preparation, the amplitude and phase of bi(t) and matrix elements connecting |Ei〉 to the continuum are functions
of the experimentally controllable preparation and excitation lasers parameters.

With �(t) as the initial state Eq. (9) becomes

|�(t)〉 =
∑

i

bi(t)e
−iEit/h̄|Ei〉 +

∑
n,q

∫
dEbE,n,q(t)e−iEt/h̄|E, n, q−〉. (18)

Assuming that the field does not directly couple the |Ei〉 bound states (because e.g., its Fourier components are far off
resonance with respect to the �i,j ≡ (Ei − Ej)/h̄ transition frequencies), we obtain a set of equations analogous to
Eq. (12):

dbj (t)

dt
= i

h̄

∫
dE

∑
n,q

ε(t)e−i�E,j t 〈Ej |ε̂ · ��|E, n, q−〉bE,n,q(t),

dbE,n,q(t)

dt
= i

h̄

∑
i

〈E, n, q−|ε̂ · ��|Ei〉ε(t)ei�E,i t bi(t), for all E, n, q. (19)

Solving Eq. (19) for the continuum coefficients we obtain

bE,n,q(t)= i

h̄

∑
i

〈E, n, q−|ε̂ · ��|Ei〉
∫ t

0
dt ′ε(t ′)ei�E,i t

′
bi(t
′). (20)

As a result, the photodissociation probability is given by

P
(q)
n (E)= |bE,n,q(∞)|2 = 1

h̄2

∣∣∣∣∣
∑

i

〈E, n, q−|ε̂ · ��|Ei〉
∫ ∞

0
dtε(t)ei�E,i t bi(t)

∣∣∣∣∣
2

. (21)

Note that it is no longer possible to factor out the pulse parameters from the above expression. We say that the light
fields have been “entangled” with the material system.

In the weak field limit we can assume that the initial coefficients do not get significantly depleted by the photodis-
sociating pulse and equate bi(t) ≈ bi(0) ≡ bi to obtain that

P
(q)
n (E)=

∣∣∣∣∣
∑

i

bi〈E, n, q−|ε̂ · ��|Ei〉
∫ ∞

0
dtε(t)ei�E,i t

∣∣∣∣∣
2

=
(

2�

h̄

)2
∣∣∣∣∣
∑

i

bi〈E, n, q−|ε̂ · ��|Ei〉ε(�E,i)

∣∣∣∣∣
2

. (22)

Thus, the probability to produce a fragment state n, q at energy E involves multiple interfering pathways. In each
pathway a different on-resonance ε(�E,i) Fourier component of the laser pulse connects a different precursor state |Ei〉
to the same continuum state |E, n, q−〉. By changing the amplitude and phase of these Fourier components (i.e., by
“shaping” the pulse) we can affect the nature and magnitude of the interference between all the pathways. Since this
interference is affected also by the 〈E, n, q−|ε̂ · ��|Ei〉 complex matrix elements, it is possible to induce destructive
interference in one fragment channel and constructive interference in another, thereby achieving the desired channel
selectivity.
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Beyond the weak field limit one can no longer neglect the variation in the initial coefficients during the pulse. Rather,
we can get a more accurate answer by substituting Eq. (20) into the first part of Eq. (19) to obtain

dbj (t)

dt
= − 1

h̄2

∑
i

∑
n,q

ε(t)

∫ t

0
dt ′ε(t ′)ei(Ej t−Eit

′)/h̄

×
∫

dEe−iE(t−t ′)/h̄〈Ej |ε̂ · ��|E, n, q−〉〈E, n, q−|ε̂ · ��|Ei〉bi(t
′). (23)

Assuming that 〈Ej |ε̂·��|E, n, q−〉varies slowly with E we can use the so-called slowly varying continuum approximation
(SVCA) [62] to replace it by its value at some representative energy Ē:

〈Ej |ε̂ · ��|E, n, q−〉 ≈ 〈Ej |ε̂ · ��|Ē, n, q−〉. (24)

With this approximation, the last integral of Eq. (23) becomes∫
dEe−iE(t−t ′)/h̄〈Ej |ε̂ · ��|E, n, q−〉〈E, n, q−|ε̂ · ��|Ei〉

≈ 〈Ej |ε̂ · ��|Ē, n, q−〉〈Ē, n, q−|ε̂ · ��|Ei〉
∫

dEe−iE(t−t ′)/h̄

= 2�h̄〈Ej |ε̂ · ��|Ē, n, q−〉〈Ē, n, q−|ε̂ · ��|Ei〉�(t − t ′). (25)

Using Eq. (25), and the identity
∫ t

0 dt ′�(t − t ′)= 1/2, we obtain from Eq. (23) that,

d

dt
bj (t)=−

∑
i

ε(t)2ei�j,i t	j,i (Ē)bi(t), (26)

where 	j,i (Ē) are elements of the “width” matrix 	(Ē),

	j,i (Ē) ≡ �

h̄

∑
q

〈Ej |ε̂ · ��
{∑

n

|Ē, n, q−〉〈Ē, n, q−|
}

ε̂ · ��|Ei〉 ≡
∑
q

	(q)
j,i (Ē), (27)

where 	(q)
j,i (Ē) defined via Eq. (27) are the partial width matrix elements associated with arrangement q,

	(q)
j,i (Ē) ≡ �

h̄

∑
n

〈Ej |ε̂ · ��|Ē, n, q−〉〈Ē, n, q−|ε̂ · ��|Ei〉. (28)

It is clear from Eq. (26) that the �j,i are the most important Fourier components of |ε(t)|2. We now consider a pulse
composed of discrete Fourier components of the form,

ε(�)=
∑

i

εi�(�− �E,i)+ ε∗i �(�+ �E,i). (29)

As a function of time this pulse is a discrete sum of continuous waves (cw)

ε(t)=
∑

i

εi exp(−i�i t)+ c.c., (30)

whose intensity is given by

ε2(t)=
∑
i′i
[Ii′,i exp(−i(�i′ − �i )t)+ Ji′,i exp[−i(�i′ + �i )t] + c.c.], (31)
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where

Ii′,i = εi′ε
∗
i , Ji′,i = εi′εi .

Setting �i = �E,i = (E − Ei)/h̄ and neglecting the very fast Fourier components of |ε(t)|2 associated with Ji′,i ,
we have from Eq. (26) that

d

dt
bj (t)=−

∑
i

∑
i′,i′′
[Ii′,i′′ exp[i(�j,i − (�i′ − �i′′)t] + I ∗i′,i′′ exp[i(�j,i + (�i′ + �i′′)t]]	j,i (Ē)bi(t). (32)

Keeping just those terms for which �j,i − (�i′ +�i′′)=0 or �j,i + (�i′ +�i′′)=0, i.e., i′ = j and i′′ = i, we have that

d

dt
bj (t)=−

∑
i

Ij,i	j,i (Ē)bi(t). (33)

By eliminating the continuum in Eqs. (26)–(33) we have obtained a discrete number of first order coupled differential
equations which can be readily solved numerically. The results can then be inserted into Eqs. (20) and (21) to obtain
the photodissociation probability. In addition to the diagonal 	i,i terms, which describe the decay of each bound state
to the continuum, the off diagonal 	j,i terms allow for laser-induced population transfer between the bound states, in
what amounts to a stimulated resonance Raman process via the continuum. Thus, a strong pulse whose power spectrum
encompasses the �j,i component, would, even if operating on a single precursor |Ei〉 state, give rise in a short time
to the formation of a superposition of |Ej 〉 states (i.e., the |�(t)〉 state of Eq. (17)). Pulse shaping thus acts not only to
modify the photo-excitation to the continuum, but also to modify the composition of the precursor |�(t)〉 state.

2.3. Pulse shaping control as a disentanglement transformation

As stressed above, the object of control in a photodissociation experiment is the preparation of a single |E, n, q−〉
state. If this is achieved we are guaranteed, by Eq. (7), complete control insofar as only one fragment target state
|E, n, q; 0〉 is populated as t →∞. With this in mind, we rewrite Eq. (9) in matrix notation as

|�(1)(t)〉 =
∫

dEe−iEt/h̄(b
(1)
E,n1,q1

(t), b
(1)
E,n2,q2

(t), ..) ·
( |E, n1, q

−
1 〉|E, n2, q
−
2 〉:

)
, (34)

where |�(1)(t)〉 is the excited portion of the wave packet that originated from state |E1〉, namely

|�(1)(t)〉 ≡ |�(t)〉 − b1|E1〉e−iE1t/h̄. (35)

In order to achieve the control target we consider preparing a whole array of wave packets, by, for example, starting
with other initial states composed of the system bound states |Ei〉. That is,

|�t 〉 =
∫

dEe−iEt/h̄b · |E, n〉, (36)

where

|�t 〉 ≡
( |�(1)(t)〉
|�(2)(t)〉
:

)
, (37)

b ≡
⎛
⎝b

(1)
E,n1,q1

, b
(1)
E,n2,q2

, ..

b
(2)
E,n1,q1

, b
(2)
E,n2,q2

, ..

:

⎞
⎠ (38)

and

|E, n〉 ≡
( |E, n1, q

−
1 〉|E, n2, q
−
2 〉:

)
. (39)
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It is easy to see that the b matrix factorizes as

b= ε̂(E) ·M(E), (40)

where

M(E)=
( 〈E1|�|E, n1, q

−
1 〉, 〈E1|�|E, n2, q

−
2 〉, ..〈E2|�|E, n1, q

−
1 〉, 〈E2|�|E, n2, q

−
2 〉, ..:

)
(41)

with ε̂(E) being a diagonal matrix of the Fourier transform of the pulse amplitude times the bound states coefficients,
at the transition frequencies �E,i ,

ε̂(E)=
(

ε1(E), 0, 0, ..

0, ε2(E), 0, ..

:

)
(42)

with

εi(E)=
∫ ∞
−∞

dtε∗(t)ei�E,i t bi(t). (43)

Writing the array of possible wave function produced as

|�t 〉 =
∫

dEe−iEt/h̄ε̂(E) ·M(E) · |E, n〉, (44)

allows us to examine the possibility of taking different linear combinations of the components of the |�t 〉 vector so
as to satisfy the control objectives of producing a single |E, ni , q

−
i 〉 state. In this way different pathways starting with

different precursor states leading to the same |E, ni , q
−
i 〉 state will be seen to interfere to achieve the desired goal.

As an example, we consider a superposition state composed of the sum over the components of |�t 〉,

�′(t)=
∑

k

∫
dEe−iEt/h̄εk(E)

∑
j

M(E)k,j |E, nj , q
−
j 〉. (45)

In the weak field limit, the population and the phase of the initial levels can be assumed constant with time,

bk(t) ≈ bk ≡ bk(−∞), (46)

in which case all the εk(E) matrix elements factor as

εk(E) ≈ bk

∫ ∞
−∞

dtε∗(t)ei�E,kt = 2�bkε̄(�E,k), (47)

where

ε̄(�) ≡ (1/2�)

∫ ∞
−∞

dtε∗(t)ei�t . (48)

Our objective to populate exclusively the ith fragment state |E, ni , q
−
i 〉 can be realized in the weak field domain by

choosing the pulse shape which defines �′(t) [Eq. (45)] to satisfy the condition

bkε̄i(�E,k)=
(
M(E)−1

)
i,k

. (49)

This choice eliminates all but a single |E, ni , q
−
i 〉 state in �′(t) given by Eq. (45). We have thus achieved a disentan-

glement of the entangled wave packet produced by the single-precursor-state photodissociation processes.
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We see that the disentanglement of the material system to achieve a single ith product state, is realized by actively
entangling the material system with the photons. Conceptually, the disentanglement is performed in two steps: We first
create a superposition of bound states,

|
(t)〉 =
∑

k

bk|Ek〉e−iEkt/h̄ (50)

and then act on the superposition with photons of different frequencies, whose weights determine the pulse shape
according to Eq. (49). This allows for multiple-path interference between the various ways of generating the |E, ni , q

−
i 〉

state. The weight of each pathway is chosen so as to cause destructive interference in the production of all the |E, n, q−〉
states but one, the |E, ni , q

−
i 〉 state. Thus, pulse shaping leads to control only insofar as it allows for interference between

different coherently related bound states comprising 
, or more generally, between different pathways leading to the
same product.

2.4. Controllability in the continuum

In this sub-section we discuss limitations in the use of polychromatic light to controlling events that occur in the
continuum. As in previous sections we shall use photodissociation as a generic example of events occurring in the
continuum.

One reason control is incomplete is that in practice the perfect disentanglement transformation, as embodied in the
pulse-shaping of Eq. (49), cannot be constructed simultaneously for all energies. This can be seen by noting that the
(M(E)−1)i,k matrix element, which (for a single i) is a general function of two variables, k and E, must be factorisable
as a product of bk , which only depends on k, and ε̄i (�E,k) which only depends on �E,k . This factorization is satisfied
only when either M(E) does not vary too rapidly with E, or, conversely, when the 〈E1|�|E, n, q−〉 matrix elements,
which determine M(E) (and the absorption spectrum), span a very narrow range of energies (e.g., the spectrum is
composed of narrow, well spaced, resonances).

Whereas in the weak field limit control is achievable in two separable steps, in the strong field domain the factorization
of Eq. (47) does not hold and these two steps become one. In that case the control conditions become

εi,k(E)= (M(E)−1)i,k . (51)

In this strong field regime the bk(t) coefficients are embedded in εk(E) (see Eq. (43)) and are themselves functions of
ε(t). Hence the problem is inherently non-linear, necessitating an iterative solution. Nevertheless, the same interference
mechanism outlined in the weak field domain applies. The only difference is that the pulse-shaping conditions are given
implicitly via Eq. (51), rather than explicitly via Eq. (49), as in the weak field domain.

There are also size limitations to control of continuum processes, having to do with the number of open channels
(i.e., in photodissociation the number of internal quantum states of each fragment that are accessible at a given total
energy E) relative to the number of interfering processes we employ in order to control the outcome.

In order to see how control is limited by the size of the space we wish to control, we focus attention on a system
whose Hamiltonian eigenstates are partitioned into bases for three subspaces A0, A1 and A2 of dimensionality M0, M1
and M2, respectively. States in Ai (i = 0, 1, 2) are denoted |i, nk〉, where nk = 1, . . . , Mi labels the state and i labels
the subspace. Dynamics initiated in A0 can flow into A1 and A2 (and inelastically into A0) under the influence of a
collection of scattering matrices S. The aim of control in this case is to find a particular set of vectors residing initially
in the A0 space that would evolve solely into the A0 ⊕ A1 spaces. Below we find limitations to control, i.e., that the
possibilities to eliminate the parasitic A0 → A2 transitions which naturally accompany the A0 → A1 transitions, are
limited by the size of A0 relative to the size of A2.

A trivial solution of the above problem is obtained for a particular S for which all the elements connecting space
A0 to space A2 are zero. This special solution is of little interest because the control challenge is whether it is possible
in the general case, in which S has matrix elements that connect vectors in all sub-spaces, including vectors in the
A0 and A2 spaces, to eliminate “parasitic” transitions to A2. We show below that under these conditions, it is possible
to attain this goal only if M2 < M0. When this size limitation is not met, namely when M2 �M0, it is not possible to
construct an initial superposition state in A0 which would evolve under the action of a general S matrix exclusively into
A0 ⊕ A1 [63].
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The long-time evolution of a general initial state |i0〉 ∈ A0, expanded as

|i0〉 =
M0∑

ni=1

cni
|0, ni〉 (52)

is given (using the linearity of S) as

S|0, ni〉 =
2∑

j=0

Mj∑
nk=1

S
(0,j)
ni ,nk
|j, nk〉. (53)

By construction, the matrix elements S
(0,j)
ni ,nk

(j �= 0) are non-zero. Hence,

S|i0〉 =
M0∑

ni=1

cni

2∑
j=0

Mj∑
nk=1

S
(0,j)
ni ,nk
|j, nk〉. (54)

Projecting this state onto 〈2, nf |, squaring and summing over nf , gives the probability of finding the system in A2:

P(A2)=
∑
nf

∣∣∣∣∣∣
M0∑

ni=1

cni
S(0,2)

ni ,nf

∣∣∣∣∣∣
2

. (55)

Under what conditions can we prevent transfer of populations into A2? To do so requires P(A2)= 0, i.e.

M0∑
ni=1

cni
S(0,2)

ni ,nf
= 0 for nf = 1, . . . , M2, (56)

or in matrix notation

SM0,M2 · cM0 = 0, (57)

where SM0,M2 is the M0 ×M2 portion of S and cM0 is an M0 dimensional vector.
Eq. (57) has non-trivial solutions [64] if and only if the rank of SM0,M2 is less than M0. This is certainly the case

[65] for M2 < M0. However, for M2 > M0 the rank of SM0,M2 can be greater than or equal to M0, and unless all M0
dimensional sub-matrices of SM0,M2 are singular no non-trivial solution will exist. In more detail, denoting the kth such
sub-matrix by S(k)

M0,M0
(k = 1, [M2!/(M2 −M0)!M0!]), non-trivial solutions are only possible if

det S(k)
M0,M0

= 0 (58)

for all k. Clearly this imposes very stringent conditions on the possibility of the desired control, making it virtually
impossible under all physically realizable conditions.

The inability to direct dynamics from A0 away from A2 under physical conditions, if M2 �M0, is entirely a quantum
limitation. To see this consider the analogous situation classically. Here one examines a phase space region A0 of
volume M0 containing trajectories which flow into final phase space regions A0, A1 and A2, of volume M0, M1 and
M2. If one wants, for example, to design an initial state in A0 which goes solely into A1 one can do so by (1) allowing
all trajectories to evolve from A0 and settle into A0, A1 or A2; and (2) time reverse just those trajectories which went
from A0 into A1, to give a distribution in A0. The resultant distribution, when propagated forward in time, will evolve
solely from A0 to A1.

The simplest way to understand the difference between the classical and quantum results is to note that in classical
mechanics each classical state (i.e. each trajectory) goes from A0 into a specific Ai . This is not the case quantum
mechanically where each A0 state has non-zero S matrix elements with states in both A0 ⊕ A1 and A2.

The quantum restriction we have obtained is completely general, applying to both systems which are controlled, in
which case S defines a process which we design for control purposes, as well as to uncontrolled system evolution in
which S is dictated by nature. The result establishes an important inequality between the dimension of the subspace (A2)
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which we desire not to populate and the initial subspace (A0). Further, unlike quantum entropy arguments for example,
the result imposes a fundamental restriction on the dynamical evolution of the wave function itself. No observer or
measurement need be invoked.

3. Applications of coherent control: the one-photon vs. two-photon interference

As an application of the above formulation we briefly discuss here a CC scenario in which we interfere a one-photon
process with a two-photon process in order to control the directionality of electronic currents in semiconductors and
other environments [66], with related applications in material transport [67].

We can do so by irradiating the material system by two fields, A1e−i�1t−i�1 , inducing a one-photon transition, and
A2e−i�2t−i�2 , where �2 = �1/2, induces a two-photon transition (Fig. 1).

Given an initial |kv〉 valence-band state, and that both processes are in resonance with transitions to |kc〉 conduction-
band states, the probability-density in the conduction-band, P(kc), is given as the square of the sum of one-photon and
two-photon amplitudes. Explicitly, P(kc)= |f (kc)|2 with

f (kc) ∝ A1pc,ve−i�1 + A2
2dc,ve−2i�2 , (59)

where

pc,v ≡ 〈kc|p|kv〉, dc,v ≡
∑

i

pc,ipi,v

h̄�2 − Ei

.

