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Vibrational decoherence of a “breathing sphere” oscillator in a thermal Lennard-Jones bath is exam-
ined using a classical analog approach. The equivalence between this approach and the linearized
semiclassical initial value representation (IVR) is established and the method is exploited to produce
a useful computational strategy that can efficiently evaluate the time dependence of the decoherence
in these systems. A comparison between Harmonic and Morse “breathing sphere” models is pre-
sented and the rate of decoherence is found to depend on the choice of model, the initial state of the
oscillator, the initial conditions of the bath (temperature, density), and the choice of quantity measur-
ing the decoherence rate. The results are used to examine the utility of the Caldeira-Leggett model
in this realistic system. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4810009]

I. INTRODUCTION

There has recently been growing interest in studying the
role of quantum mechanics in large open systems. One ef-
fect of considerable importance is decoherence, the loss of
quantum phase information as a result of coupling between a
subsystem, which is of interest, and the environment, which
is not. Interest in this process arises from a crucial role that
decoherence plays in the transition from quantum and classi-
cal behavior,1–4 and in its negative influence on any process
reliant upon quantum coherence effects, such as quantum
computation5 or quantum control of atomic and molecular
processes.6–8 Decoherence is also central to the chemistry of
reactions in solution9, 10 and is the first step in the generic vi-
brational relaxation process of a molecule in the condensed
phase. In addition, issues of quantum decoherence have be-
come of increasing interest due to the observation of long-
lived coherences in nanosystems that are relevant in natural
light harvesting, e.g., photosynthesis.11–14

Consider a system comprising a subsystem coupled to a
bath. The time evolution of the system density matrix ρ satis-
fies the Liouville-von Neumann equation:15

dρ

dt
= −i/¯[H, ρ] ≡ Lρ, (1)

where H is the total Hamiltonian, H = Hs + HB + HsB, i.e.,
the sum of subsystem Hs, bath HB and subsystem-bath cou-
pling HsB Hamiltonian. The Liouville operator L is defined
by this equation. Below the eigenstates and eigenvalues of Hs

are denoted |ψ i〉 and Ei.
The subsystem dynamics is obtained by tracing ρ over

the bath degrees of freedom, giving a generalized master
equation for the non-unitary time evolution of the reduced
density operator ρs of the subsystem.16 Often, theoretical
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studies of decoherence utilize models17 derived from this gen-
eralized master equation, obtained by introducing various ap-
proximations, such as Markovian dynamics, weak coupling,
etc. For example, the Caldeira-Leggett, Redfield and Lindblad
master equations are popular, and have afforded considerable
insight into the physics of decoherence.4 Nonetheless, these
models do not necessarily describe the actual dynamics that
occur in a specific chemical or physical situation. For exam-
ple, our earlier semiclassical study18 of diatomic vibrational
decoherence in an harmonic bath showed that these models
were qualitatively inaccurate, as was a recent study of Marko-
vian master equations in photosynthetic systems.19

In this paper, we examine decoherence in a realistic
model, I2 in a Xe bath, by computing the full dynamics of ρ,
and hence of ρs. An exact quantum calculation of this kind is
beyond computational capabilities, and may well be unneces-
sary. That is, our recent work20 shows analytically that, under
rather well defined conditions, the classical analogue (CA)
approach described below gives accurate short time results
for decoherence dynamics. In this approach, the initial quan-
tum state of a system is described by the Wigner distribution
while the subsequent time evolution is carried out classically.
In phase space regions where the initial Wigner distribution is
negative, the classical trajectories carry this negative weight.
Additional computational work9 supports the utility of the
method over all times. Further, the approach is shown, in the
Appendix, to give results that are equivalent to the linearized
semiclassical initial value representation (IVR) method. Con-
ditions under which this approach is unreliable have recently
been discussed.2 However, for the quantities described be-
low, ample proof has been provided20 for the accuracy of this
method.