In the above, pi,v ≡ 〈ki |p|kv〉(pc,i ≡ 〈kc|p|ki〉) are the momentum matrix elements between the initial (final) state
and all intermediate states |ki〉 of energy Ei .

Squaring Eq. (59) and separating out Pnon ≡ |A1pcv|2 + |A2
2dcv|2, the non-interfering sum of one-photon and two-

photon probabilities, from the interference term, 2Re{A∗1p∗cvA2
2dcvei[�1−2i�2]}, i.e., twice the real part of the product

of the one-photon and two-photon amplitudes, we can write P(kc) as

P(kc) ∝ Pnon + Pint cos(�1,2 + �1 − 2�2), (60)

where Pint ≡ |A1A
2
2pc,vdc,v|, with �1,2 denoting the phase of the p∗cvdcv product. We see that we can control the sign

of the interference term and hence whether the interference be constructive or destructive, by varying �1 − 2�2.

Fig. 1. A schematic illustration of an experiment in which the directionality of current formed in the conduction band of a semiconducting quantum
well system was controlled by irradiating the sample with a combination of a fundamental frequency (that of the CO2 laser) and its second harmonics.
Taken from [68].
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Fig. 2. Polar plots of the angular distribution of the symmetry-broken wave functions formed by exciting a 1s orbital by a combination of a fundamental
frequency and its second harmonic at two relative phase values, �1 − 2�2 = 0 and �1 − 2�2 = �, determining j, the DC injection currents formed
as a result of the process.

The type of symmetry-broken angular distributions formed as a result of the action of the two fields are shown in
Fig. 2. We see that a phase difference that results in the interference being constructive in the forward direction leads
to destructive interference in the backward direction, and vice versa.

Depending on the �1 − 2�2 relative phase the injection rates into the | ± kc〉 states can be different, resulting in
the generation of a DC electric current, jc ∝

∫
kcPkc dkc �= 0 (jv �= jc), in the conduction (valence) band of the

semiconductor.

4. Coherent control and adiabatic passage

The “quantum control” (QC) problem can be phrased as finding ways of inducing complete transfer of population
from an arbitrary “initial” wave packet of states to a desired “target” wave packet of states. In searching for useful control
strategies we look for methods that can be generally applied to an entire class of systems. In addition to generality, the
method should ideally also be robust and be based on some simple and transparent principle. Such method arises when
we merge CC, by which one may attain selectivity in a multi-channel situation, and adiabatic passage, which enables
the complete transfer of populations between a pair of quantum states (Fig. 3).

4.1. Adiabatic passage

With the introduction in the 1980s of new laser sources a number of powerful population transfer techniques, such as,
overtone pumping (OTP) [69], off-resonance stimulated Raman scattering (ORSRS) [70,71] and stimulated emission
pumping (SEP) [72], were developed. These methods resulted however in only partial population transfer between
quantum states. The adoption in optics of the Adiabatic Passage (AP) technique [73–76] operating (in contrast to CC)
along a single quantum pathway, has opened the way for affecting a complete population transfer between states.

Complete population transfer in AP was shown theoretically [74] and independently implemented experimentally a
few years later in a method called Stimulated Raman adiabatic passage (STIRAP) [75,76]. In this method, which is a
variant of the Stimulated Raman process, the two (“pump” and “dump”) pulses are employed in the reverse (“counter-
intuitive”) order to that of the usual stimulated Raman process, namely, in STIRAP the “dump” pulse precedes the
“pump” pulse. We now explain how the “counter-intuitive” pulse ordering leads to the desired complete population
transfer.

Consider irradiating the (“�-type”) three state system depicted in Fig. 4 by two laser pulses, a “pump” pulse (P ) of
center frequency �P and pulse envelope εP (t) and a “dump” pulse (D) of center frequency �D and pulse envelope
εD(t). The Hamiltonian for this system is written as

H =HM − 2�0,1εP (t) cos(�P t)− 2�2,0εD cos(�Dt), (61)
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Fig. 3. Experimental control of current directionality. Shown is the DC current generated by the experimental setup of Fig. 1 as a function of the
phase difference between the fundamental source (wavelength of 10.6 �m) and its second harmonic. Taken from [68].

Fig. 4. The three level � configuration adiabatic passage scheme.

where �0,1 is the projection of the dipole matrix element for the |
1〉 ↔ |
0〉 transition on the P polarization, and �2,0
is the projection of the dipole matrix element for the |
0〉 ↔ |
2〉, transition on the D polarization direction.

Expanding the time dependent wave function in the three bare states,

|�(t)〉 =
∑

i=1,0,2

bi(t)|
i〉e−iEit/h̄, (62)

we can write the Schrödinger equation for the coefficients as

d

dt
b(t)= iH · b(t), (63)

where b ≡ (b1, b0, b2) column vector and

H=
⎛
⎝ 0 �∗P (t)e−i�P t 0

�P (t)ei�P t 0 �∗D(t)ei�Dt

0 �D(t)e−i�Dt 0

⎞
⎠ , (64)

where �P(D) ≡ �0,1(2,0)εP (D) is the Rabi frequency for “pump” (“dump”) process, and �P(D) ≡ �P −�0,1(2,0) is the
detuning of the “pump” (“dump”) pulse relative to the transition frequency �0,1(2,0).
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(a)

(b)

(c)

Fig. 5. The pulses (panel (a)), eigenvalues (panel (b)), and populations (panel (c)), as a function of time in the three level adiabatic passage with
“counter-intuitive” ordering.

We now diagonalize the H matrix

H · U= U · �̂, (65)

where �̂ is a diagonal matrix, to obtain that

�1 = 0, �2,3(t)=±[|�P (t)|2 + |�D(t)|2]1/2 (66)

The eigenvector corresponding to the null eigenvalue �1 = 0 is of the form,

U(1) =
( cos �(t)

0
−ei�(t) sin �(t)

)
, (67)

where

�(t)= arctan

(∣∣∣∣�P (t)

�D(t)

∣∣∣∣
)

, (68)

and

�(t) ≡ (�P − �D)t − �D(t)+ �P (t)= �P (t)− �D(t),

where we assumed two-photon resonance (�P − �D = 0). �i (t) is the phase of the Rabi frequency,

�i (t) ≡ |�i (t)|ei�i (t), i = P, D (69)

The adiabatic state associated with the �1 = 0 eigenvector is

|�1(t)〉 = cos �(t)e−iE1t/h̄|
1〉 − ei�(t) sin �(t)e−iE2t/h̄|
2〉. (70)

We see from Eqs. (67) and (11) that if the system resides initially in |
1〉 it will correlate exclusively to the |�1(t)〉
(“null”) eigenvector. It also follows from Eqs. (68) and (11) that if the dump pulse precedes the pump pulse this
eigenvector will go smoothly from being entirely |
1〉 to being entirely |
2〉, while leaving the state |
0〉 completely
unpopulated throughout the process. Thus, we can achieve as illustrated in Fig. 5 the desired complete population
transfer. An example of an experiment demonstrating this effect is given in Fig. 6.

Following the initial papers of Bergmann et al. [75–78], the properties of three-state STIRAP have been thoroughly
investigated theoretically [74,79–81]. Among the properties examined were the sensitivity of the population transfer
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Fig. 6. Experiments on STIRAP in the Ne atom. The degree of population in level |
2〉(=3P2) as a function of the delay between the pump and the
dump pulses. As the pulses overlap with the dump pulse preceding the pump pulse the population in the |
2〉 state is seen to approach 100%. Taken
from [82].

to the delay between the dump and pump pulse [82]; the effect of one-photon detuning [83]; the effect of two-photon
detuning [81]; losses from the intermediate state [84–88]; effects due to the existence of many intermediate states
[77,89]; and going beyond the “rotating wave approximation” (RWA) [90,91].

The STIRAP process has been demonstrated experimentally using CW lasers on sodium dimers [76] and meta-stable
neon atoms [82,92]. It has been also implemented using pulsed lasers on nitrous oxide molecules [93], sulfur
dioxide molecules [94], in a ladder system of a rubidium atom [95], and with degenerate or nearly degenerate
states [96].

Generalizations of three state STIRAP to the multi-state chains situation [92,97–101], to adiabatic momentum transfer
[92,98,102,103], to branched-chain excitation [104–108], and to population transfer via a continuum of intermediate
states [109–114], in direct relation to laser induced continuum structure (LICS) [115–119] have also been made.

New techniques related to STIRAP, such as, hyper-Raman STIRAP (STIHRAP) [91,90,120], stark-chirped rapid
adiabatic passage (SCRAP) [121,122], adiabatic passage by light-induced potentials (APLIP) [123–126] and photo-
associative STIRAP as a source for cold molecules [127–131] have been developed (Fig. 6).

4.2. The non-degenerate quantum control problem

So far we have dealt separately with the topics of selectivity control, i.e., the induction of an active bias in favor of
a desired outcome, and the attainment of a complete population transfer from one energy eigenstate to another. In the
former, the transfer of population between the initial and final states need not be complete. In the latter, the possibility
of a number of final outcomes simply does not exist.

In this section we combine the above two objectives by discussing a more general type of quantum control, called
“non-degenerate quantum control” (NQC), where the goal is to achieve complete population transfer between two
arbitrary superposition states (“wave packets”) composed of non-degenerate energy eigenstates. The present emphasis
on the non-degenerate nature of the constituent states stems from the fact that in this case frequency discrimination
allows for an easy and simple addressing of each constituent state. Such simple means of addressing is not possible
if degeneracies exist and we postpone the discussion of the more complicated case of quantum control between
superpositions of degenerate energy eigenstates to Section 4.3.

In spite of the above limitations, NQC is of interest in many atomic and molecular systems [see e.g., [132–134]].
Although a theorem asserting that a solution to the “Non-Degenerate Quantum Control Problem” (NQP) exists under
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Fig. 7. An illustration of a transfer process in which |�〉 → |0〉 → |�′ 〉. The first (dump) laser pulse, with Rabi frequencies �0,l (t), couples all the
initially empty |l〉 final states l= n+ 1, . . . , n+m to state |0〉, while the second (pump) pulse, with Rabi frequency �0,k(t), couples state |0〉 to the
initially populated |k〉 states, with k = 1, . . . , n. This process can be repeated again and again.

certain conditions has been published early on [135], this “existence theorem” provides no clue as to the nature of the
external fields which actually bring about this type of population transfer.

Solutions of the NQP for some particular weak-field cases [2,52], the three state STIRAP [73,76,78,81,82,108] and its
generalization to a few more final states [77,104–106,136,137] have been known for quite some time. The construction
of fields which solve the NQP in general has been achieved relatively recently [138]. Although this construction is
not the only one possible, its existence is enough to establish that the general NQP is solvable. As it turns out, this
construction is also simple and analytic, making it especially attractive and useful for laboratory implementations.

The solution of Ref. [138] is a generalization of the three-state STIRAP discussed in Section 4.1 above. It has
evolved from an intermediate result [139] dealing with the transfer of population from a single energy eigenstate |1〉
to a wave packet composed of an arbitrary number of non-degenerate energy eigenstates with arbitrary coefficients
|�′ 〉 =∑k cke−i�k t |k〉 (k �= 1). As in three state STIRAP, the population transfer proceeds via an intermediate energy
eigenstate |0〉, which acts as a virtual unpopulated “stepping stone”. The method was applied to the preparation of
“coherent” wave packets of material states, in direct analogy with the construction of similar light states by other means
[140,141].

Based on the above, the solution of the full NQP, i.e., the achievement of the |�i〉 =∑
k ci

ke−i�k t |k〉 → |0〉 →
|�f 〉=∑l′ c

′
lf

e−i�
l
′ t |l′〉 transfer process, can be accomplished in a straight-forward manner [138].As discussed below,

it is also possible to control the extent of population transfer, from 0 to 100%. [In a different context, control over the
extent of transfer can also be achieved in other ways, e.g., by successive hops using a chain of states [99]].

Fig. 7 illustrates the method of Ref. [138]. It consists of the application of two pulses in a “counter-intuitive” order,
i.e., the “dump” pulse, characterized by a set of Rabi frequencies �0,l

′ , coupling the intermediate |0〉 state to the final

l
′ = n + 1, . . . , n + m states, is made to precede (while partially overlapping) the “pump” pulse, whose constituent

Rabi frequencies �k,0 couple the initially populated k = 1, . . . , n states and the intermediate |0〉 state.
We now describe the NQP solution in greater detail. We consider the action of two pulses, the scalar part of whose

electric field is given as

ε(t)= Re

n+m∑
k=1

εk(t)e
−i�0,k t , (71)

on a wave packet composed of |1〉, . . . , |n〉 states with eigenenergies �1, . . . ,�n. In the above, εk(t) are the (slowly
varying) envelopes of the �0,k mode frequencies. The latter are tuned to be in resonance with the �0 − �k transition
frequencies.

The first n components of ε(t) describe the “pump” pulse, and the last m components—the “dump” pulse. The
time-dependence of the “dump” (“pump”) pulse envelope are controlled by a function, 0 < fD(P )(t) < 1, according to,
εl(t)= fD(t)εl for l = n+ 1, . . . , n+m and εk(t)= fP (t)εk for k = 1, . . . , n.
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In the rotating wave approximation (RWA), in which we also neglect the off-resonance terms, we can write the
radiation-matter Hamiltonian, expressed in atomic units (h̄= 1), as

H =
n+m∑
i=0

�i |i〉〈i| +
n+m∑
k=1

[�0,k(t)e
−i�0,k t |0〉〈k| + h.c.].

Here,

�0,k(t) ≡ �0,k εk(t) ≡ O0,kfD(P )(t)= �0,kεk fD(P )(t)

are the complex Rabi frequencies, with �0,k being the electric-dipole matrix-elements between the |0〉 and |k〉 states.
The system evolution is described by the wave function |�(t)〉, expanded as |�〉 =∑n+m

i=0 ci(t)e−i�i t |i〉. Denoting
by c(t) ≡ (c0, c1, . . . , cn, cn+1, . . . , cn+m) the column vector of expansion coefficients, we have that,

ċ(t)=−i H(t) c(t), (72)

where the effective time-dependent Hamiltonian is

H(t)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 �0,1 . . . �0,n �0,n+1 . . . �0,n+m

�1,0 0 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .

�n,0 0 . . . 0 0 . . . 0
�n+1,0 0 . . . 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

�n+m,0 0 . . . 0 0 . . . 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

In the counter-intuitive scheme, the pump pulse with the ε1, . . . , εn components follows the dump pulse with the
εn+1, . . . , εn+m components.

Of the n+m+ 1 �i eigenvalues of H(t), n+m− 1 are zero, �1 = �2 = · · · = �n+m−1 = 0, and two are non-zero,

�n+m(t) = −�n+m+1(t) =
(∑n+m

k=1 |�0,k(t)|2
)1/2

. The crucial zero eigenvalues correspond to three types of “null”
states, which we term the “initial null states” (INS), the “mixed null states” (MNS) and the “final null states” (FNS).
Absorbing the temporal phase factors by re-defining the basis states as, |j〉 ≡ e−i�j t |j〉, the three types of null states
can be written as

|DI

kk
′ 〉 = �0,k

′ |k〉 − �0,k |k′ 〉,

|DM
kl 〉 = �0,l |k〉 − �0,k |l〉,
|DF

ll
′ 〉 = �0,l

′ |l〉 − �0,l |l ′ 〉,

(k �= k
′ = 1, . . . , n; l �= l

′ = n+ 1, . . . , n+m). (73)

This construction generates n(n− 1)/2 INS, nm MNS, and m(m− 1)/2 FNS, out of which only n+m− 1 states are
linearly independent.

We first examine the MNS states and show that we can combine them to obtain a state that correlates (in the
counter-intuitive pulse ordering) at t = 0 with the initial state |�i〉 =∑

k ci
k|k〉, and at t = tend with the final state

|�f 〉 =∑l c
f
l |l(tend)〉. The particular combination that satisfies these asymptotic conditions is

|DM 〉 =
∑
k,l

tkl |DM
kl 〉 =

n∑
k=1

|k〉
n+m∑

l=n+1

tkl�0,l −
n+m∑

l=n+1

|l〉
n∑

k=1

tkl�0,k , (74)

where the tkl coefficients are chosen, so that

n+m∑
l=n+1

tkl�0,l ∝ ci
k,

n∑
k=1

tkl�0,k ∝ c
f
l . (75)



212 M. Shapiro, P. Brumer / Physics Reports 425 (2006) 195 –264

Fig. 8. The populations, pk(=|ck |2), of the |k〉, k= 1 to 5, energy eigenstates as a function of time in the chain of transfer processes described in the
text. The phases of the ck coefficients were chosen as zero.

Eqs. (75) can be satisfied by choosing (�0,k(t) ≡ O0,k fD(P )(t)),

tkl =O0,kO0,l and O0,k = Cci
k, O0,l = C

′
c
f
l , (76)

where C, C
′
are arbitrary complex numbers. These numbers are chosen such that the (slowly varying) Rabi frequencies

be large enough so as to guarantee the adiabaticity of the transfer process.
Since the particular MNS thus generated is an eigenstate of the light-matter Hamiltonian, |�i〉 which correlates

initially with it will continue to evolve adiabatically along this eigenstate, executing a smooth AP to the desired final
state |�f 〉. The success ofAP depends on the goodness of the adiabatic approximation, which roughly speaking demands
that ��t?1 where � is an average Rabi frequency and �t is the pulse duration. This criterion is complementary to
the demand that the separation between the �i eigenvalues be larger than the non-adiabatic coupling terms. In the
present case, all the MNS of Eq. (74) are degenerate with other null states, and adiabaticity appears to be easily broken.
However, when we orthogonalize all the MNS, these couplings become zero [139], thereby guaranteeing the robustness
of the |�i〉 → |�f 〉 transfer.

Fig. 8 illustrates the validity of Eq. (74) for a chain of population transfers:

|1〉 → c4|4〉 + c5|5〉 → c1|1〉 + c2|2〉 + c3|3〉 → c′4|4〉 + c′5|5〉.
In the first link of the transfer-chain, |1〉 → c4|4〉 + c5|5〉, which is seen to exhibit 100% transfer probability, the
multi-mode Rabi frequencies were chosen as, �0,1(t)=O0,1 exp[−(t − t0)

2/�2] and �0,4(5)(t)=O0,4(5) exp[−t2/�2],
with t0 = 2� being the delay between the pulses. The coefficients of Eq. (76) are chosen to be C = C

′ = 50/�. The
next transfer-link is realized by repeating the pulses with different central times and amplitudes O0,k , in accordance
with Eq. (76).

We can briefly investigate the INS states defined in Eq. (73). Given the initial state |�i〉 =∑k ci
k|k〉, the INS will

dominate the adiabatic dynamics if we choose the vector of Rabi frequencies of the pump pulse �i ≡ (�0,1, . . . ,�0,n)

to be orthogonal to the vector of initial coefficients ci ≡ (ci
1, . . . , c

i
n), i.e., �i · ci = 0. If we form a linear combination

INS, |DI 〉=∑
k,k
′ t

kk
′ |DI

kk
′ 〉, with the t

k,k
′ coefficients chosen to make |DI 〉 correlate at t = 0 with |�i〉, we guarantee

that population will remain at the end of the process in the same |�i〉 state. In other words, the choice of �i · ci = 0
guarantees that the extent of transfer is 0.