The classical analogue approach that we advocate has
a long history,21 having emanated from various distinct per-
spectives. However, it is useful to comment on the origins of
the classical analogue perspective; we do so in the first part of
Sec. II. We believe that this formal approach provides useful
insights into the origins of the CA.
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In the study below we consider decoherence of vibra-
tional motion in a liquid solvent. Specifically, we examine the
case of I2 superposition states evolving in thermal liquid Xe,
with an ensemble of classical particles distributed according
to a Wigner distribution, and the total system propagated clas-
sically. A number of interesting questions regarding decoher-
ence are addressed. What is the time scale of decoherence in
these systems? How do the initial conditions, both of the bath
and the system, effect decoherence? Do sample model master
equations predict the correct behavior of a real system under-
going decoherence, and if so, can we use CA calculations to
predict the value of (arbitrary) parameters that appear in these
equations?

This paper is organized as follows: Section II introduces
the basic formulas for the quantities that are used to describe
decoherence. In Sec. III we discuss the computational appli-
cation to a subsystem-bath scenario. Section IV contains a
discussion of the results and finally, in Sec. V we summarize.
For convenience, the phrase “density matrix,” for the remain-
der of this paper, refers to the reduced density matrix ρs of the
subsystem.

II. CLASSICAL ANALOG METHODOLOGY
FOR DECOHERENCE

The literature proposes several measures of the subsys-
tem decoherence. Here we adopt two, the dynamics of (a) the
purity of the reduced density matrix Trs(ρ2

s ), and (b) the off-
diagonal elements of the density matrix 〈ψ i|ρs|ψ j〉, where the
|ψ i〉 are eigenstates of Hs.

Below we introduce the basic CA formulae for these two
quantities. In addition, other measures of decoherence related
to the Caldeira-Leggett model for the time-dependent density
operator are discussed. Below, the use of the term “Tr” with-
out any subscript denotes a trace over the full system vari-
ables, TrB denotes a trace over the bath, and Trs denotes a
trace over the subsystem variables.

A. The purity Trs(ρ2
s )

In the absence of decoherence, Trs(ρ2
s ) = Trs(ρs) = 1,

whereas in the presence of decoherence, Trs(ρ2
s ) < 1, and

reaches Trs(ρ2
s ) = ∑

i exp[−2βEi]/[
∑

j e−βEj ]2 when the
system is in thermal equilibrium with an external bath at tem-
perature T.

Consider then the time evolution of ρs(t), given an initial
density ρ(0)

ρs(t) = TrB[e−iLtρ(0)] = TrB[eiHtρ(0)e−iH t ], (2)

where L is the Liouville operator defined in Eq. (1). Average
values, 〈C(t)〉, of properties C at time t are given by

〈C(t)〉 = Trs[Cρs(t)] = Tr[C(eiHtρ(0)e−iH t )]. (3)

Note that cyclic invariance of the trace implies that

〈C(t)〉 = Tr[(e−iH tCeiHt )ρ(0)] = Tr[C(t)ρ(0)], (4)

so that we may either propagate ρ or C in time in order to
obtain the time average of C at time t.

For use below, we note that Eq. (3) can be written in the
Wigner representation as

〈C(t)〉 =
∫

dxsdxBCw(xs, xB, 0)ρw(xs, xB, t), (5)

where xs and xB are the multidimensional coordinates and
momenta of the subsystem and bath, respectively, and where
Cw(xs, xB, 0) and ρw(xs, xB, t) are the Wigner representa-
tions of C(t = 0) and of ρ(t).