As an example we consider a population transfer from the state |�i〉 = ci
1 |1〉 + ci

2 |2〉 to the state |3〉. Choosing the
pump Oi

[≡ �i (t)/fP (t)
]

vector to be,

Oi
0,1 = (ci

1)
∗ cos �+ ci

2 sin �,

Oi
0,2 = (ci

2)
∗ cos �− ci

1 sin �, (77)
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Fig. 9. The DQC scheme. (upper panel) The first step: population in an initial wave packet |�i 〉, also called |1〉loc, composed of n nearly-degenerate
eigenstates is transferred to a single state |0〉, by a two-photon adiabatic passage via n non-degenerate intermediate states. (lower panel) The second

step: population transfer by a time reversed process with different Rabi frequencies from |0〉 to the target wave packet |�f 〉, also called |2〉′loc,

composed of another set of nearly-degenerate eigenstates. The process can be repeated to generate other (|n〉′loc) localized states.

we can make the MNS of Eq. (74) correlate with |�i〉, by choosing � = 0 or �, giving rise to a complete population
transfer. In contrast, the � = �/2 choice causes the INS, for which the transfer probability is zero, to correlate with
|�i〉. The extent of population transfer is thus controlled by the angle �.

In complete analogy with the INS, the FNS span a subspace defined by the vectors |DF 〉=∑
l,l
′ t

ll
′ |DF

ll
′ 〉, where t

ll
′

are chosen by the demand that |DF 〉 correlates at t = tend with the “final” state |�f 〉 =∑l c
f
l |l〉. Choosing the dump

pulses �f ≡ (�0,n+1, . . . ,�0,n+m) such that �f · cf = 0, where cf ≡ (c
f
n+1, . . . , c

f
n+m) guarantees that population

will remain in |�f (t)〉.

4.3. The quantum control problem in the presence of degenerate states

In the “degenerate quantum control” (DQC) problem the objective is to control population transfer between wave
packets with arbitrary coefficients, |�i〉 =∑k ci

k|k〉e−i�k t → |�f 〉 =∑
k
′ cf

k
′ |k′ 〉e−i�

k
′ t , in which some component

energy eigenstates are degenerate (or “nearly-degenerate”). The problem is more demanding than the non-degenerate
one because it is no longer possible to use the different frequency components of the field to address different component
states.Addressing of the component energy eigenstates in thisAP process must therefore be based on phase-interferences
of one form or another.

In spite of the above difficulty, we have shown [142] that when the “Rabi-frequency vectors” (defined below) are
linearly-independent, DQC can be executed by merging the AP and CC techniques. As illustrated in Fig. 9 this is done
in two steps: In the first step (upper panel), one uses a pair of laser pulses to adiabatically transfer the population
of an initial wave packet |�i〉, composed of the nearly-degenerate energy eigenstates |k〉 (k = n + 1, . . . , 2n), to a



214 M. Shapiro, P. Brumer / Physics Reports 425 (2006) 195 –264

single (“parking”) state |0〉, using the non-degenerate auxiliary states |j〉 (j = 1, . . . , n) as intermediates. As in NQC,
the use of non-intuitive pulse ordering guarantees complete population transfer to the “parking” state |0〉. In the first
step the non-intuitive pulse ordering means that the “dump” (D) pulse, characterized by Rabi frequencies �0;1,...,n,
linking all the |j〉 states to the |0〉 state, is made to precede the “pump” (P) pulse, characterized by �n+1,...,2n;1,...,n

Rabi frequencies, linking all the |k〉 states to all the |j〉 states. In the second step (Fig. 9 lower panel), the population
in the “parking” state |0〉 is transferred to the target wave packet |�f 〉, composed of the same (or different) set of
nearly-degenerate eigenstates |k′〉. The transfer is executed in an adiabatic fashion, with the “pump” (P) pulse, now
linking the |j〉 states and the |0〉 state, following the “dump” (D) pulse, linking the final |k′ 〉 states with all the |j〉 states.

The electric field of the combined “pump” and “dump” pulses used in the first step is

�E(t)= �ED(t)+ �EP (t), (78)

where

�ED(t)= Re

n∑
j=1

ε̂0,j ε0,j (t)e
−i�0,j t ,

�EP (t)= Re

n∑
j=1

2n∑
i=n+1

ε̂j,iεj,i(t)e
−i�j,i t . (79)

In the second step the form assumed by the “dump” (D) and “pump” (P) pulses is being reversed.
The “dump” and “pump” field components are characterized by the polarization directions ε̂0,j and ε̂j,i and the

slowly varying amplitudes ε0,j (t) and εj,i(t). The central frequencies of the field components are chosen to be in near
resonance with the system’s transition frequencies, �0,j = �0 − �j and �j,i = �j − �i .

The complex Rabi frequencies are �j,i (t) ≡ ��j,i · ε̂j,iεj,i(t), where ��j,i are the transition-dipole matrix elements.
As in the NQC case, we choose all the Rabi frequencies to have a common time envelopes, �j,i (t) = Oj,i fD(P )(t),
with fD preceding fP in both steps.

The system’s wave function can be expanded in each step as, |�〉 =∑2n
i=0 ci(t)e−i�i t |i〉, where the column vector

c(t) = (c0, c1, . . . , cn, cn+1, . . . , c2n) of coefficients is obtained by solving the matrix Schrödinger equation, ċ(t) =
−i H(t) · c(t). Here, H(t) denotes the effective Hamiltonian in the rotating waves approximation,

H(t)=
⎛
⎝ 0 �0 0

�†
0 0 HF

0 H†
F 0

⎞
⎠ , HF =

(�1
. . .

�n

)
, (80)

and

�0 = (�0,1, . . . ,�0,n),

�j = (�j,n+1, . . . ,�j,2n), j = 1, . . . , n, (81)

with † denoting the adjoint operation. The �0−n vectors of Rabi frequencies are different in the two steps, because they
control the population transfer between different wave packets.

We now show that in order to address in the two DQC steps arbitrary wave packets, the Rabi-frequency vectors
{�1, . . . ,�n}, must be linearly-independent of one another. This must be so because when the linear-independence
is assured, D ≡ det(HF ) �= 0 and the Hamiltonian H(t) has just one zero eigenvalue, with the corresponding “null”
eigenvector being given as (1, 0, x), where 0 denotes an n-dimensional zero vector and x is an n-dimensional vector
given as, x =−H−1

F �†
0. Direct operation of H(t) on (1, 0, x) confirms that this is the null state.

By constructing the �0 vector of Eq. (81) to be proportional to the kth column of the Hermitian HF =H†
F matrix,

i.e., �†
0 ∝ �†

k (k = 1, . . . , n), we guarantee that the (1, 0, x) vector correlates at the start of the first step (end of the

second step) with |k〉 (|k′ 〉) states, and at the end of the first step (the start of the second step) with the |0〉 state. Hence,
it follows from the linearity of the above equations that with the choice �†

0 ∝
∑n

k=1 ck�
†
k , where ck = ci

k (cf
k ) at the

start of the first step (end of the second step), the null state correlates at the start of the first step (end of the second
step) with the |�i〉 (|�f 〉) superposition state.
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Fig. 10. The three Jahn–Teller-distorted stable T-shaped configurations of the Al3O molecule and the three equi-lateral transition-states saddle points
which separate them. In the center, we display the potential along s—the pseudo-rotation (isomerization) and z—the out-of-plane motion of O
relative to the Al3 plane.

Thus, complete control over the population transfer between arbitrary wave packets, composed of nearly-degenerate
states, can be achieved. As we show below, even if all i=n+1, . . . , 2n states are degenerate, it is possible to guarantee
the linear-independence of the Rabi-frequencies vectors. Such linear independence may be achieved if the degenerate
states are part of a multi-channel continuum, where each Rabi frequency has a different (complex) phase, as in the CC of
current directionality discussed in Section 3, or if the dipole-moment vectors ��j,i are pointing in different directions, so
that independent polarization-vector ε̂j,i directions can be used, as in the control of the Al3O isomerization, discussed
below. We also note that the efficiency of the two DQC steps does not suffer from the non-orthogonality of the linearly-
independent �†

j (j = 1, . . . , n) vectors. This is because the non-orthogonality is compensated for in the null vector,

where �†
0(∝

∑n
k=1 ck�

†
k) gets multiplied by the H−1

F matrix, which, according to Eq. (80), is the inverse of the �†
k

(k = 1, . . . , n) matrix.
We now illustrate the versatility of the above DQC method by applying it to the control of isomerization processes of

the “Jahn–Teller distorted” Al3O molecule [143]. As shown in Fig. 10, the Jahn–Teller effect results in the formation of
three identical broken-symmetry minima (“isomers”) corresponding to T-shaped configurations in which the distance
between two of the oxygens is smaller than their distance to the third oxygen [144]. The in-plane vibrational motion
about each T-shaped configuration minimum gives rise to three sets of highly stable wave packets localized about each
minimum. The “in-plane” vibrational motion of the molecule between the three minima, which is aided by tunneling,
is known as “pseudo-rotation”. In addition, the molecule can execute out-of-plane vibrations of the O atom relative to
the Al3 triangle.

Our control objective is to transfer population between the localized states of the three minima in as complete a
fashion as possible. The control objective falls under the DQC category because each triplet of low-lying localized
states is nearly three-fold degenerate. In order to simplify the dynamics we consider hindering the overall rotation of
the molecule, by e.g., depositing it on a planar surface. The in-plane (x–y) and out-of-plane (z) motions will now occur
in well defined laboratory directions that are, respectively, parallel and perpendicular to the surface, allowing us to
choose the polarization directions of the field components that will couple with the various dipole-moment components
so as to make the Rabi-frequencies vector linearly independent. This necessitates the use of one of the out-of-plane
vibrational modes [142].
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Fig. 11. (a) The three lowest {0, 0} energy eigenstates of Al3O as a function of the s and z coordinates. (b) Superpositions of these eigenstates to
form localized wave packets about each T-shaped minimum. (c) The |j〉 intermediate states. (d) The |0〉 parking state. (e) The time-dependence of
the DQC dynamics, showing the controlled transfer between two T-shaped minima.

In order to simulate the control dynamics, we have obtained [142], using ab initio methods, the potential surface and
electric dipole moments in a two dimensional (2D) subspace of the full (6D) configuration space of Al3O, containing the
pseudo-rotation (s) and the out-of-plane (z) modes (see Fig. 10). The relevant eigenstates and eigenenergies are obtained
using well established methodologies [145–147] for solving the 2D nuclear Schrödinger equation [Ek−HM ]�k(s, z)=0.

Because of the high barrier for the pseudo rotation we can neglect Berry-phase effect [148–151]. As a result, the
eigenenergies of our 2D model are characterized by the {vs, vz} numbers of nodes along the s and z directions in each
T-shaped minimum, (see also Fig. 11). The low lying {vs, vz} states appear as triplets, each triplet is composed of two
degenerate eigenstates separated in energy from a third, non-degenerate, state.

The three eigenstates in the lowest ({0, 0}) triplet are shown in panel (a) of Fig. 11. We take linear combinations of
these states to form the initial and final wave packets, |�i〉 =∑k ci

k|k〉, (i = 1, 2, 3), localized in the three Jahn–Teller
wells, as displayed in panel (b). The three non-degenerate delocalized components of the {4, 0}, {6, 0} and {4, 1}
triplets, shown in the (c) panel, are chosen as the |j〉 intermediate states. Finally, the non-degenerate component of the
{6, 1} triplet, presented in panel (d), is used as the “parking” state |0〉. The three non-degenerate intermediate states
belonging to the {4, 0}, {6, 0} and {4, 1} triplets are coupled to the localized states |�i〉 by pulses polarized in the
x, y and z directions, respectively. The same states are coupled to the parking |0〉 state by pulses polarized in the z,
z and y(x) directions, respectively. In this way we are able to choose the field polarizations to achieve the required
linear-independence of the �1, �2, and �3 Rabi-frequency vectors.

The Rabi frequencies for both DQC steps are

�j,k(t)= �max
j,k {exp[−(t + �)2/�2] + exp[−(t − �)2/�2]},

�k,0(t)= �max
k,0 {exp[−(t + 3�)2/�2 + exp[−(t − 3�)2/�2}],
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with �max
j,k =�max

k,0 =0.2 cm−1 and �=5 ns. The dipole-moment matrix elements are of the order 10−3.10−1 Debye. The

duration of the laser pulses is roughly 8�>�i , so that the |�i〉, i=1, 2, 3 states remain localized in their corresponding
T-shaped minima for sufficiently long times to be used as legitimate initial and final states.

In panel (e) of Fig. 11, we display the time evolution of the system, during the two steps of the DQC process. The
z-integrated probability density

∫
dz|〈s, z|�(t)〉|2 is presented as a function of s and t. We start with the localized |�1〉

state being initially populated. At the end of the first step, its population is “parked” on the excited delocalized |0〉 state,
using as intermediate the |j〉 = |1〉 − |3〉 states (which remain unpopulated throughout the process). After a parking
time, short enough so that no population is lost due to relaxation, the bulk of the probability density is symmetrically
concentrated near the three saddle points. Finally, at the end of the second step, the parked population is transferred to
the localized |�2〉 state.

5. Resonantly enhanced two-photon association

The AP method can be used to address another significant problem; that of resonantly enhanced two photon associ-
ation, depicted schematically in Fig. 12.

The significance of resonantly enhanced 2-photon association stems from the possibility of using it to form ultra-cold
molecules, a topic of considerable interest. Those laser cooling schemes that work for atoms [152–154] tend to fail
for molecules, mainly due to the presence of many near-resonance lines and the fact that other degrees of freedom,
in addition to translation (rotations, vibrations, etc.), must be cooled. Thus, so far all the suggestions to cool warm
molecules using light [155,156] have not be realized because of various difficulties.

Rather than cooling warm molecules one can try to synthesize cold molecules by associating cold atoms. The
molecules thus formed are expected to maintain the translational temperature of the recombining atoms, because the
center-of-mass motion remains unchanged in the association process (save for the little momentum imparted by the
photon). This idea was first proposed by Julienne et al. [157,158] who envisioned a multi-step association, first involving
the continuum-to-bound excitation of translational continuum states of cold trapped atoms to an excited vibrational
level in an excited electronic molecular state. This step was followed by a bound–bound spontaneous emission to the
ground electronic state.

An undesirable feature of this scheme is that the spontaneous nature of the second step allows the molecules to end
up in a large range of vibrational levels. As a consequence, the use of stimulated emission [128,130,131,159–165],
discussed below, is preferable because it allows population transfer to a particular final molecular state of interest.

5.1. Theory of photo-association of a coherent wave packet

In photoassociation the initial state is the scattering state and the goal is to transfer the population to the final bound
state |E1〉. We therefore consider a pair of colliding atoms described by scattering states |E, n+〉 with n incorporating

1

ω2

ω

| 1 >

|E,n  >+

| 2 >

Fig. 12. Energy levels pertinent to the photoassociation process.
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the quantum indices specifying the electronic states of the separated atoms and E being the total collision energy. The
plus notation signifies, in contrast with the minus states that were previously used to describe dissociation processes,
that the initial state of the fragments is known.

Following Ref. [159],we focus attention on a �-type system, shown in Fig. 12, subjected to the combined action of
two laser pulses of central frequencies �1 and �2. Here �2 is in near-resonance with the transition from the |E, n+〉
continuum to an intermediate bound state |E2〉 and �1 is in near-resonance with the transition from |E2〉 to |E1〉.

We then solve the Schrödinger equation by expanding the total wave function as in Eq. (18), with the notable exception
that here the incoming solutions |E, n−〉 are replaced by the outgoing solutions |E, n+〉,

|�(t)〉 = b1(t)|E1〉 exp(−iE1t/h̄)+ b2(t)(t)|E2〉 exp(−iE2t/h̄)

+
∑

n

∫
dEbE,n(t)|E, n+〉 exp(−iEt/h̄). (82)

We obtain a set of first-order differential equations, which is now of the form

d

dt
b1(t)= i�∗1(t) exp(−i�1t)b2(t), (83a)

d

dt
b2(t)= i�1(t) exp(i�1t)b1(t)+ i

∫
dE

∑
n

�2,E,n(t) exp(−i�Et)bE,n(t), (83b)

d

dt
bE,n = i�∗2,E,n(t) exp(i�Et)b2(t)(t) for all E and n, (83c)

where

�1(t) ≡ 〈
2|��1 · ε̂1|E1〉ε1(t)/h̄, �2,E,n(t) ≡ 〈
2|��2 · ε̂2|E, n+〉ε2(t)/h̄,

�1 ≡ (E2 − E1)/h̄− �1, �E ≡ (E − E2)/h̄− �2. (84)

Contrary to photo-dissociation, in photo-association, the continuum is initially populated. Therefore, the formal solution
of Eq. (83c) is of the form,

bE,n(t)= bE,n(t = 0)+ i
∫ t

0
dt ′�∗2,E,n(t ′) exp(i�Et ′)b2(t

′). (85)

Substituting this solution into Eq. (83b) gives

d

dt
b2(t)= i�1(t) exp(i�1t)b1(t)+ i

∑
n

∫
dE�2,E,n(t) exp(−i�Et)bE,n(t = 0)

−
∑

n

∫
dE

∫ t

0
dt ′�2,E,n(t)�∗2,E,n(t ′) exp[−i�E(t − t ′)]b2(t

′). (86)

When the molecular continuum is unstructured we can invoke the SVCA and replace the energy-dependent bound-
continuum dipole matrix-elements by their value at the pulse center, given (in the � configuration of Fig. 12) as
EL = E2 − h̄�2. This is the case, for example, for Na2 at threshold energies, where the bound-continuum dipole
matrix-elements vary with energy by less than 1% over a typical nsec-pulse bandwidth. Within the SVCA, Eq. (86)
becomes

db2(t)

dt
= i�1(t) exp(i�1t)b1(t)− 	2(t)b2(t)+ iF(t), (87)

where

F(t) ≡ ε2(t)�̄2(t)/h̄, (88)

with

�̄2(t) ≡
∑

n

∫
dE〈
2|��2 · ε2|E, n+〉 exp(−i�Et)bE,n(t = 0). (89)
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	2(t) of the above is defined (in analogy to the CW case of Eq. (27)) as

	2(t) ≡ (�/h̄)ε2
2(t)

∑
n

〈Ej |ε̂ · ��|Ē, n+〉〈Ē, n+|ε̂ · ��|Ei〉. (90)

Eq. (87) can be expressed in matrix notation as

d

dt
c = iH(t) · c(t)+ if, (91)

where f and c are column vectors defined as, f(t)= (0, F (t)), c ≡ (exp(i�1t)b1, b2(t)), and

H(t)=
(

�1 �∗1
�1 i	2

)
. (92)

The “net association rate” R(t) is the rate of population-change in the bound manifold, given by d/dt (|b1|2+|b2(t)|2).
It can be written, using Eq. (91) and its complex conjugate, as

R(t)= d

dt
(|b1|2 + |b2(t)|2)= d

dt
|c|2 = c† ·

(
d

dt
c

)
+
(

d

dt
c†
)
· c

= i{c† · (H(t)− H(t)†) · c + c† · f − f† · c} = 2Im[F ∗(t)b2(t)] − 2	2(t)|b2(t)|2. (93)

The first term in Eq. (93) represents the association rate,

Rrec(t) ≡ 2Im[F ∗(t)b2(t)], (94)

and the second term is the back-dissociation rate,

Rdiss(t) ≡ 2	2(t)|b2(t)|2. (95)

As expected, the net association rate [Eq. (93)] is the difference between the association rate and the back-
dissociation rates.