The exact time evolution of ρw(xs, xB, t) can be obtained
by solving Eq. (1) in the Wigner representation, i.e.,

dρw(xs, xB, t)

dt
= −{{ρw(xs, xB, t),H }}

= −{ρw(xs, xB, t),H } + O(¯2), (6)

where {{, }} denotes the Moyal bracket and {, } denotes the
Poisson bracket. The classical approximation (CA) adopted
below, consists of propagating ρw(xs, xB, t) using only the
first term on the right hand side of Eq. (6), i.e., ρw(xs, xB, t)
is propagated purely classically. Quantum features then ap-
pear solely through the negative values that ρw(xs, xB, t) may
assume at t = 0. In the case where Eq. (6) is solved by
the method of characteristics, i.e., by propagating trajectories
with weights given by ρw(xs, xB, 0), then the trajectories are
weighted with negative values if they emanate from an initial
phase space point xs, xB where ρw(xs, xB, 0) is negative. The
demonstration that this approach is the same as the linearized
semiclassical IVR method is provided in the Appendix. How-
ever, the implementation of the CA, as described below, is
considerably more efficient than is the traditional implemen-
tation of the linearized semiclassical IVR method. This added
efficiency, as discussed in the Appendix, is due to the absence
of phase factors in this approach, and the method of “boxing”
the trajectories.

Consider, for example, the direct quantum computation
of the purity Trs(ρ2

s (t)), which is given by

Trs
(
ρ2

s (t)
) =

∫
dxs

[∫
dxBρw(xs, xB, t)

]2

. (7)

Inserting unity in the form of a delta-function in the system
variables gives

Trs
(
ρ2

s (t)
) =

∫
dxs

[∫
dx ′

sdxBδ(x ′
s − xs)ρ

w(xs, xB, t)

]2

,

(8)

Trs
(
ρ2

s (t)
)=

∫
dxs

[∫
dx ′

sdxBδ(x ′
s −xs)e

−iLwtρw(xs, xB, 0)

]2

.

(9)

The Liouville operator can now be moved to operate on the
delta-function

Trs
(
ρ2

s (t)
)

=
∫

dxs

[∫
dx ′

sdxB [eiLwt δ(x ′
s − xs)]ρ

w(xs, xB, 0)

]2

,

(10)
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giving

Trs
(
ρ2

s (t)
)=

∫
dxs

[∫
dx ′

sdxBδ(x ′
s(t)−xs)ρ

w(xs, xB, 0)

]2

.

(11)

Here x ′
s(t) are the subsystem coordinates and momenta

that result, at time t, from trajectory propagation that began
at the point x ′

s at time zero. Needless to say, obtaining x ′
s(t)

requires propagating the entire coupled subsystem and bath.
We assume separable initial conditions, i.e., that the ini-

tial state is given by ρ(xs, xB, 0) = ρs(xs, 0) × ρB(xB, 0). This
permits an assessment of the rate of decoherence induced as
the system and bath become entangled. Further, the initial
bath density ρB is taken as a canonical (NVT) ensemble at
conditions under which the Xe is a liquid. The initial system
density ρs is chosen as a Wigner transform of the selected ini-
tial state of the system. We consider a variety of different ini-
tial states including coherent states and superposition states,
as described below.

Evaluation of Eq. (11) is best carried out using Monte
Carlo integration,

Tr
(
ρ2

s (t)
)

=
∫

dxs

[∫
dx ′

sdxBδ(x ′
s(t)−xs)

ρ(xs, xB, 0)

W (xs, xB)
W (xs, xB )

]2

,

(12)

where the sampling is performed using a useful distribu-
tion function W (xs, xB). Choosing the bath component of
W (xs, xB ) to be the canonical ensemble ρB and assuming
W (xs, xB ) = W (xs)W (xB) the Monte Carlo summation can
be written as

Tr
(
ρ2

s (t)
) =

∫
dxs

[
1

N

N∑
i=1

δ(x ′
s(t) − xs)

ρs(xs, 0)

W (xs)

]2

≡
∫

dxsρs(xs, t)
2, (13)

where ρs(xs, 0) describes the subsystem states at time zero
and points are selected from W (xs, xB ).

If the initial subsystem density ρs(xs, 0) is a coherent
state, the integration in Eq. (11) can readily be performed
using Monte Carlo importance sampling with the xs points
weighted by ρ(xs, 0):

Tr
(
ρ2

s (t)
) ≡

∫
dxsρs(xs, t)

2

=
∫

dxs

[
1

N

N∑
i=1

δ(x ′
s(t) − xs)

]2

. (14)

In the Appendix, we show that Eq. (11) is equivalent to
the LSC-IVR, although computationally easier to compute.

B. Off-diagonal matrix elements

The linear entropy Tr(ρ2
s (t)) is one useful, basis indepen-

dent measure of the rate at which coherence is lost to the sub-
system. Also of interest is the rate at which the subsystem

off-diagonal matrix elements decay in the subsystem energy
representation, given by20

ρij (t) = 〈ψj |ρs |ψi〉 = Tr[ρs(t)|ψi〉〈ψj ]

= Tr[ρs(xs, t)(|ψi〉〈ψj |)w]. (15)

Here, (|ψi〉〈ψj |)w denotes the Wigner function for the opera-
tor in the subsystem energy basis. Given that our subsystem
below is one-dimensional (the vibrational coordinate of I2),
we denote its coordinate and momentum as q, p.

The relationship between ρ ij(t) and the evolution of
Trs(ρ2

s (t)) is straightforward

Trs
(
ρ2

s (t)
) =

∑
jk

|ρjk|2

=
∑

j

|ρjj |2 +
∑
i �=j

|ρij |2. (16)

Hence, Trs(ρ2
s (t)) contains contributions from both relaxation

(via ρ jj(t)) and the collective phase loss (via ρ ij(t)) of all
levels.

Using the classically propagated expression for ρs(xs, t)
and the quantum expression for (|ψi〉〈ψj |)w:

(|ψi〉〈ψj |)w = 1

2π¯

∫ ∞

−∞
dye

ipy

¯

〈
q−y

2
|ψi〉〈ψj |q+y

2

〉
(17)

gives the classical analog approximation21 to ρ ij(t). Specifi-
cally, we have

ρij (t) = 1

2π¯

∫
dxsdye

ipy

¯

〈
q−y

2
|ψi〉〈ψj |q+y

2

〉
ρs(xs, t),

(18)
where the |ψ i〉 are the vibrational eigenstates of the I2

molecule. Two different models are considered below: the
more accurate Morse function eigenstates, and the approxi-
mate harmonic eigenstates. They will be seen to give remark-
ably different decoherence results.

Equations (13), (14) and (18) are all that is required to
calculate the quantities of interest. No assumptions were made
with respect to the system, the bath or initial conditions, ex-
cept that at time t = 0 the bath and system are separable.

C. Caldeira-Leggett model

Many master equations for the subsystem density matrix
have been proposed which rely on assumptions made for the
subsystem, the bath and the initial conditions. One such ap-
proach is the Markovian Caldeira-Leggett model that consid-
ers a Hamiltonian subsystem coupled to a bath of harmonic
oscillators via linear coupling in the high temperature, low
coupling limit. Below, as before,18 we examine the utility of
this master equation as compared to the classical analog re-
sults. A simple test of the utility of this model can be estab-
lished. Specifically, the rate of decay of the Renyi entropy, S
= ln (Tr[(ρw)2]), is directly related to the purity and is given
for the Caldeira-Leggett model by22

dS

dt
= 2D

Tr
[
ρw ∂2ρw

∂p2

]
Tr[(ρw)2]

≡ −2Dχ2, (19)
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where ρw is the subsystem Wigner density. The parameter D
of the Caldeira-Leggett model depends monotonically on the
coupling and temperature of the environment, with the stan-
dard form for coordinate coupling being D = 2γ MkBT where
T is the temperature of the bath, γ is a measure of the system-
environment coupling, kB is the Boltzmann constant and M is
the system mass. The quantity χ2 is a measure of the structure
in momentum space, averaged over all the coordinates and is
implicitly defined in Eq. (19):

χ2 = −
Tr

[
ρw ∂2ρw

∂p2

]
Tr

[
(ρw)2

] . (20)

Note that here, unlike Ref. 23, we use the second deriva-
tive with respect to the momentum, rather than derivatives
with respect to both coordinates and momenta, since the
system-bath coupling adopted here depends only on the coor-
dinate. A detailed explanation of the physical interpretation of
χ2 was given in Ref. 18. Although discussed here specifically
for the Caldeira-Leggett model, its physical interpretation is
model independent and is a useful quantity for studying de-
coherence. In the Caldeira-Leggett model χ2 is a positive real
number since dS

dt
is negative definite.