We can solve Eq. (91) adiabatically by diagonalizing the H(t) matrix,

UT(t) · H(t) · U(t)= �(t), (96)

where UT is the transpose of U. Operating with UT, on Eq. (91), and defining a(t) ≡ UT(t) · c, we obtain that

ȧ = (i�(t)+ A) · a + ig, (97)

where A ≡ (dUT/dt) · U is the non-adiabatic coupling matrix. g is a column (“source”) vector whose transpose is
given as

gT(t)= (F (t)U1,2(t), F (t)U2,2(t))= (F (t) sin �(t), F (t) cos �(t)). (98)

When A is neglected (the adiabatic approximation) we obtain from Eq. (97) that

ȧ = i�(t) · a(t)+ ig(t). (99)

In the association process the initial conditions are such that

a(t = 0)= 0, (100)

so that the adiabatic solutions are

a(t)= v(t) · q(t), (101)

where

v(t)= exp

(
i
∫ t

0
�(t ′) dt ′

)
, (102)
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and

q(t)= i
∫ t

0
v−1(t ′) · g(t ′) dt ′. (103)

The b1(t) and b2(t) coefficients are thus given in the adiabatic approximation as

b1(t)= i

{
cos �(t)

∫ t

0
exp

[
i
∫ t

t ′
�1(t

′′) dt ′′
]

F(t ′) sin �(t ′) dt ′

− sin �(t)

∫ t

0
exp

[
i
∫ t

t ′
�2(t

′′) dt ′′
]

F(t ′) cos �(t ′) dt ′
}

exp(−i�1t),

b2(t)= i

{
sin �(t)

∫ t

0
exp

[
i
∫ t

t ′
�1(t

′′) dt ′′
]

F(t ′) sin �(t ′) dt ′

+ cos �(t)

∫ t

0
exp

[
i
∫ t

t ′
�2(t

′′) dt ′′
]

F(t ′) cos �(t ′) dt ′
}

, (104)

with �1,2 being the solutions of Eq. (96). Given b2(t), the (channel-specific) continuum coefficients bE,n(t) are obtained
directly via Eq. (85).

It is instructive to study the adiabatic solution when there is insignificant temporal overlap between the two laser
pulses. Assuming in that case that the �2 pulse precedes the �1 pulse, we have during the �2 pulse that ε2?ε1, hence
by Eq. (96) �1 ≈ �1, �2 ≈ i	2(t) and �(t)= 0. Substituting these values into Eq. (104), gives, that during the �2 pulse
(when the �1 pulse is off):

b1(t)= 0; b2 = i
∫ t

0
exp

(
−
∫ t

t ′
	2(t

′′) dt ′′
)

F(t ′) dt ′. (105)

From Eq. (88) it is clear that the source term F(t) is linearly proportional to the pulse amplitude. On the other hand, since
�2 > 0 and t ′< t , the exp(− ∫ t

t ′ 	2(t
′′) dt ′′) factor (describing dissociation back to the continuum) decays exponentially

with increasing intensity. Thus, merely increasing the laser power does not necessarily increase the association yield.
There exists some optimal intensity, beyond which the association probability decreases. Below we display some pulse
configurations for a realistic case of photo-association.

As an example of this formulation we consider pulsed photo-association of a coherent wave packet of cold Na
atoms [159]. The colliding atoms are described by an (energetically narrow) normalized Gaussian packet of J = 0
radial waves:

|�(t = 0)〉 =
∫

dE bE(t = 0)|E, 3s + 3s〉, (106)

where |E, 3s+ 3s〉 are the translational Na−Na s-waves with the atoms in the 3s state, and bE at time zero is taken as

bE(t = 0)= (�2
E�)−1/4 exp{−(E − Ecol)

2/2�2
E + i�Et0}. (107)

Here, t0 denotes the instant of maximum overlap of the Na + Na wave packet with the |E2〉 state. In the simulations,
Ecol, the mean collision energy, varies between Ecol = 0.00695− 0.0695 cm−1 ≈ 0.01− 0.1 K and the wave packet
widths, �E , vary over the range �E = 10−4.10−3 cm−1. State |E1〉 is chosen as the (X1�+g , v = 0, J = 0) state and
|E2〉 as the (A1�+u , v′ = 34, J = 1) state, as shown in Fig. 13. Thus, the combined effect of the two laser pulses is
the transfer of population from the continuum to the ground vib-rotational state (X1�+g , v = 0, J = 0), with the
bound (A1�+u , v′ = 34, J = 1) state acting as an intermediate state. In order to minimize spontaneous emission
losses we concentrate on the “counter-intuitive” [75,82] scheme where the “dump” pulse ε1(t) is applied before the
ε2(t) “pump” pulse.

The appearance of an imaginary Rabi frequency, such as i	2(t), which is due to the presence of a continuum, may
change the range of validity of the adiabatic approximation. A “large area” (

∫
� dt) pulses no longer guarantees that

we can neglect the non-adiabatic coupling matrix A [58,166]. Despite this fact, we show below that with the proper
choice of pulse parameters, an effective “dark state” can be formed. Using its parametric change induced by the two
pulses it is possible to transfer the entire population contained in the continuum wave packet to the ground state, while
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Fig. 13. Potentials and vibrational wave functions used in the simulation of the Na + Na two-photon association. Taken from Fig. 2, Ref. [159].

Fig. 14. Results of the “counter-intuitive” pulse sequence. Shown, as a function of time, are integrated population of the wave packet of initial
continuum states, the population of the v = 34, J = 1 intermediate state, and the population of the v = 0, J = 0 final ground-state. Dashed lines
are the intensity profiles of the two Gaussian pulses whose central frequencies are �1 = 18, 143.775 cm−1 and �2 = 12, 277.042 cm−1, (i.e.,
�1 =�Ecol = 0). The maximum intensity of the dump pulse is 1.6× 108 W/cm2 and that of the pump pulse is 3.1× 109 W/cm2. Both pulses last
8.5 ns. The pump pulse peaks at t0=20 ns, the peak time of the Na+Na wave packet. The dump pulse peaks 5 ns before that time. The initial kinetic
energy of the Na atoms is 0.0695 cm−1 (or 0.1 K). Taken from Fig. 4, Ref. [159].

keeping the intermediate state population virtually zero at all times. Moreover, for such pulse parameters the adiabatic
solutions [Eqs. (104)] are in perfect agreement with exact-numerical solutions [159].

A typical population evolution is shown in Fig. 14 which is obtained with pulse intensities of order 108 W/cm2

and pulse durations of several nsec. Such pulse intensities are sufficiently small to avoid unwanted photoionization,
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(a) (b)

Fig. 15. Rates of association, (Prec) back-dissociation (Pdiss) and total molecule-formation (P) vs. t in the “counter-intuitive” scheme. Dashed lines
are pulse intensity profile, dotted lines denote the effective Rabi frequency ε0

2 �̄2(t)/h̄, where ε0
2 is the peak pulse intensity. (a) Initial wave packet

width of �E=10−3 cm−1 and other pulse parameters as in Fig. 14. (b) The dynamics scaled by s=10: Initial wave packet width of �E=10−4 cm−1;
both pulses lasting 85 ns; the pump pulse peaking at t0 = 200 ns and the dump pulse peaking at 50 nsec before that time. Peak intensity of the dump
pulse is 1.6× 106 W/cm2 and of the pump pulse is 3.1× 108 W/cm2. Taken from Fig. 5, Ref. [159].

photodissociation and other strong field parasitic processes. However, working with pulses requires that the atoms be
sufficiently close to one another during the laser pulse that they can be recombined. In other words, the initial wave
packet of continuum states considered here must be synchronized in time and in duration with the recombining pulses.
It is therefore of interest to see whether it is possible to employ longer pulses (of lower intensity) in order to increase
the absolute number of recombining atoms and the overall duty cycle of the process.

Use of pulses of different intensity and different durations is illustrated for the “counter-intuitive” scheme in Fig.15a,b,
where the rates of association [Rrec of Eq. (94)], back-dissociation [Rdiss of Eq. (95)], and the net association rate [R(t)

of Eq. (93)], are plotted as a function of time. A short-pulse case is shown in Fig. 15a and a long-pulse case, with a
more spread out wave packet, is shown in Fig. 15b. Both figures appear identical, though in Fig. 15b the abscissa is
scaled up by a factor of 10 and the ordinate is scaled down by a factor of 10.

The scaling behavior demonstrated in Fig. 15 is due to the existence of exact scaling relations in Eq. (91). This
scaling is obtained when the initial wave packet-width and the pulse intensities are scaled down as

�E → �E

s
, ε0

1 →
ε0

1

s
, ε0

2 →
ε0

2√
s
, (108)

and the pulse durations are scaled up as

�t1,2 → �t1,2s. (109)

It follows from the definition of F(t) that under these transformations

F(t)→ F̄2(t)= F(t/s)

s
; �1,2(t/s)

s
,

and Eq. (91) becomes

dc′

dt/s
= iH(t)(t/s) · c′ + if(t/s), (110)

where c′ denotes the vector of solutions of the scaled equations. Thus, the scaled coefficients at time t are identical to
the un-scaled coefficients at times t/s.

One of the results of the above scaling relations is that the pulses’ durations can be made longer and their intensities
concomitantly scaled down, without changing the final population-transfer yields. As noted above, lengthening of the
pulses is beneficial because it causes more atoms to recombine within a given pulse.

There is a range of pulse parameters (such as the pulse area, �2,EL
�t2) that maximizes the association yield for

a fixed initial wave packet. For both the “intuitive” and the “counter-intuitive” schemes there is a clear maximum at
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Fig. 16. Experimental evidence for the formation of a dark state in the photoassociation of Rb+Rb (BEC) to form a Rb2 BEC. Shown is the number
of remaining Rb atoms as a function of the detuning of the pump pulse (I1) relative to the free-bound transition frequency to the intermediate bound
state. As one switches on I2, the dump laser intensity, a dark state whose signature is the decoupling of the system from the external field and the
termination of the photoassociation process is seen to be formed. Taken from Fig. 5, Ref. [174].

a specific pulse area; merely increasing the pulse intensity does not lead to an improved association yield. We can
attribute this behavior to the fact that the association rate [Rrec of Eq. (94)], increases linearly with increasing pulse
intensity, whereas dissociation rate [Rdiss of Eq. (95)] increases exponentially with the intensity. Hence, as long as
the energetic width of the initial wave packet stays fixed, the association yield turns over with increasing pulse area.
The turn-over point is different for the two pulse schemes: in the “counter-intuitive” case it occurs at a much higher
intensity (area).

The existence of a window of intensities for efficient association explains why it is not possible to increase the pulse
durations ad infinitum, i.e., to work with cw light. As �t1,2 increases, it follows from Eq. (108) that |ε2/ε1|2 must also
increase. Since |ε1|2 cannot vanish, |ε2|2 must diverge if one is to stay within the windows of intensities for efficient
association in the cw limit. Hence radiative association as described in this section cannot take place in the cw regime.

Experimental confirmations of photoassociation via two photon transition as discussed above have been obtained
[167–174]. Evidence that counter-intuitive pulse ordering might result in large photo-association cross-sections as
suggested above has also been presented [173]. Of especial significance is the experiment of Winkler et al. [174] where
a dark state such as the one predicted above has been observed in the photoassociation of Rb BEC to form Rb2 BEC.
As shown in Fig. 16 as the intensity of the dump laser is raised a dark state causing the system to “decouple” from the
laser fields is seen to be formed.

6. Suppression of spontaneous emission

The possibility of suppressing spontaneous emission has been a source of great interest in recent years [175–183].
More recently [184,185] we have proposed a new method of completely suppressing spontaneous emission utilizing
the interference between resonances. The same method is applicable to any decay process, provided it is governed by
overlapping resonances.

The method is based on the fact that one can excite coherently a set of overlapping resonances such that their decay
exhibits a step-like behavior: the system starts in a quiescent period in which no spontaneous emission occurs, followed
by a “photon-burst” in which spontaneous emission is greatly accelerated, followed by another quiescent period, etc.
The quiescent period (and subsequent photon bursts) are due to destructive and constructive interferences between
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the overlapping resonances. The reason it is impossible to suppress the decay over all times in this fashion is that the
phase and magnitude relations that guarantee at a given time the suppression of decay, change as the system evolves
in time, until at a certain time-point the interference for decay becomes constructive and the system experiences the
“photon-burst”.

In order to achieve suppression of decay at all times, we then suggested irradiating the system before it reaches
the photon-burst phase by an external laser field which re-shuffles the phases of the coefficients of the superposition
of overlapping resonances. For the two overlapping resonances case this pulse is simply a � pulse which inverts the
populations between levels, thereby effectively sending the system “backwards” in time into the quiescent period.
Additional external pulses (“interruptions”) must be applied periodically just before the system reaches the photon-
burst phases as it moves backwards and forwards in time. In this way the system is forced to forever live on the quiescent
period ledge.

As explained below, this approach is not limited to the case of pre-existing overlapping resonances. It is possible
to suppress the decay of any system, even that of a single decaying resonance. This is achieved by (Autler–Townes)
splitting [186] a given decaying state into two overlapping field-dressed resonances using an external cw field. Below
we describe computational applications of this method to the suppression of the decay of a variety of realistic atomic
[e.g., H(2p) and Pb(6p7s3P 0

1 )] and molecular [e.g., Na2(A1�+u )] excited states.

6.1. The decay of overlapping resonances

The decay of and interference between overlapping resonances is best explained using “partitioning” theory [187–191].
Assuming that we have a situation in which bound states interact with a continuum of states, we define two projection
operators Q and P, satisfying the equalities QQ =Q, PP = P, PQ = QP = 0, P +Q = I , where I is the identity
operator. The Q and P operators are chosen to project out the subspaces spanned by bound states and continuum states,
respectively.

The full scattering incoming states |E, n−〉, are eigenstates of the Schrödinger equation, written as

[E − iε−H ]|E, n−〉 = 0, (111)

where the −iε serves to remind us of the incoming boundary conditions. Using the completeness and orthogonality of
P and Q, we obtain from the Schrödinger equation two coupled equations,

[E − iε− PHP]P |E, n−〉 = PHQ|E, n−〉,
[E − iε− QHQ]Q|E, n−〉 = QHP|E, n−〉. (112)

We define two basis sets, |E, n〉 and |�〉, which are the solutions of the homogeneous (decoupled) parts of Eqs. (112).
That is

[E − iε− PHP]|E, n〉 = 0, (113)

[Es −QHQ]|�〉 = 0. (114)

Implicit in Eqs. (113) and (114) is that |E, n〉 ∈ P and |�〉 ∈ Q and as such they are orthogonal to one another.
We, in fact, assume that each basis set spans the entire subspace to which it belongs, hence we can write an explicit
representation of Q and P as

Q=
∑

s

|�〉〈�|, (115)

P =
∑

n

∫
dE|E, n〉〈E, n|. (116)

Following Fano [189] we can use Eqs. (115) and (116) to write |E, n−〉 = [P +Q]|E, n−〉 in terms of Q and P as

|E, n−〉 =
∑

s

|�〉〈�|E, n−〉 +
∑

n′

∫
dE′|E′, n′〉〈E′, n′|E, n−〉. (117)
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Fig. 17. The energy levels and spontaneous emission pathways of an Autler–Townes split resonance. Shown is a resonance |a〉 of energy Ea , coupled
by a monochromatic light of frequency �i to a lower lying state |b〉. As a result of this coupling, the resonance splits, displaying a hole at the center
of the absorption line at E = Ea . The wiggly line represents spontaneously emitted photons to lower lying states of energies E�. Also shown is
the ground state of energy Egr which is excited, using a shaped pulse, to form a superposition of the split components of |a〉 such that the decay is
delayed.

We now solve for P |E, n−〉 by writing it as a sum of the homogeneous solution of Eq. (113) and a particular solution
of the first of Eq. (112) obtained by inverting [E − iε− PHP],

P |E, n−〉 = P |E, n〉 + [E − iε− PHP]−1PHQ|E, n−〉. (118)

Substituting this solution into the second Eq. (112) we obtain that

Q|E, n−〉 = [E − iε−QH(E)Q]−1QHP|E, n〉. (119)

where

QH(E)Q ≡ QHQ+ QHP[E − iε− PHP]−1PHQ. (120)

We now consider the case of optically induced overlapping resonances. We consider therefore an isolated resonance
|a〉 which acquires its width due to spontaneous emission to a manifold of lower lying states denoted as |�〉. In order to
create more resonances we [186] split this resonance by coupling it to a lower lying state |b〉 using a monochromatic
source of frequency �i . The situation is described in Fig. 17.

The total Hamiltonian assumes the form,

H =HM +HR +HMR, (121)

where HM is the matter Hamiltonian, HR is the radiative Hamiltonian, and HMR is the matter–radiation interaction.
For the two material levels |a〉 and |b〉 we write HM as

HM = 1
2 h̄��,b�z, (122)

where ��,b ≡ (Ea − Eb)/h̄ and

�z|a〉 = |a〉, �z|b〉 = −|b〉, (123)

The free radiative Hamiltonian is written as

HR =
∑

k

h̄�k

[
a

†
kak + 1

2

]
. (124)
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The |a〉|0, . . . , 0, ni, 0, . . . , 0〉 state, denoted for simplicity as |a, ni, 0〉, and the |b〉|0, . . . , 0, ni + 1, 0, . . . , 0〉 state,
denoted for simplicity as |b, ni +1, 0〉, are eigenstates of H0, the un-coupled Hamiltonian, defined as, H0=HM +HR .
Fixing the zero of energy to be mid-way between Ea and Eb we have that{

H0|a, ni, 0〉 = (Eni
+ 1

2 h̄�)|a, ni, 0〉,
H0|b, ni + 1, 0〉 = (Eni

− 1
2 h̄�)|b, ni + 1, 0〉, (125)

where Eni
≡ nih̄�i + 1

2 h̄��,b − 1
2 h̄� with � ≡ ��,b −�i , is the energy of these states relative to the vacuum energy.

The matter-radiation Hamiltonian within the dipole approximation is given as

HMR =−�� · εL(R) (126)

where

��= ��ab(�+ + �−),

εL(R)=
(

h̄�i

2ε0V

)1/2

εL(a + a†). (127)

Neglecting non-resonant coupling (i.e. rotating wave approximation), we obtain that,

HMR = h̄gi(�+a + a†�−). (128)

Therefore,{
HMR|a, ni, 0〉 = h̄gi(ni + 1)1/2|b, ni + 1, 0〉,
HMR|b, ni + 1, 0〉 = h̄gi(ni + 1)1/2|a, ni, 0〉,

where

gi =−
(

h̄�i

2ε0V

)1/2 εL · ��ab

h̄

Taking the Q operator as

Q ≡ |a, ni, 0〉〈a, ni, 0| + |b, ni + 1, 0〉〈b, ni + 1, 0|, (129)

we have (in matrix form) that,

QHQ=
(

Eni
+ 1

2 h̄� h̄gi(ni + 1)1/2

h̄gi(ni + 1)1/2 Eni
− 1

2 h̄�

)
. (130)

The eigenvalues of QHQ are given as,

E±ni
= Eni

± h̄�ni
/2, (131)

where �2
ni
= �2 + 4g2

i (ni + 1). The (“dressed”) eigenstates corresponding to these eigenvalues are given [192] as{ | + ni, 0〉 = sin �|b, ni + 1, 0〉 + cos �|a, ni, 0〉,
| − ni, 0〉 = cos �|b, ni + 1, 0〉 − sin �|a, ni, 0〉, (132)

where

tan 2�=−�i/� where h̄�i ≡ −��ab · Ei and

Ei ≡ 2εL

(
nih̄�i

2ε0V

)1/2

. (133)
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The two orthogonal states | + ni, 0〉, | − ni, 0〉 of the Q manifold and the states |E, mi, 1�〉 of the P manifold satisfy,

〈�′, ni, 0|QHQ|�, ni, 0〉 = E��n′i ,ni
��′,� where �, �′ = ±, (134)

〈E′, ni, 1�′ |PHP|E, mi, 1�〉 = (E + nih̄�i )�(E′ − E)�ni ,mi
��′�. (135)

The |1�〉 state of the above is a (spontaneously emitted) one photon state in the � mode. The excited |a, ni, 0〉 state
emits a photon and decays into the P space, with the �i photons acting as spectators [193], which means that their
number does not change in the process.

Assuming that the lower lying |b, ni + 1, 0〉 state is a non-decaying (or a slowly decaying) state, and denoting the
matter-radiation matrix elements as

V (n)(a, 0|E, 1�) ≡ 〈a, n, 0|QHP |E, n, 1�〉,
we have that

V (n)(+, 0|E, 1�)= cos �V (n)(a, 0|E, 1�),

V (n)(−, 0|E, 1�)=− sin �V (n)(a, 0|E, 1�), (136)

where we have for brevity denoted ni as n.
The fully interacting |E, n, 1−� 〉 states, obtained from Eq. (117), form a complete basis set and can be used to

expand |�(t)〉, the full time dependent wave function. Assuming that initially (at t = 0) we populate a superposition of
zero-photon states and a coherent state in the �i mode,

|�(t = 0)〉 =
∑
�,n

c�,n|�, n, 0〉, (137)

where c�,ni
= c�cn, with cn =∑n �n/n!, the wave function at time t is given by,

|�(t)〉 =
∑
�,n,�

c�,n

∫ Ef

Ei

dEe−iEt/h̄|E, n, 1−� 〉〈E, n, 1−� |�, n, 0〉. (138)

Applying Eq. (119) to the present case we obtain that a�,n,�,m(E) the amplitude function is given as

a�,n,�,m(E) ≡ 〈�, n, 0|E, n, 1−� 〉
=
∑
�′
〈�, n, 0|(E − iε−QH(E)Q)−1|�′, n, 0〉〈�′, n, 0|QHP|E, n, 1�〉, (139)

where QH(E)Q is defined in Eq. (120). Using the well known identity, [E− iε−PHP]−1=P�[E−PHP]−1+ i��(E−
PHP), with P� denoting the Cauchy principal value integral, we can write the matrix elements of QH(E)Q as

〈�, n, 0|QH(E)Q|�′, n, 0〉 = E����′ + h̄�(n)

�,�′(E)+ i
h̄

2
	(n)

�,�′(E) (140)

where

	(n)

�,�′(E) ≡ 2�

h̄

∑
�

V (n)(�|E, �)V (n)(E, �|�′),

�(n)

�,�′(E) ≡ 1

2�
P�

∫ Ef

Ei

dE′	(n)

�,�′(E
′)/(E − E′). (141)

The amplitudes of the |�′, n, 0〉 states at time t equal,

〈�, n, 0|�(t)〉 =
∑
�

c�,n

∫ Ef

Ei

dEe−iEt/h̄
∑
�

〈�, n, 0|E, n, 1−� 〉〈E, n, 1−� |�, n, 0〉 =
∑
�

c�,nM
(n)

�′�(t). (142)
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where

M
(n)

�′�(t)=
∑
�

∫ Ef

Ei

dEe−iEt/h̄a
(n)

�′,�(E)a
(n)∗
�,� (E). (143)

The total population in the zero-photon material states with n spectator photons in the ith mode, at time t, P (n)(0, c, t),
is given by

P (n)(0, c, t)=
∑
�′
|〈�′, n, 0|�(t)〉|2, (144)

where c ≡ {c�,n}.
In order to delay the decay we need to find the set of initial coefficients c which maximizes P (n)(0, c, t) over a given

time interval � after preparation. Once such a set of coefficients is found, the overlapping resonances thus populated
exhibit a step-like decay pattern [184,185], a sample of which is shown in Fig. 21. Indeed, after a quiescent period in
which a photon emitted by one resonance gets immediately re-absorbed by the other, the system undergoes a period of
rapid decay in which a burst of photons escapes the atom. The “photon-burst” phase is followed by another quiescent
phase, etc.

The delay in the emission afforded by the quiescent phase may be of great practical importance for many laser
applications by itself. However, we usually want to go one step further and suppress the emission at all times. It is
possible to do so in the 2 × 2 case [184] by applying a � pulse at, or close to, the end of the quiescent period. The

effect of the � pulse which transforms the system according to the transformation matrix,
(

0
i

i
0

)
, is to interchange the

populations between the two levels. Such an interchange of population in a two level system is known to effectively
reverse the direction of time. As a result, after the application of the � pulse, the system moves away from the onset of
the “photon burst” phase until it reaches the −� time, at which point another photon burst is about to be launched. We
avoid such a burst by applying another � pulse which reverses the flow of time once again, sending the system back
in the positive time sense. We continue applying a � pulse every 2� interval, thus confining the system forever to the
quiescent phase, making it shuttle back and forth between−� and �. As shown e.g., in Fig. 21, to be discussed in greater
detail below, spontaneous emission is thereby effectively blocked. The above analysis also applies to the N� > 2 case,
where the transformation is slightly more complicated [184].

We now turn our attention to the application of the above strategy for the Autler–Townes split resonance case. The
radiative couplings to the �= k, � mode, where �� = (E − E�)/h̄ are [194],

V (�, 0|E, �, 1k,�)=
{

ie

(
h̄�k

2ε0V0

)1/2

ε̂k,j · ��,�, E > E�,

0 otherwise.
(145)

In the above we have dropped the (n) superscript denoting the number of �i spectator photons because the dipole
matrix elements for spontaneous emission do not depend on this number.

Integrating over the directions of emission of the photons and summing over the two possible photon polarization
directions, we obtain that

	��′(E)= e2

3�ε0h̄
4c3

∑
{�:E>E�}

��,� · �∗�′,�(E − E�)
3. (146)

The level-shifts ���′(E) can be calculated from 	��′(E) using Eq. (141).
The decay matrix elements in the dressed state basis (dropping the energy argument for brevity) can be expressed in

the |a〉, |b〉 basis as

	++(�)= sin2 �	bb + cos2 �	aa + sin 2� Re[	ab],
	−−(�)= cos2 �	bb + sin2 �	aa − sin 2� Re[	ab],
	+−(�)= 1

2 sin 2�(	bb − 	aa)+ cos 2� Re[	ab] − i Im[	ab]. (147)
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Fig. 18. 	++ (dashed), 	−− (dot–dashed), |	+−| (solid) and f ≡ |	+−|/(	++	−−)1/2 (〈〉).

Since the bare states |a〉 and |b〉 have opposite symmetries, they emit into different sets of levels, resulting in 	ab = 0.
Therefore the above expressions can be written as{	++(�)= 	− cos 2�	̂,

	−−(�)= 	+ cos 2�	̂,

	+−(E, �)= sin 2�	̂(E).

(148)

where 	= 1
2 (	aa + 	bb) and 	̂= 1

2 (	bb − 	aa).
The possibility of delaying the spontaneous emission is governed by the ratio,

f1(E, �) ≡ |	+−(E)|
[	++(E)	−−(E)]1/2 , (149)

which (due to the Schwartz inequality) can assume values between 0 and 1. The unity value leads to maximal delay and
the null value to the complete loss of control over spontaneous emission. The ratio reaches its maximum value when
�= �/4, i.e. when the field is on-resonance. It then equals

f1(�/4)= |	bb − 	aa|
	aa + 	bb

=
∣∣∣∣	aa

	
− 1

∣∣∣∣ . (150)

The maximal degree of delay of the spontaneous emission is attained when 	bb ≈ 0, i.e. the |b〉 state is a meta-stable
excited state; in that case 	++(E)= 	−−(E)= |	−−(E)| = 1

2	aa(E).
The ability to control the spontaneous emission resulting from the introduction of the cw field is demonstrated by a

series of computations presented below. In all these computations we have assumed that the energy-dependence of the
widths can be neglected over the integration range, which is of the order of magnitude of the width itself. In Fig. 18 we
show 	++, 	−−, |	+−| and f1 which result from the introduction of a cw coupling field as a function of the mixing
angle �. The results are shown for several different values of 	bb/	.

In Fig. 18(a), 	bb/	 = 0.01, which means that state |b〉 is a meta-stable state. The degree of delay of emission we
achieve in this case reaches the maximum value it possibly can: f1(�) ≈ 1. This degree of control is maintained over a
wide range of the mixing angle �. Essentially control is degraded only when the detuning is very large, causing almost
no mixing between the |a〉 and the |b〉 states (� ≈ 0 or � ≈ �/2).

In the next case, shown Fig. 18(b), 	bb/	=0.2. It shows slightly less control, with our ability to delay the decay now
being more dependent on the field tuning. The optimal control is achieved, as discussed above, exactly on resonance,
where f1 = 0.8 (see Eq. (150)). The possibility of control is being completely eliminated as we increase the 	bb/	̄
ratio, as shown in the lower panel of Fig. 18.
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Fig. 19. (Upper panel) The |a±,�(E)| amplitudes in the 2× 2 case, for several values of the levels spacing �E for a constant 	. The x-axis is scaled
to encompass 3�E. The |a+,�(E)| is seen to dip to zero at E−ni
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∫
dEa��(E)a�′�(E) = ��,�′ (lower panel). The same as the upper panel

for the
∑

� |
∑

�=± c�a�,�(E)|2 lineshapes.

Another important control variable is the ratio between 	aa , the resonance widths, and �E ≡ |E+ni
−E−ni

| = h̄|�ni
|,

the energy spacings between Autler–Townes split resonances. According to Eq. (131), the Autler–Townes splitting
enables the tuning of the energy spacings between the resonances by varying the Rabi frequency �ni

of the “spectator”
cw field. Sample a�,n,�,m(E) amplitudes for overlapping resonances with �E/(h̄	) varying between 0.2 and 5 are
shown in Fig. 19.

The signature of the interference is the appearance of a “dark state” i.e., a continuum energy where the lineshape
(= |a�,n,�,m(E)|2 ) dips to zero, occurring at the peaks (E+ni

or E−ni
) of the neighboring resonance for each line-

shape. These dark states, first discovered in Ref. [191], bring about the phenomenon of “Electromagnetically Induced
Transparency” [195] hole, midway between the resonances, shown in Fig. 17, for a particular linear combination of
the resonances. In the optimized case studied here the

∑
� |
∑

�=± c�a�,�(E)|2 lineshapes shown in the lower panel of
Fig. 19 do not necessarily dip to zero.

6.2. Suppression of spontaneous emission in sample systems

6.2.1. The hydrogen atom
We first study the suppression of the spontaneous emission of a hydrogen atom in the |2P0〉 state, which can only

decay to a single (the ground |1S0〉) state. We do so by coupling the |2P0〉 state, which is identified with state |a〉 of
Fig. 17, with the |3S〉 state (identified with the |b〉 state of that Figure) using a resonant cw field. Contrary to Fig. 17,
here Eb > Ea , which means that 	bb �= 0.

All the parameters needed for this case are known analytically. Thus, the energy differences between the material
states are, E2P − E1S = 3

4
me4

2h̄2(4�ε0)
2 = 3

8 a.u., and E3S − E2P = 5
72 a.u. We obtain that,

	2P0,2P0(E)= 215

311

4�ε0

m2e2c3 (E − E1S − (ni + 1)h̄�i )
3

= 626.8 �s−1,

	3S,3S(E)= 3× 21536

512

4�ε0

m2e2c3 (E − E2P − nih̄�i )
3

= 6.32 �s−1. (151)
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coefficients. This choice of coefficients is the one most effective in delaying the emission (in the absence of the interruptions) over the optimization
time of 2.4 ns.
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Fig. 21. Suppression of the 2P -1S spontaneous emission in the hydrogen atom, for which the natural line-width is h̄	 = 1.66 × 10−3 cm−1. The
solid lines display the decay of the optimized superposition of the Autler–Townes split levels with no interruptions. The dot–dashed lines are the
decay curves of the same superposition states in the presence of interruptions. The dashed lines display the average decay of the two Autler–Townes
split components. The optimization time � (marked by a triangle) is 0.2/	= 0.65 ns, and the total time range displayed is 0 to 3/	= 10 ns.

The corresponding lifetimes are �2P0 = 1.586 ns and �3S = 157.4 ns. Using Eq. (148), we obtain for the on-resonance
Autler–Townes split states, |±, n〉=(|2P, n+1〉±|3S, n〉)/√2, that 	++(E)=	−−(E)=316.6 �s−1, and |	+−(E)|=
310.2 �s−1.

Delaying the spontaneous emission is achieved by exciting the ground-state Hydrogen atom with a light pulse
(linearly polarized in the x direction) whose shape, as determined according to the procedure outlined in the previous
section, for an optimization time of 2.4 ns, is shown in Fig. 20.

The result of exciting with an optimized pulse (a sample of which is given in Fig. 20) is displayed in Fig. 21 for
four different splittings (�E). We see a step-like decay: the system starts with a quiescent period which lasts longer
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Fig. 22. The train wave of the spectator cw field of frequency �i near an interruption which switches �ni
to −�ni

, thereby exchanging the order

of the E±ni
levels, as shown in the lower panel.

and longer the smaller the Autler Townes splitting (i.e. �ni
) is. As mentioned above, the onset of the photon burst can

be avoided by exchanging the population between levels, thereby sending the time backwards until the next onset of
the photon burst phase at which point another exchange of population is executed. In Ref. [184] the application of a �
pulse was suggested as a means of achieving this population exchange. However because in atoms and homonuclear
diatomic molecules the | + ni, 0〉 and | − ni, 0〉 states are not coupled optically to one another, the � pulse in question
would have to arise from a two-photon (e.g. Raman) process. Rather than do this we can within the framework of
the present setup achieve the same reversal of time by switching the levels while keeping the population of the levels
intact. According to Eq. (131), we can switch the order of the E±ni

levels by adiabatically changing the sign of �ni
.

A schematic illustration as to the kind of interruption needed in the spectator cw field to achieve this is displayed
in Fig. 22.

The result of the kind of interruptions displayed in Fig. 22 is shown as the dot–dash curve of Fig. 21. We see that
the spontaneous emission has been effectively suppressed, with the suppression becoming more effective, the smaller
is the Autler–Townes splitting. Also shown in Fig. 21 (as the dashed line) are the natural decay curves, arising when
we start with one of the eigenstates, i.e. c�′ = ���′ . As can be seen, this decay, which is non-exponential due to the
interaction between the resonances, is still much faster than the suppressed decay aided by the interruptions.

6.3. Suppression of the spontaneous emission in the Pb Atom

We now show that the above method works equally well in the presence of more than one final state to which the
system can emit. We study the Pb atom and take as the |a〉 state the 6p 7s 3P 0

1 excited state which emits [196] to the

|1〉 = 6p2 3P0 �1 = 283.31 nm Aa,1 = 43.0 �s−1,

|2〉 = 6p2 1P1 �2 = 363.96 nm Aa,2 = 32.0 �s−1,

|3〉 = 6p2 3P2 �3 = 405.79 nm Aa,3 = 93.1 �s−1,

|b〉 = 6p2 1D2 �4 = 722.90 nm Aa,b = 2.6 �s−1

final states. The total decay rate of state |a〉 is therefore given as

	aa(Ea)=
∑

�=1,2,3,b

a�� = 171 �s−1. (152)

We assume that the decay rate of |b〉 is negligible compared with that of |a〉, hence, h̄	++= h̄	−−= h̄	+−= 1
2	�,a =

4.531× 10−3 cm−1. We note that |a〉 can decay to |b〉 as well as to the other states noted above.
The suppressed and natural decay curves for this system are shown in Fig. 23. We see that the suppression works

extremely well, in fact better than in Hydrogen, especially at the small splitting end.
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6.4. Suppression of the Na2(A→ X) spontaneous emission

The suppression of spontaneous emission method works equally well for a molecular system. In molecular systems
there is usually a multitude of final states to which the system can emit. In this example we consider suppressing the
emission from a particular (|a〉) vibrational state belonging to the 11�u (A) electronic manifold, aided by a particular
vibrational (|b〉) state belonging to the 21�g electronic manifold. The relevant potentials are displayed in Fig. 24.
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Using an average electronic transition-dipole moment �e of 7 Debye (=2.756 a.u.) between the 11�u (A) and the
ground 11�g (X) states [197], we have calculated the dipole moment matrix elements within the Franck–Condon
approximation, according to which

��,� ≈ �e〈�|�〉, (153)

where |�〉 and |�〉 signify vibrational states.
The vibrational wavefunctions needed for this calculation were derived from the potential energy curves of Schmidt

and Meyer [198]. In the present rough treatment only the vibrational states (without the rotational sub-levels) were
included in the calculations. The inclusion of the rotational factors is not expected to qualitatively change the conclusions
drawn here.
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Fig. 25. The decay rates 	��(E�) of the 70 lowest vibrational states |�〉 of the 1 1�u surface.
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The lineshape for the vibrational levels (and specifically that of �=20) of the excited surface 11�u are much narrower
than the energy level spacing, therefore all the resonances are isolated, as in the atomic cases discussed above.

Assuming that the decay rates of the vibrational levels belonging to the 21�g manifold (which can decay to the 11�u

manifold) are negligible compared to those of the 11�u surface, we can write 	��(E) as

	��(E)= e2

3�ε0h̄
4c3

∑
{�:E>E�}

|��,�|2(E − E�)
3, (154)

where � includes only the vibrational levels in the ground electronic manifold. We obtain that for 0���30, 	��(E�) ≈
40 �s−1 or h̄	��=2.12×10−4 cm−1. The change of 	��(E) with energy may be neglected, since the relevant integration
range around E�, ±h̄	=±2.1× 10−4 cm−1, is much smaller than E� − E� for all |�〉 ground states considered.

Fig. 25 displays the decay widths 	��(E�) for the 70 lowest vibrational states |�〉 of the 11�u surface. Also displayed
are the energy levels E�. The decay curves resulting from coupling the |a〉= |�=20〉with the |b〉= |�′ =30〉 are shown
in Fig. 26. Again the method is very successful in completely suppressing the decay.

7. The coherent suppression of intramolecular radiationless transitions

In this section we describe the utilization of interference between overlapping resonances in order to achieve control
of intramolecular dynamics. We show that by appropriately preparing a linear combination of zeroth-order states on one
Born–Oppenheimer surface, quantum interference can be invoked to either maximize or minimize the population that
undergoes a radiationless transition at a preset target time. Further, we show that this control requires the presence of
overlapping resonances. We illustrate the method by performing computations [199] on a four mode model of pyrazine
[200,201].

7.1. Theory of the suppression of radiationless transitions

Consider a molecular Hamiltonian

HM =Had +H12, (155)

where HM is the total material Hamiltonian, Had is the Born–Oppenheimer (adiabatic) Hamiltonian in which different
electronic states are decoupled from one another, and H12 is the non-adiabatic coupling between electronic states.
Bound eigenstates of the total material Hamiltonian are denoted |�〉, with

HM |�〉 = E�|�〉, (156)

where the |�〉 describe both electronic and nuclear motion. Below, we suppress the rotational component of the dynamics,
which is of little relevance to the radiationless processes of interest.

It is useful to consider the eigenstates of Had ,

Had |i〉 = (E
(e)
i + E

(v)
i )|i〉, (157)

which we term the “bare kets” and label with roman letters, e.g., |i〉,|i′〉 and |j〉. Here, E(e)
i is the electronic energy and

E
(v)
i is the vibrational energy associated with bare ket |i〉.
We assume that the system is prepared initially in a state belonging to one of the electronic surfaces. The radiationless

transition process amounts to the flow of populations to other electronic states. In the specific case of pyrazine the
initial state belongs to the S2 electronic state and final state to S1. The time dependent probability P2(t) that the system
is found in electronic state S2 is given by

P2(t)=
∑
j∈S2

|〈j |�(t)〉|2, (158)

where |�(t)〉 is the state of the system at time t and the sum is over all bare kets that are in S2.
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Consider then an initial state |�(0)〉 that has been optically prepared on S2 [i.e., P2(0)= 1] as

|�(0)〉 =
∑
i∈S2

ci |i〉, (159)

where ci are the (complex) coefficients for the given initial state. Then with the propagator U(t) = e−iHt/h̄, the state
of the system at time t is

|�(t)〉 = U(t)|�(0)〉 =
∑
i∈S2

ciU(t)|i〉. (160)

The P2(t) probability is therefore given as

P2(t)=
∑
j∈S2

∣∣∣∣∣∣
∑
i∈S2

ci〈j |U(t)

∣∣∣∣∣∣ i〉|2. (161)

As we have done in the discussion of spontaneous emission we rewrite the above expression by expanding the square
and collecting the coefficients ci into a vector c. We obtain that

P2(t)= c† · K · c (162)

where the K matrix is given by

Ki′i (t)=
∑
j∈S2

〈j |U(t)|i〉〈j |U(t)|i′〉∗. (163)

We consider coherently controlling P2(t) by preparing an initial vibrational superposition state on S2 that either
maximizes or minimizes P2(t) at some preselected target time T. Specifically, we seek the coefficients ci that extremize
P2(T ) while preserving the norm of c. To do so we introduce a Lagrange multiplier, �, and define

�(t, c)= c† · K · c − �(c† · c − 1). (164)

The optimal set of initial coefficients (subject to the constraint on the norm) is then found for stationary �(t, c), i.e.
when

��(t, c)

� Re[ci] = 0,
��(t, c)

� Im[ci] = 0 (165)

for all i. Eq. (165) is equivalent to the eigenvalue equation

K(t) · c = �c. (166)

Hence, the optimum initial coefficients for time T are determined by diagonalizing K(T ).
To understand the nature of the dynamics we expand Eq. (162) and collect appropriate terms to rewrite P2 as

P2(t)=
∑

i

|ci |2gi(t)+
∑
i �=i′

c∗i′cifii′(t), (167)

where

gi(t)=
∑
j∈S2

|〈j |U(t)|i〉|2, fii′(t)=
∑
j∈S2

〈j |U(t)|i〉〈j |U(t)|i′〉∗. (168)

Eqs. (167) and (168) admit simple interpretations: gi describes the P2 dynamics of a system that is initially prepared as
the bare ket |i〉, whereas fii′ provides the effect of interferences between the bare kets comprising the initial superposition
state �(0). Comparatively large values of fii′(T ) indicate that interference is playing a significant role in the pyrazine
dynamics at the target time, and that Coherent Control is possible. By contrast, if the gi terms dominate then active
control over the P2 dynamics is not possible for the energy regime spanned by �(0). In this case only “passive” control
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is possible, where one weights, in �(0), the specific |i〉 whose decay is slowest (for suppression of P2 decay) or fastest
(for enhancement of P2 decay).

Additional insight is obtained by substituting Eqs. (160) into (158) and using
∑

� |�〉〈�| = 1 in conjunction with the
definition of the propagator. We obtain that

P2(t)=
∑
j∈S2

∣∣∣∣∣∣
∑
i�

ci〈j |�〉〈�|i〉 exp[−iE�t/h̄]
∣∣∣∣∣∣
2

=
∑
j∈S2

∑
i�i′�′

cic
∗
i′ 〈j |�〉〈�|i〉〈i′|�′〉〈�′|j〉 exp[−i(E� − E�′)t/h̄]. (169)

Hence, when we perform an infinite time average P̄ :

P̄ = lim
T−>∞

1

T

∫ T

0
P(t) dt . (170)

we obtain that P̄2 is given by

P̄2 =
∑
j∈S2

∑
i�i′

cic
∗
i′ |〈j |�〉|2〈i′|�〉〈�|i〉, (171)

because the � �= �′ terms average out. There is also an alternative probability,

P ′2(t)=
∑
j∈A

∣∣∣∣∣
∑
i∈A

ci〈j |U(t)|i〉
∣∣∣∣∣
2

, (172)

where A is a subset of S2. Here P ′2(t) gives the probability of remaining in the initial subspace I of S2. The most
elementary of these cases is

P ′′2 (t)= |〈i|U(t)|i〉|2, (173)

which provides the probability of staying within just a single created bare ket |i〉, is also of interest below.

7.1.1. Overlapping resonances in a discrete spectrum
In the simplest radiationless transition model a single bare ket is excited and other S2 states are regarded as irrelevant,

so that Eq. (167) takes the form:

P2(t)=
∣∣∣∣∣∣
∑
�

|〈i|�〉|2 exp(−iE�t/h̄)

∣∣∣∣∣∣
2

(174)

If the coefficients |〈i|�〉|2 are distributed as a discrete Lorentzian function in E�, and the level spacing is tiny, the decay
of P2(t) is exponential. More complex, however, and more relevant to the discussion below, is the case where there
are several neighboring resonances that are wider than the adjacent level spacing, so that the resonances overlap. In the
discrete case this means that two or more bare kets have non-zero overlap matrix elements with the same |�〉.

The interference term fii′(t) of Eq. (168) depends upon

〈j |U(t)|i〉〈j |U(t)|i′〉∗ =
∑
�,�′
〈j |�〉〈�|i〉〈i′|�′〉〈�′|j〉e−i(E�−E�′ )/h̄. (175)

Hence non-zero fii′(t), and the ability to control the system via the phases of the ci coefficients, requires that at least
two bare kets have non-zero overlap with at least one common exact eigenstate.
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7.2. Control over “internal conversion” processes in pyrazine

As an example, consider computations dealing with control over the “internal conversion” (i.e., S2 ↔ S1) in pyrazine,
a molecule possessing 24 vibrational modes. The dynamics of pyrazine is treated using a model due to Peluso et al.
[201] which is a variant of a model of Domcke et al. [200]. Here, the |i〉 are products of an electronic component,
either of the S1 or S2 electronic state, and a vibrational part, which is itself a product of harmonic oscillator (HO)
eigenstates; one HO eigenstate for each of the 24 normal modes of the molecule. Although all 24 modes are included
in the calculation, non-zero quantum numbers are allowed in only four of these modes. Specifically, excitations of the
1, 6a, 8a and 10a modes of up to 10, 9, 8 and 9 quanta, respectively, are included (i.e., we include every HO products
that has mode 1 with a quantum number not exceeding 10, and mode 6a with a quantum number not exceeding 9, etc.).
The result is often termed a four mode model. The S1 to S2 coupling is given by the simple linear term:

H12 = �Q10a , (176)

where Q10a is the 10a normal coordinate and

�= 1.3[eV Å−1 AMU−1/2], (177)

obtained via a qualitative fit to experimental data. The difference in electronic energy is taken as

|E(e)
S1 − E

(e)
S2
| = 0.956 eV. (178)

Given the basis, the eigenvectors of the total Hamiltonian were determined via standard linear algebra techniques.
A total of 9900 bare kets on each of the S2 and S1 surfaces were utilized, constructed as described above. States on S1
are consecutively labeled as |1〉 to |9900〉 and those on S2 are labeled |9901〉 to |19800〉. By expanding a bare ket |i〉
in the exact eigenstates, |�〉:

|i〉 =
∑
�

D�|�〉, (179)

we obtain the discrete version of a lineshape |D�|2 = |〈�|i〉|2 which provides a picture of the resonance.
Figs. 27 and 28 show two typical examples of the resonance shapes observed in these calculations, here for states
|11432〉 and |10088〉. The former appears sharp and single peaked, being spread out over a few hundred wavenumbers.

Fig. 27. Narrow resonance shape—ket |11432〉.
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Fig. 28. Wide resonance shape—ket |10088〉.

Fig. 29. Overlap of states |10808〉 and |10810〉.

By contrast, the latter shows at least two peaks regions and is broadly distributed over several thousand wave numbers,
reflective of overlapping resonances. As we will see below, |11432〉 is also affected by the presence of other bare kets.
Overlaps of lines typical of those observed are shown in Fig. 29, which is discussed in further detail below.

Also observed in this model of Pyrazine are the bare kets that almost entirely comprise a single exact Hamiltonian
eigenstate, i.e. eigenstates that are comprised of over 90% of one bare ket. The dynamics of these extreme states has
been emphasized by Sukharev and Seideman [202].

The calculations of P2(t) are characterized by two, qualitatively different, temporal regions: a short-time monotonic
decay “region I”, followed by an oscillatory “region II”. The transition times for passing from region I to region II
depend on the initial state. A specific P2(t) decay obtained upon laser excitation with an “ultrashort” (�(t)-like) pulse
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Fig. 30. P2(t) for a state prepared with an ultra short pulse and for three optimized states.

Fig. 31. Individual time evolution of P2 for each of the levels |10810〉 and |10808〉.

creating a superposition of 50 vibrational states of S2 from S0 is shown as a solid line in Fig. 30. The intial wave packet
is centered at ≈ 9500 cm−1 with a width of 990 cm−1, where the zero of energy is chosen as the the energy of the
ground vibrational state in the S1 electronic manifold (it being 4.95 eV above the ground vibrational state of the S0
manifold). The decay is rapid, on the time scale of 20–40 fs, which is consistent with experimental results [203].

Fig. 30 also shows the P2(t) resulting from the maximization of P2(T ) decay for three cases. These results use the
same 50 bare kets that comprise the above short pulse initial state, and differ only by the times at which they were
maximized: T = 30, 60 or 90 fs, respectively. An examination of the composition of these three states shows the origin
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Fig. 32. Superposition of |10808〉 and |10810〉: P2 optimized at T = 20 fs.

Fig. 33. Resonance shape of |10808〉 and |10810〉.

of their similarity: approximately 80% of the amplitude of each initial state lies in only one bare ket—that bare ket
with the largest P̄2. Thus, little, if any, active interference-based coherent control participates in these optimizations.
Similar observations were made for the case of P2(T ) minimizations.

To demonstrate active control in this model of Pyrazine therefore requires that we focus on those bare kets that
have a fairly large fii′(t) value at the target time of interest. We considered first a case where the initial superposition
is comprised only two bare kets, |i〉 = |10810〉, |i′〉 = |10808〉. The time evolution of each of these kets, regarded
independently, is shown in Fig. 31. Note that neither of these states display simple falloff of P2(t), but rather show
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Fig. 34. Optimized P ′2 curves for |10808〉 and |10810〉. Optimization time T = 15 or 20 fs.

Fig. 35. Individual P ′2 curves for |10808〉 and |10810〉.

population that oscillates in and out of S2, leading to a long time value of≈ 0.68. This type of quasi-periodic dynamics
was typical of most of the states studied, and more recent work [204] shows that this is due to the low density of states
on the S1 surface associated with the four mode model.

We next optimized P2(t) using an initial superposition of two states |10808〉 and |10810〉 at T = 20 fs. The results
shown in Fig. 32. Here the difference between the maximal and minimal P2(t) at this target time is seen to be significant,
but not substantial. Such control arises from the participation of overlapping resonances in the S2 manifold, with the
individual bare states shown in Fig. 33. The primary contributions to the overlap of these two states is shown in Fig. 29,
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Fig. 36. Maximized and minimized populations at 10 fs for a family of bare kets that have relatively large ¯fii′ .

Fig. 37. Same as Fig. 36 except that optimizations where performed at 1 fs.

where the height of the histogram indicates the contribution of each of the bare kets to the exact state at the indicated
energy E�.

A considerably different degree of control obtains from optimizing the probability, P ′2(t), of remaining within these
two states, which we here use to define the subspace A. The result of optimization at either T =15 and 20 fs are visually
indistinguishable and are shown in Fig. 34. These results should be compared to the uncontrolled probability of each of
the two states |10808〉 and |10810〉 remaining solely within this manifold, as shown in Fig. 35. Two things are evident.
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First, the individual P ′2(t) curves lie far lower than those in Fig. 32, indicating the participation of many more bare kets
in the dynamics of P2(t) than merely the two bare kets that form this original superposition. Second, with these few
states, the extent of control depends heavily on the target time T: control at T = 15 fs is clearly far better than that at
T = 20 fs, a manifestation of the time dependent component of the interference contribution to fii′ .

P2(t) control results are significantly better when a much larger set of initial states forms the superposition state.
Two such results, using 100 states centered ≈ 18,000 cm−1 with a width of ≈ 2000 cm−1 are shown in Figs. 36 and
37. Optimizations at both T = 10 and 1 fs are shown. There is appreciable control in both cases: i.e., there is now a
considerable difference between the population of the maximized and minimized curves. This is particularly true for
the 1 fs case, where P2(t) varies over range of 90%. Note also that the maximized P2(t) persists at high values well
beyond 1 fs. Similarly, control in the 10 fs case is large, ranging from P2(T = 10) of 0.9–0.54.

8. Decoherence and loss of control

Thus far we have dealt with idealized isolated systems which are not subject to external collisions. Further, we have
assumed that the system is initially in a pure state (i.e. described by a wavefunction) and that the externally imposed
electric field is coherent, i.e. that the field is described by a well defined function of time. Under these circumstances
the system is in a pure state before and after laser excitation, and remains so throughout its evolution. However, if
the system is initially in a mixed state (e.g. due to prior collisional relaxation), or if the incident radiation field is not
fully coherent (e.g., due to fluctuations of the laser phase or of the laser amplitude), or if collisions cause the loss
of quantum phase after excitation, then phase information is degraded, interference phenomena are muted and laser
control is jeopardized [205].

We use the term “decoherence” to mean loss of quantum information (either the phase or the amplitude of a state) due
to the interaction of a system with its environment [208–212]. We consider a system s interacting with an environment
(a bath). The total Hamiltonian Htot is of the form

Htot =Hs +Hbath +Hint, (180)

where Hs is the system Hamiltonian, Hbath is the Hamiltonian of the environment, and Hint is the interaction between
them.

The system plus environment is described by a density operator �tot(t) [206], whose dynamics is given by the
quantum Liouville–von Neumann equation;

ih̄
��tot(t)

�t
= [Htot, �tot(t)]. (181)

Operators which pertain solely to the system, denoted As(t), are given by averaging only over environmental variables,
i.e. As(t)= T rbath[�tot(t)A(t)].

By pre-averaging over the environment variables we can obtain an equation of motion for �s(t), the system component
of the density matrix. If the correlation time of the environment is much shorter than the typical time scale for the
variation of the system then the generalized master equation [205,207] is of the form

��s(t)

�t
=−ih̄−1[Hs, �s(t)] + F(�s), (182)

where F(�s) is a functional of �s . Its functional form depends upon the nature of the environment and on the coupling
Hint. The resultant equations are quite complex.As such, a variety of approximations to the generalized master equations
have yielded equations which are used to model the effect of the environment on the system dynamics.

8.1. Coherent control in equilibrated condensed phases

8.1.1. The optical bloch equation
Consider coherent control as it would apply to liquid phase chemistry. Here, molecules of species B in solution would

be subjected to laser irradiation. Since we are ultimately interested in the fate of the B molecules, B is the system and
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the remaining molecules in the solution, and the laser, are the environment. Decoherence effects can then arise from
the collisions of the solvent with the molecule of interest, or from incoherence properties of the laser that cause some
loss of quantum phase information. Both of these effects are discussed below, along with proposed methods to reduce
the effects of collisional or laser induced decoherence effects.

The strong role of collisions in decohering a system is readily seen by considering the density matrix of a system
which has reached thermal equilibrium at temperature T through collisional relaxation, i.e. �T

s =Q exp(−Hs/kBT ).
Here Hs is the system Hamiltonian, Q is a normalization factor and kB is Boltzmann’s constant. Considerable insight
is obtained if we cast the density matrix in the energy representation. Then �T

ij = 〈Ei |�T
s |Ej 〉 =Q exp(−Ei/kBT )�ij ,

where |Ei〉 are energy eigenstates of Hs . That is, the system shows population in each of the energy levels, but no
off-diagonal terms. Non-zero off-diagonal terms would represent quantum coherence between the energy eigenstates
of the Hamiltonian. To see this, contrast the equilibrium result with that of the density operator associated with a
pure state

|
〉 =
∑

k

ak|Ek〉. (183)

This density operator would be given by

�s = |
〉〈
| =
∑
k,m

aka
∗
m|Ek〉〈Em|, (184)

which can be confirmed by substituting in Eq. (181), but with H and �tot replaced by Hs and �s . In this case,

�mk = aka
∗
m, (185)

where here and below �m,k denotes the (m, k) element of the density matrix representing �s .
Thus, the fact that there is a well defined phase relationship between the eigenstates of the Hamiltonian, contained

in the wavefunction, is manifest in the existence of off-diagonal elements in the energy representation. The absence
of off-diagonal matrix elements for the thermally equilibrated case makes clear that collisions have destroyed matter
coherence manifest as quantum correlations between energy eigenstates.

With this in mind, we introduce the simplest of models for relaxation and concomitant decoherence. That is, the
equation of motion of �s(t) in the energy representation is given the form

ih̄
��ij (t)

�t
= [H, �s(t)]ij −

1

Tij

�ij (t), (186)

with Tii = T1 and Tij = T2 for i �= j . Here T1 and T2 are phenomenological relaxation times. In this model, where
F(�)ij =−�ij (t)/Tij , the coherent terms �ij (t), i �= j decay with a rate 1/T2 and populations �ii (t) decay with rate
1/T1. If the system is in the presence of a radiation field, then Hs in Eq. (186) augmented by the dipole-electric field
interaction HMR. The result is the so-called Optical Bloch Equations. Note that this approach focuses explicitly on
decoherence in the energy representation.

The simplest Optical Bloch Equations result from a system comprised of two eigenstates |E1〉, |E2〉 of the molecule
Hamiltonian HM which experience the interaction HMR = −εε̂ · �� cos(�t + �). The Hamiltonian Hs in Eq. (186) is
Hs =HM +HMR. Eq. (186) then becomes [where we suppress the t dependence of �(t)]:

ih̄
��ij

�t
=
∑

k

[Hik�kj − �ikHkj ] − 1

Tij

�ij ,

Hik = Ei�ik − ε

2
exp(−i�t − i�)�ik(1− �ik). (187)

Here we have used the rotating wave approximation to replace cos(�t + �) by (ε/2) exp(−i�t − �). We now define

R1 ≡ i�12 exp(i�t + i�)+ c.c.= 2 Im(�∗12),

R2 ≡ �12 exp(i�t + i�)+ c.c.= 2 Re(�∗12),

R3 ≡ �11 − �22, (188)
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where c.c. denotes the complex conjugate of the term that precedes it. With these definitions, Eq. (187) becomes

dR1

dt
= �R2 − 1

T2
R1 + �2,1R3,

dR2

dt
=−�R1 − 1

T2
R2,

dR3

dt
=− 1

T1
R3 − �1,2R1. (189)

Here � ≡ (E2−E1)/h̄−� ≡ �21−�, i.e., the detuning of � from the |E1〉 to |E2〉 transition, and �1,2=〈E1|��·ε̂|E2〉ε/h̄
is the Rabi frequency of the transition. Eq. (189) constitutes the standard form of the two level optical Bloch Equation.

8.1.2. Countering collisional effects
Consider now a scenario that is capable of maintaining coherent control in the presence of collisions for systems

that are described by the Optical Bloch Equations. In particular, we reconsider the bichromatic CC scenario, assuming,
however, that the molecules are in solution at temperature T. Further, we irradiate the system so as to saturate the |E1〉
to |E2〉 transition and simultaneously photodissociate the system. The initial state, prior to dissociation, is a mixed state
described, in the energy representation, by a 2×2 density matrix with elements �ij , (i, j = 1, 2). Photodissociation
of this mixed state can be written as a generalization [213] of pure state CC starting from a superposition state
(Eq. (183)). Assuming that the initial density matrix is given by Eq. (185), the probability of photodissociation is
given as

P (q)(E)= (2�/h̄)2
N∑

i,j=1

[�ij ε̄(�E,i)ε̄
∗(�E,j )]�(q)(j i). (190)

Eq. (190) is, in fact, the correct generalization to the case where the initial state is mixed and represented by �ij .
To utilize Eq. (190) we determine �ij for the case where two levels |E1〉 and |E2〉 are continuously subjected to

radiation and collisions using the Optical Bloch approach. However, it is necessary to modify Eq. (187) since selection
rules in coherent control require that | E1〉 and | E2〉 be of the same parity. Hence, since one photon absorption does
not couple these states, we consider saturating this transition using two photon absorption through an off-resonant
intermediate bound state |0〉 with dipole matrix elements �oj = 〈0 | �� · ε̂ | Ej 〉.

For simplicity we assume that 2� = (E2 − E1)/h̄ so that the transition is two-photon resonant (the non-resonant
case is discussed in [213]), and extend [214] Eq. (189) to two photon absorption by replacing �2,1 by the proper two
photon transition matrix element D2,1, given as

D2,1 = ε2�20�01/[2h̄2(�− �01)]. (191)

Eq. (189), with the added recognition that at temperature T the quantity R3 equals the thermodynamic population
difference Re

3, become

dR1

dt
=−D1,2R3

2
− R1

T2
,

dR2

dt
=−R2

T2
,

dR3

dt
= D2,1R1

2
− (R3 − Re

3)

T1
, (192)

where

Re
3 = [1− exp(−h̄�21/kBT )]/[1+ exp(−h̄�21/kBT )]. (193)



M. Shapiro, P. Brumer / Physics Reports 425 (2006) 195 –264 247

At long times (t?T2, T1) the system saturates, i.e., dR3/dt = 0 and Eq. (192) implies that dR1/dt = 0. The equations
for Ri can then be readily solved and, in conjunction with Eq. (188), gives �1,2 at saturation:

�1,2 = Re
3T2D1,2 exp[i(2�− �/2)]/(4+D2

2,1T1T2),

�1,1 = 0.5[1+ Re
3/(1+D2

2,1T1T2/4)],
�2,2 = 0.5[1− Re

3/(1+D2
2,1T1T2/4)]. (194)

Consider then excitation of this mixed state with a Gaussian pulse, whose contribution within the rotating wave
approximation is given by

ε(t)= Ae−i(�Lt+�)e−(t−t0)
2/�2

. (195)

with Fourier transform

ε(�)= (A�/
√

�)e−�2(�L−�)2/4e−i(�L−�)t0 e−i� ≡ ε�e−i(�L−�)t0 e−i�. (196)

Note that this control arrangement the two frequencies �1 = (E − E1)/h̄ and �2 = (E − E2)/h̄ that dissociates the
system are components of a single pulse. The temporal width of the pulse is such that �?T1, T2.

Inserting the long time �ij into Eq. (190) gives (denoting ε�i
by εi) the probability P (q)(E) of forming product in

channel q at energy E as

P (q)(E)= (�2/h̄2)[P (q)
1,1 (E)+ P

(q)
2,2 (E)+ P

(q)
1,2 (E)], (197)

where

P
(q)
1,1 (E)= �1,1ε

2
1�(q)(11)= 0.5[1+ Re

3/(1+D2
2,1T1T2/4)]ε2

1�(q)(11),

P
(q)
2,2 (E)= �2,2ε

2
2�(q)(22)= 0.5[1− Re

3/(1+D2
2,1T1T2/4)]ε2

2�(q)(22)

and

P
(q)
1,2 (E)= 2 | �1,2 || �(q)(12) | ε1ε2 cos(�(q)

12 + �21�+ 2�− �/2)

= 0.5T2D1,2R
e
3/(1+D2

2,1T1T2/4)ε1ε2 | �(q)(12) | cos(�(q)
12 + �21�+ 2�− �/2). (198)

From these equations it is evident that coherent control can be achieved in solution, for example, by varying � to alter
the quantum interference term.

A number of simple qualitative observations are evident. First P (q)(E) depends upon the parameters associated
with the saturation through the combinations D2,1T1 and D1,2T2 (or their ratio and product T1/T2 and D2

2,1T1T2 used

below). Control vanishes if P
(q)
1,2 (E)= 0 and this occurs if either T →∞ (i.e., Re

3 → 0) or D1,2T2 → 0. Both these
limits correspond to complete loss of coherence. Examination of Eq. (198) shows that this is not the case, however,
for D2,1T1 → 0, consistent with the fact that T1 relates to population, rather than phase, relaxation. Physically [215],
however, in collisional environment, T1?T2 so that the limit T1 → 0 also implies loss of control. Note also that control
vanishes under extremely large pumping rates, D2,1 →∞ for which �1,1 = �2,2 and �1,2 → 0.

Sample computational results are shown in Figs. 38–41 for the case of the photodissociation of CH3I into CH3 + I
vs. CH3+ I∗. In particular, we show control over the ratio I ∗/(I + I ∗) for the collision-free case in Fig. 38, and at three
successively higher temperatures in the subsequent three figures. The abscissa is S=ε2

1/(ε2
1+ε2

2) and the ordinate is the
angle �12=�21�+2�−�/2. The results clearly show control for the two lower temperatures, including T = h̄�21/kB
and the total loss of control at the highest temperature, as manifest in the lack of dependence of the yield ratio on the
phase angle �12.

The results clearly show that, although collisional effects do reduce the degree of control relative to the collision-free
case, saturation pumping of superposition in the bichromatic control scenario can be used to overcome collisional
effects up until some reasonable temperature.
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Fig. 38. Contour plot of the I∗ yield [I∗/(I+ I∗)] for two color photodissociation of a pure CH3I superposition state comprised of bound states with
quantum numbers (v, J )= (0, 2) and (1,2) excited with frequencies �1 = 41579 cm−1 and �2 = 41163 cm−1. Contours increase, in increments of
0.04, from the “center well”. Taken from Fig. 1, Ref. [213].

Fig. 39. As in Fig. 38, but at kBT = 0.2h̄�21. Taken from Fig. 2, Ref. [213].

8.2. Countering partially coherent laser effects in pump–dump control

An alternate source of decoherence is in the nature of the laser used to irradiate the system. Specifically, if the laser
has random components then it inputs a degree of randomness into the system, reducing the phase information content
and hence decohering the system.

For example, consider control of photodissociation of an initial two-level superposition state that is excited to
the continuum. If there are sufficiently strong external perturbations, or excessive jitter in the laser phase, then this



M. Shapiro, P. Brumer / Physics Reports 425 (2006) 195 –264 249

Fig. 40. As in Fig. 38, but at kBT = h̄�21. Taken from Fig. 3 Ref. [213].

Fig. 41. As in Fig. 38, but at kBT = 1000h̄�21. Contours are spaced by 0.05. Taken from Fig. 4, Ref. [213].

corresponds to a complete average over �1 − �2. We obtain that the branching ratio between the q and q ′ manifold is
given as

Rq,q ′(E) ≡ P (q)(E)

P (q ′)(E)
= |�

(q)(1, 1)| + x2|�(q)(2, 2)|)
|�(q ′)(1, 1)| + x2|�(q ′)(2, 2)| . (199)

Thus, there is no longer any dependence on any phase characteristics and all phase control is lost.
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Eq. (199) represents an extreme fully incoherent situation. It is enlightening to consider the effect of partially coherent
laser sources through the example of the pump–dump CC scenario in the case where the laser is not fully coherent.

To characterize partially coherent pulses [216] consider a Gaussian laser pulse with time profile εx(t) and phase
�x(t), i.e.

εx(t)= (εx0/2)e−(t−tx )2/�2
x e−i[�x t+�x(t)]. (200)

We adopt a phase diffusion model for the partially coherent laser source in which the phase �x is allowed to be
time dependent and random. Thus, the molecule–laser interaction is modeled by the interaction with an ensemble of
lasers, each of different phase. This ensemble is described by a Gaussian correlation for the stochastic phases with a
decorrelation time scale �xc:

〈ei�x(t2)e−i�x(t1)〉 = e−(t2−t1)
2/2�2

xc . (201)

Here the angle brackets denote an average over the ensemble of laser phases.
To examine photodissociation given this field requires, as shown below, the frequency–frequency correlation function
〈εx(�2)ε

∗
x(�1)〉 where εx(�) is the Fourier transform of ε(t) for �x(t) equal to a constant �x . Given Gaussian pulses

[Eqs. (200)–(201)] we have [216]

〈εx(�2)ε
∗
x(�1)〉 = ε2

x0�xTx

8
ei(�2−�1)tx e−�2

x(�2−�1)
2/8e−T 2

x (�2+�1−2�x)2/8, (202)

where

Tx = �x�xc/(�
2
x + �2

xc)
1/2. (203)

Since the pump–dump control scenario involves two lasers we adopt a similar description for the dump pulse εd(t),
with appropriate change in parameter labels, i.e.

εd(t)= (εd0/2)e−(t−td )2/�2
d e−i(�d t+�d (t)), (204)

〈ei�d (t2)e−i�d (t1)〉 = e−(t2−t1)
2/2�2

dc , (205)

〈εd(�2)ε
∗
d(�1)〉 = ε2

d0�dTd

8
ei(�2−�1)td e−�2

d (�2−�1)
2/8e−T 2

d (�2+�1−2�d )2/8, (206)

where Td = �d�dc/(�2
d + �2

dc)
1/2 Here �xc and �dc define the degree of field coherence, the two limiting cases being a

coherent source (�ic →∞, i = x, d) and fully incoherent source (�ic → 0, i = x, d).
The frequency spectrum of the pulse provides a primary means of characterizing the laser-molecule interaction and

is given, for the excitation pulse, by

Ix(�)= Tx√
2�

e−T 2
x (�−�x)2/2, (207)

whose full width at half maximum (FWHM) is 2
√

2 ln 2/Tx . For the coherent pulse Tx = �x giving a FWHM of the
intensity spectrum equal to �x/

√
2 where �x ≡ 4

√
ln 2/�x is the FWHM of the frequency profile of the pulse.

Similar definitions apply to characterize the dump pulse. Further, for consistency we define the partial coherence
parameter �xc = 4

√
ln 2/�xc and similar parameters (�d , �dc) for the dump pulse. Note that fitting Eq. (207) to the

measured pulse frequency spectrum provides a means of obtaining Tx and �x from experimental data [216].
Consider now the pump–dump scenario where, for generality, we assume a pump pulse whose spectral width

is sufficiently large to encompass a large number of levels. A molecule with Hamiltonian HM is subjected to two
temporally separated pulses ε(t)= εx(t)+ εd(t). The probability of forming channel q at energy E is now given as

P (q)(E)= (2�/h̄2)
∑

m

|
∑
j

bj 〈E, m, q−|ε̂ · ��|Ej 〉εd(�EEj
)|2, (208)
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where �EEj
= (E − Ej)/h̄ and bj is given by

bj = (2�i/h̄)〈Ej |ε̂ · ��|E1〉ε̄x(�j,1) ≡ cj ε̄x(�j,1). (209)

Eq. (209) also defines cj as the field independent component of bj .
Expanding the square allows us to write the probability in a canonical form:

P (q)(E)= (2�/h̄2)
∑
ij

bib
∗
j εd(�EEi

)ε∗d(�EEj
)�(q)(ij)

≡ (2�/h̄2)
∑
ij

cic
∗
j εx(�ig)ε

∗
x(�jg)εd(�EEi

)ε∗d(�EEj
)�(q)(ij), (210)

where �(q)(ij)=∑n〈Ej |ε̂ · ��|E, n, q−〉〈E, n, q−|ε̂ · ��|Ej 〉. To incorporate effects due to a partially coherent source
we independently average Eq. (210) over the ensemble of phases of the excitation and dump pulses, giving

P (q)(E)= (2�/h̄2)
∑
ij

cic
∗
j 〈εx(�ig)ε

∗
x(�jg)〉〈εd(�EEi

)ε∗d(�EEj
)〉�(q)(ij). (211)

Note that despite the excitation of multiple levels the only correlation function required is between ε at two frequencies.
Assuming the phase diffusion model described above, then the frequency–frequency correlation functions is given by
Eq. (202). The probability P(q) of forming product in channel q is then obtained by integrating over the pulse width:

P(q)=
∫

dEP (q)(E)= (2�/h̄2)
∑
i,j

cic
∗
j 〈εx(�ig)ε

∗
x(�jg)〉

∫
dE〈εd(�EEi

)ε∗d(�EEj
)〉�(q)(ij). (212)

Invoking the (“flat continuum”) SVCA, in conjunction with the generalized Parseval’s equality (whose conventional
form,

∫
d�〈|ε(�)|2〉 = ∫

dt〈ε∗(t)ε(t)〉 is the special case of �1 = �2), renders P(q) independent of the coherence
properties of the dump pulse. Specifically we have∫

d�〈ε∗(�− �1)ε(�− �2)〉 = 1

2�

∫
d�

∫ ∫
dt1 dt2〈ε∗(t1)ε(t2)〉ei�(t2−t1)ei(�1t1−�2t2)

=
∫ ∫

dt1 dt2〈ε∗(t1)ε(t2)〉�(t2 − t1)e
i(�1t1−�2t2)

=
∫

dt〈ε∗(t)ε(t)〉ei(�1−�2)t . (213)

Since the right hand side is independent of the phase of ε(t) then the frequency integrated correlation function is
independent of the degree of coherence of the dump pulse.

Assuming that �(q)(ij) in independent of E over the pulse width allows us to write Eq. (212) as

P(q)= (2�/h̄2)
∑
ij

cic
∗
j 〈εx(�ig)ε

∗
x(�jg)〉F(�ji)�

(q)(ij), (214)

with F(�ji) ≡
∫

dt〈|εd(t)|2〉ei(Ej−Ei)t/h̄. Hence,

P(q)= (2�/h̄2)
∑
ij

cic
∗
j |〈εx(�ig)ε

∗
x(�jg)〉F(�ji)�

(q)(ij)|ei�ij�t+i�(q)(ij)(E), (215)

where �t = (td − tx). For the simplest case, excitation which encompasses only two levels, P(q) is given by:

P(q)= (2�/h̄2)[|c1|2〈|εx(�1g)|2〉�(q)(11)F (�11)+ |c2|2〈|εx(�2g)|2〉�(q)(22)F (�22)

+ 2|c1c
∗
2�(q)(12)〈εx(�1g)ε

∗
x(�2g)〉F(�21)| cos(�21�t + �(q)(12)+ �)], (216)

with 〈E1|�� · ε̂|Eg〉〈Eg|�� · ε̂|E2〉 ≡ |〈E1|�� · ε̂|Eg〉〈Eg|�� · ε̂|E2〉| exp(i�).
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Since partial laser phase coherence affects both the direct terms as well as the cross terms the extent of control is
dependent on the laser properties through the relative magnitudes of |〈εx(�1g)ε

∗
x(�2g)〉| and 〈|εx(�ig)|2〉, i = 1, 2. To

expose the dependence on the coherence of the pump field denote the terms |ckc
∗
jF (�jk)�(q)(k, j)(E)| by a

(q)
k,j and

consider the ratio of the k �= j term in Eq. (215) to the associated diagonal terms. That is, consider the contrast ratio

C
(q)
kj =

a
(q)
k,j 〈εx(�kg)ε

∗
x(�jg)〉

a
(q)
k,k〈|εx(�kg)|2〉 + a

(q)
j,j 〈|εx(�jg)|2〉

. (217)

For the Gaussian model of a partially coherent source Eq. (217) assumes the form

C
(q)
kj = exp

[−�2
kj (�

2
x − T 2

x )

8

]⎡
⎣ a

(q)
k,j exp(−�jkT

2
x �Ejk

/2h̄)

a
(q)
k,k + a

(q)
j,j exp(−�jkT 2

x �Ejk
/h̄)

⎤
⎦ . (218)

Here �Ejk
≡ Ex − Eav ≡ h̄�x − (Ek + Ej)/2. The second term in Eq. (218), in brackets, is a function of T 2

x �Ejk
. If

two bound state levels dominate the pump excitation then this term contributes a scaling characteristic to control plots.
That is, if we plot contours of constant dissociation probability as a function of �t and �Ejk

then, barring the first term,
plots with different Tx will appear similar, with a new range scaled by �E′ = (Tx/T ′x)2�Ejk

.
The first term in Eq. (218) can be rewritten as

Akj = exp

[−�2
kj (�

2
x − T 2

x )

8

]
= exp

[−�2
kj �

2
x

8

(
1− 1

(�x/�xc)
2 + 1

)]
, (219)

which affords additional insight into the dependence of control, achieved by varying �t , on coherence characteristics of
the pump laser. Note first that Eq. (219) implies that for fixed �x control comes predominantly from nearby molecular
states, i.e. those with small �kj . Second, for fixed pulse duration �x , control is expected to decrease with decreasing �xc,
i.e. with decreasing pulse coherence. This is reasonable since decreasing �x leads to the preparation of mixed molecular
states with increasing degrees of state impurity [217] and hence loss of phase information. Somewhat unexpected,
however, is the prediction of improved control with decreasing pulse duration �x at fixed (�x/�xc), embodied in the
exp(−�2

kj �
2
x) term.

As an example, consider the dependence of the photodissociation of a model collinear HDH complex H+DH←HDH→
HD+H as a function of �t and of the detuning �E ≡ Ex−Eav ≡ h̄�x−(E1+E2)/2, where E1 and E2 are two selected
neighboring energy levels for variable �xc. For small �xc only two levels are excited but as �xc increases the excitation
encompasses a larger number of levels below. Each panel of Fig. 42 shows a contour plot of the fractional yield of DH
[i.e., P(DH)/(P(DH)+P(H2))] as a function of �t and �E , for different values of �xc. Panel a, for comparison, the case
of a coherent pulse (�xc = 0); the range of control is large with the yield ratio varying from 0.19 to 0.92. Panels b
and c shows control in the same system but with differing amounts of pump laser incoherence. Increasing incoherence
is clearly accompanied by a reduction in the range of control, with considerable loss of control by �xc = 80 cm−1

control [panel c]. Note that regions where the yield depends on �E but not on �t does not constitute interference based
control. Rather this dependence is a consequence of the (generally uninteresting) predisposition of various bound levels
of the excited electronic state to preferentially dissociate to particular products. The pattern shown in Fig. 42, where
the control plot is dominated by a single well defined peak and valley, is characteristic of the excitation of essentially
two levels, i.e., two molecular levels under the laser excitation envelope have significant Franck–Condon factors. More
complicated behavior is seen upon excitation of additional levels. Fig. 43 shows results typical of those obtained with
the excitation of a large number of levels. The resultant dependence of the yield ratio on �E and �t is far more complex
than the behavior seen in previous figures. However, the reduction of control with increasing �xc is clearly evident;
control is lost by �xc = 1000 cm−1 (not shown).

From these and related studies we find that control in the model DH2 system is lost when (�xc/�x)=(�x/�xc) ≈ 4−5.
This precludes the use of typical nanosecond lasers, where (�xc/�x) > 102, for pump–dump control.

A more complex analysis of the effect of laser phase diffusion has been applied to the case of one photon-vs. three
photon absorption (i.e., simultaneous absorption of 3�1 and �3 with 3�1=�3) by Lambropoulos and coworkers [218].
They assumed that the �3 photon was made by third harmonic generation from the �1 laser. Current experiments, vary
the relative phase of two laser beams by passing �3 and �1 through a gas. If the laser frequency is somewhat unstable
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Fig. 42. Contour plots of the fraction of DH yield as a function of the detuning, �E and the time delay �t ≡ �t for partially coherent pulsed
excitation. Here �d = 80 cm−1, �x = 20 cm−1, (a) �xc = 0 cm−1 (upper left), (b) �xc = 40 cm−1 (lower left) and (c) �xc = 80 cm−1 (upper
right). Taken from Fig. 1 Ref. [222].

then the relative phase of the two beams will acquire a fluctuating phase which is a source of phase loss in the system.
The phase fluctuations of the �1, denoted �� are assumed proportional to the fluctuations of �1, i.e. �� = ���1.
For typical experimental circumstances it is reasonable to model the ��1 distribution by the Gaussian probability
distribution

P(��1)= (2���)−1/2 exp[−(��1)
2/(2��)], (220)

where � and � parametrize the laser frequency fluctuations:

〈��1��1(t − �)〉 = �� exp−�|t |. (221)

For the one vs. three photon scenario as applied to the simple case of He photoionization (i.e. only a single product
channel is considered) the ionization probability is given by

P (q)(E)= Fq(11)− 2x cos[�3 − 3�1 + �q(13)]ε2
0|Fq(13)| + x2ε4

0Fq(33). (222)

Assuming that the direct one photon and direct three photon parts are unity and the phase assumes a time dependent
fluctuation then the essential part of the Eq. (222) is of the form

P (q)(�0, t)= 1+ cos(�0 + ��(t))= 1± cos(���1(t)), (223)



254 M. Shapiro, P. Brumer / Physics Reports 425 (2006) 195 –264

Fig. 43. Same as Fig. 42, but for excitation of denser set of bound states [222]. Here �x = 200 cm−1 and (a) �xc = 0 cm−1 (upper left), (b)
�xc = 200 cm−1 (lower left) and (c) �xc = 800 cm−1 (upper right). Taken from Fig. 2 Ref. [222].

where �3−3�1+�q(13) ≡ �0+��(t) and where the plus and minus refer to the cases where �0=0 and �, respectively.
The average probability is then obtained as

〈P (q)(E)〉 = 1±
∫

P(��1) cos(���1)d[��1],

〈P (q)(E)〉 = 1± exp[−�2��/2]. (224)

A useful criteria for the effect of the partially coherent laser on the control is given by the “contrast ratio”, i.e. the ratio
of the photoionization signal at its maximum and minimum,

�0 = log10[〈P (q)(E)〉, �= 0/〈P (q)(E)〉 = log10[1± exp[−�2��/2]. (225)

Numerical studies [218] show that Eq. (225) provides a zeroth order approximation to the results of a full computation,
which underestimates the degree of possible control in a realistic system. In addition, these results show that even
for phase diffusion fields which have widths on the order of wave numbers, control is still extensive (e.g. �0 ≈ 5).
Examination of the experimental results on one photon vs. three photon control show, however, contrast ratios on the
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Fig. 44. Sample scenario for the incoherent interference control of the photodissociation of Na2. Taken from Fig. 1 Ref. [223].

order of 30% [219,220]. That is, the main experimental limitation, thus far, is due to experimental issues other than the
partial laser coherence [221].

8.3. Countering cw laser jitter

For cw lasers, laser decoherence appears via the jitter and drift of the laser phase � in the field E(z, t) with a
concomitant reduction in control [See Section 8.2]. However, suitable design of the control scenario can result in a
method which is immune to the effects of laser jitter. In particular, we rely upon the way in which the laser phase enters
into control scenarios.

The role of the laser phase in controlling molecular dynamics was clear in the examples shown in Section 2. For
example, in the one vs. three photon scenario the relative laser phase (�3−3�1) enters directly into the interference term,
as does the relative phase �1 − �2 in the bichromatic control scenario. These results embody two useful general rules
about the contribution of the laser phase to coherent control scenarios. The first is that the interference term contains
the difference between the laser phase imparted to the molecule by one route, and that imparted to the molecule by an
alternate route. Second, the phase imparted to the state |Em〉 by a light field of the form

ε̂

∫ ∞
−∞

d�|ε(�)| exp[i�(�)] exp(−i��) (226)

in an excitation from level |E1〉 to |Em〉 is ±�(|�m,1|). The plus sign applies to light absorption (Em > E1) and the
minus sign to stimulated emission (E1 > Em). This observation proves very useful in designing schemes which are
insensitive to laser phase.

8.4. Incoherent interference control

Incoherent lasers can still prove useful for interference-based control if the scenario is designed appropriately.
Fig. 44 shows a level scheme where a cw field with frequency �1 excites the level |Ei〉 to the photodissociative
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Fig. 45. Interfering pathways from |Ei 〉 to the continuum associated with the scenario in the previous figure.The frequency and phase of the lasers
are �i and �i . Taken from Fig. 5 [224].

continuum. Simultaneously, a stronger cw laser field of frequency �2 couples the continuum to the initially empty state
|Ej 〉. The phases associated with these two fields are �1 and �2, respectively. The effect of the strong field is to cause
Rabi cycling of population between |Ej 〉 and the continuum. Thus, in this arrangement, population can be transferred
from |Ei〉 to the continuum by a variety of routes, as shown in Fig. 45.

The first panel shows the simplest path to the continuum, consisting of one photon absorption of �1. The sub-
sequent panels show the three photon process to the continuum (absorption of �1 followed by stimulated emis-
sion and reabsorption of �2, etc.), and a five photon process (absorption of �1 followed by stimulated emission
and reabsorption of �2, twice). This series goes on ad-infinitum, resulting in an infinite number of interfering
pathways.

In accord with Section 8.3 the phase imparted to the continuum state by the first route in Fig. 45 is �1, and by
the second is �1 − �2 + �2. The −�2 contribution to the latter phase is due to the stimulated emission step, and the
following +�2 is due to the absorption. Hence both routes impart the overall phase �1 to the continuum state. It is
clear that this is also the case for all additional routes to the continuum, since they must contain an equal number of
stimulated emission and absorption steps.

Examination of all previous described scenarios makes clear, however, that it is the relative phase imparted to the
routes which affects control. In the case described here, the relative phase of the routes is �1 − �1 = 0, so that control
is independent of the laser phase. As a consequence, even lasers with extreme laser jitter and drift can be used in this
scenario. Note, however, that in this scenario, control is achieved by varying the frequencies �1 and �2. Examples of
computations based upon this “incoherent interference control” are given in Refs. [223,224].

9. Decoherence free subspaces: an S-matrix approach

In addition to Coherent Control, decoherence is detrimental to other processes that rely on coherence, such as
Quantum Computations [225,226].An approach alternative to those described above, originating in the field of Quantum
Information, for minimizing decoherence, is the construction of subspaces that are immune (or are relatively insensitive)
to decoherence. Such subspaces are called “decoherence free subspaces” (DFS) [227,228].

Here we describe the use of CC techniques to the construction of DFS. Our construction is based solely on knowledge
of the S-matrices associated with all the processes contributing to decoherence. Contrary to previous approaches [228],
no knowledge of the system-bath Hamiltonian, which is rarely ever known, is needed here.

This construct of a DFS uses additional states to those in a subspace of interest, termed “chaperon” states. Although
the coefficients of the chaperon states, which by themselves are susceptible to decoherence, must be reset from time
to time, no such resetting needs to be done to the smaller subspace of interest, which, due to interferences with the
chaperon states, becomes immune to decoherence. The effectiveness of chaperon states is due to a property known to
exist in the context of reactive tunneling [229], namely that if the number of final states that are energetically accessible
to a given scattering process is less than the number of initial states in the space of interest, then one can construct
subspaces in which the given scattering process is suppressed.

We focus on the system states |A〉 in a Hilbert subspace {�} that undergo transitions to states |B〉 in the Hilbert
subspace {�} due to the action of an external perturbation, such as that exerted by a bath. The subspaces {�} and {�}
may be equal, or may differ from one another. We show that by utilizing states in another subspace, which undergo
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transitions to {�} and possibly other states, we can modify {�} to be decoherence-free. This, as shown below, is due to
quantum interference effects.

We assume that in the absence of the interaction with the bath the system dynamics is described by the system
Hamiltonian Hs , whose eigenstates are denoted by |i〉. Here we focus on energetically degenerate subspaces of Hs ,
i.e., states of the same system energy Es . For example, we might consider a situation in which the system is comprised
of a set of j = 1, . . . , N sj = ±1/2 spinors, kept sufficiently far apart from one another, such that their spin-spin
interaction is negligible. In this case we will write states |i〉 as either

|i〉 =�N
j=1|s(i)

j 〉 (227)

or as an entangled linear combinations of such states.
Standard scattering theory [230], gives the probability Pf i of making a transition to a final state |f 〉 having started

in the initial state |i〉 due to a collision with a bath atom of energy Eb (i.e., at total energy E = Es + Eb), as

Pf i(E)= |Tf i(E)|2, (228)

where Tf i(E) ≡ 〈f |T (E)|i〉. Here T (E) is the transition operator defined as T (E) ≡ S(E) − I , where S(E) is the
Scattering operator and I is the unit operator. The total probability P�←i (E) of executing a transition into the entire
subspace {�} that is comprised of M� energetically degenerate final states, is given by

P�←i =
M�∑
f=1

|Tf i |2, (229)

where, for brevity, we have suppressed the energy index E.
In most situations the decoherence process cannot be described by a single transition operator. Rather, one finds L

distinct processes that operate in a completely independent way from one another. For example, we may have collisions
at various bath energies Eb, or contributions from many orbital angular momenta. (We do not consider as being distinct,
processes that operate simultaneously or in a concerted way. Such processes can be combined within a single T operator.)
Scattering theory [230] tells us that for a set of distinct processes, the integral cross-section is given as a simple sum of
the cross-sections associated with each independent process. We can therefore generalize Eq. (229) in a straightforward
way to read

P�←i =
L∑

�=1

M�∑
f=1

|T (�)
f i |2, (230)

where T (�) is the T operator associated with process �.
Consider now a further generalization in which the initial state is not a single eigenstate, but |c〉, an entangled

superposition of many eigenstates of the same energy Es

|c〉 =
K∑

i=1

ci |i〉 =
K∑

i=1

ci�
N
j=1|s(i)

j 〉. (231)

Because all these states have the same energy the probability of forming |f 〉 from this initial state is

Pf←c =
L∑

�=1

∣∣∣∣∣
K∑

i=1

ciT
(�)
f i

∣∣∣∣∣
2

, (232)

and the total transition probability into subspace {�}, P�←c, is

P�←c =
L∑

�=1

M�∑
f=1

∣∣∣∣∣
K∑

i=1

ciT
(�)
f i

∣∣∣∣∣
2

. (233)
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Note, in Eq. (233), the distinctly different character of the two sums: i.e. the incoherent sum over probabilities to final
states and over different processes, and the coherent sum over amplitudes from initial states. The latter sum will, as
shown below, allow control over the relaxation process.

Introducing the matrix � = ∑
� T†(�)

� · T(�)

� with elements �ij = ∑L
�=1

∑M�
f=1 T

∗(�)
fj T

(�)
f i allows us to rewrite

Eq. (233) as

P�←c = c† · � · c, (234)

where the dagger denotes the Hermitian conjugate. The � subscript on the T(�) symbol indicates that we are dealing
with the sub-matrix of the T(�) containing the transition amplitudes into the {�} final subspace only.

We now wish to choose optimal sets of c vectors that minimize the transitions into subspace {�}, consistent with the
normalization constraint

∑K
i=1 |ci |2 = 1. We obtain the optimal solutions by requiring

�

�c∗k

[
P�←c − �

K∑
i=1

|ci |2
]
= �

�c∗k
[c† · � · c − �c†c] = 0, (235)

where � is a Lagrange multiplier. Explicitly taking the derivative gives the result that the optimized coefficients satisfy
the eigenvalue equation

� · c(�) = �c(�). (236)

Note that Eq. (236) also results from taking derivatives in Eq. (235) with respect to ck , since � is Hermitian.
If there is a zero eigenvalue, i.e., if �= 0 is an eigenvalue of Eq. (236), with an eigenvector c(0) satisfying

� · c(0) = 0 (237)

then [by inserting Eq. (237) into Eq. (234)] we have that P�←c(0) = 0. Therefore, the superposition state with the c(0)

coefficients is completely immune to all scattering processes into subspace {�}, i.e., |c(0)〉 is a “decoherence free” state
with respect to subspace {�}.

Clearly, �= 0 is obtained if

det(�)= det
∑

�

(T(�)†
� · T(�)

� )= det(T†
� ·T�)= 0, (238)

where T is a super T-matrix, including the � different processes as a subscript,

T�,f ;i ≡ T(�)
f,i . (239)

Eq. (238) holds if the number of initial states K comprising the initial superposition [Eq. (231)] is greater than LM�.
To see this result note that, under these circumstances, � is a matrix of order K × K and the T� matrix is of order
K ×LM�. If K > LM� then we can construct a K ×K order matrix A� by adding a sub-matrix of (K −LM�) rows
of zeroes to the lower part of each T�. Then

det(�)= det(T†
� ·T�)= det(A†

� · A�)= det(A†
�) det(A�)= 0. (240)

The last equality holds because the determinants of A� and A†
� are zero.

The number of decoherence free states with respect to subspace {�}, i.e. the degeneracy of the � = 0 eigenvalue of
Eq. (237), is K − rank(�)=K − rank(T�). Given the dimensionality of T�, and that K > LM�, the degeneracy is at
least, and typically, K − LM�. This result leads immediately to the development of a strategy of constructing a DFS
of dimension M�. That is, we first identify the subspace {�} of dimension M� that is coupled to the subspace {�} by the
L scattering processes considered above. We now use a larger space, of dimension K = LM� +M�, to construct the
superposition states |c(0)〉 all having, according to Eq. (236), zero eigenvalues and hence zero transition probabilities
to subspace {�}. We call the extra LM� states “chaperon” states.
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In order to create the desired DFS we choose the M� degenerate c(0) eigenvectors satisfying Eq. (237) to be of the
form,

c(0,1)T = (1, 0, . . . , 0, c
(0,1)
M�+1, c

(0,1)
M�+2, . . . , c

(0,1)
K )

c(0,2)T = (0, 1, . . . , 0, c
(0,2)
M�+1, c

(0,2)
M�+2, . . . , c

(0,2)
K )

:

c(0,M�)
T = (0, . . . , 0, 1, c

(0,M�)
M�+1 , c

(0,M�)
M�+2 , . . . , c

(0,M�)
K ), (241)

written for typographical convenience in terms of the matrix transpose T.
The c

(0,i)
M�+1, . . . , c

(0,i)
K , i = 1, . . . , M� coefficient matrix is determined by substituting Eq. (241) into Eq. (237) and

solving it. The resulting set of vectors c(0,i), i = 1, . . . , M� spans a DFS of dimension M� that is immune to the L
bath-induced {�} → {�} transitions. Note that the structure of Eq. (241) arises from the fact that each vector has LM�
free coefficients plus the number one in one of the entries. This is exactly the number of coefficients (normalization is
of no consequence) needed to satisfy Eq. (237). Each of the M� null eigenvectors thus generated is different from the
other, because the one is placed in a different position.

The nature of the elements in the c(0,i) is of interest. Note that the first M� coefficients in each of these vectors (which
span the original {�} subspace) can not change under relaxation processes. This is because they correspond to states
which could only go to the subspace {�} under the decoherence processes, and transitions to {�} have been eliminated
by the above construction. By contrast, the chaperon states can make transitions to states other than those in {�} and
can therefore change under decoherence. If we fail to maintain the original values of the chaperon coefficients, the
initial {�} subspace will no longer be “protected” and will cease to be immune to relaxation. However, because these
coefficients are known to us, we can reset the values of the chaperon coefficients from time to time, as needed, thereby
guaranteeing that the DFS constructed remains a DFS for as long as we wish.

In a similar way we can reset the values of the chaperon coefficients for any superposition state in {�}. Storing
classically the d matrix of chaperon coefficients, di,j ≡ c

(0,i)
M�+j , i = 1, . . . , M�, j = 1, . . . , LM�, we can write a

general vector in {�}, of the form a =∑M�
i=1 aic(0,i), as

aT =
(

a1, a2, . . . , aM� ,
∑

i

aidi,1,
∑

i

aidi,2, . . .
∑

i

aidi,LM�

)
. (242)

In order to maintain the protective effect of the chaperon states, thereby guaranteeing that we retain a true DFS, all
we need is to reset from time to time the values of the chaperon coefficients to be the vector product of the first M�
qbits, whose values need not be determined, times the (classically stored) d matrix. Because the first M� coefficients
are expected to be very stable, as they can begin to change only after the chaperon coefficients change, this resetting
can be done at a rate which is expected to be much smaller than the relaxation rates themselves. Thus, for example, to
do quantum computing in the DFS we would perform operations on vectors in the entire space, but use for computing
only the first M� elements of the vectors. Like other error corrections methods, one need never measure anything about
the first M� coefficients with which computations or information storage are done. Rather, whatever operation was
performed on the M� dimensional dfs subspace can be performed on a vector prepared with the pre-stored chaperon
coefficients of the di,j matrix to reset the coefficients, without measuring the ai values.

In order for the procedure to work in practice we need to know the � relaxation matrix, or more specifically, the
T
∗(�)
fj T

(�)
f i products. Traditional scattering experiments yield directly only the absolute values |T (�)

f i |. As a consequence,

the phases of T
∗(�)
fj T

(�)
f i must be extracted using one of a number of methods. For example, one can obtain the complex

transition amplitudes from differential cross sections using “inverse-scattering” methods and generalized unitarity
relations [231,232], or by using coherently controlled scattering [233] which is sensitive to the phases of T matrix
elements. Alternatively, one may perform a “forward” fitting procedure, in which one optimizes a set of parameter-
dependent phases to fit all the experimentally available differential cross-sections data. Although this is not a trivial
task, it is one that is achievable.
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10. Summary

Coherent control of bound and continuum processes has seen rapid development over the past two decades, both
theoretically and computationally. This review has focused on some of the most recent theoretical developments, many
of which followed earlier work summarized in two monographs [1,2]. Considerations of developments thus far indicate
that quantum based control of such processes is often robust and effective. We can anticipate future efforts directed
towards the study of more complex systems, towards control in condensed phases and towards applications in areas
such as quantum computing and molecular electronics.
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