The classical analog approximation to χ2 is obtained
from Eqs. (18) and (20) as

χ2(t) = −1

2π

∑
i,j,k,l

∫ ∞

−∞
dq dy y2

〈
q−y

2
|ψi〉ρij (t)〈ψj |q+y

2

〉
×

〈
q + y

2
|ψk〉ρkl(t)〈ψl|q − y

2

〉
. (21)

Computing χ2(t) enables an independent calculation of D
from the relationship

D = −dS

dt

/
(2χ2). (22)

If D is constant, that is, independent of time and of initial ρs,
then it confirms the possible utility of the Caldeira-Leggett
equation, as well as providing a value of the unknown D, and
hence γ .

III. APPLICATION TO I2 IN LIQUID Xe

A. Computational details

Consider now the application of this approach to a re-
alistic subsystem-bath scenario; a single diatomic solute im-
mersed in a monatomic fluid. The vibrational relaxation
rate of this system has been studied extensively.24 The total
(quantum-mechanical) Hamiltonian for a diatomic oscillator
in a bath of N particles is

H = p2

2μ
+ V (q) + P 2

0

2m0
+

N∑
i=1

φ(ri0, q)

+
N∑

j=1

P 2
j

2MB

+
f −1∑
i<j

φB(rij ). (23)

Here (p, q) are the system vibrational phase space vari-
ables with reduced mass μ and potential V (q). The solute is

assumed to be a “breathing sphere” of mass m0, P0 is the
sphere’s translational momentum and φ(ri0, q) is the solute-
solvent pair potential, with ri0 the distance between the ith
solvent atom and the diatomic. The mass of the solvent
atoms is MB, Pj is the translational momentum of the j th
solvent atom and φB(rij) is the solvent-solvent pair poten-
tial with rij the distance between the ith and j th solvent
atoms.

Here we consider the specific case of an iodine molecule
immersed in a bath of xenon atoms. Two sample vibrational
potentials for the iodine molecule are considered: an har-
monic oscillator with V (q) = μω2 / 2 and the more realis-
tic Morse potential: V (x) = D[1 − e−a(q−qe)]2. The potential
parameters used correspond to the ground electronic state of
molecular iodine: D = 1.2547 × 104 cm−1, xe = 2.6663 Å,
a = 1.8576 Å−1, μ = 0.06345 Kg/mol, and ω = 2.137
× 10−6 Å−1. The pairwise interactions between the solute and
the solvent and between the solvent atoms are Lennard-Jones
potentials given by

φ(ri0, q)=4
√

ε0εs

[(
σs +σ0+αq

2ri0

)12

−
(

σs +σ0+αq

2ri0

)6
]
,

φB(rij ) = 4εs

[(
σB

2rij

)12

−
(

σB

2rij

)6
]

,

where ε0 and εs are the solute-solute and solvent-solvent re-
spective well depths, σ B and σ 0 are the solute and solvent ef-
fective diameters and α is a dimensionless parameter that ad-
justs the diameter of the effective breathing sphere. Previous
relaxation studies24 comparing theory and experiment suggest
that α = 0.7, with εI2 = ε0 = 550 K, εXe = εs = 221.7 K,
σI2 = σ0 = 4.982 Å, and σ Xe = σ s = 3.93 Å, the values used
below.

Computationally, the evaluation of the purity via
Eqs. (12)–(14) can be interpreted in the following manner:
sample the initial conditions for the bath and the subsystem,
propagate the subsystem variables x ′

s under the full Hamil-
tonian by integrating Hamilton’s equations of motion for the
full system, and then “box” these time-evolved variables x ′

s(t)
onto the subsystem’s phase space grid by counting the number
of variables that fall into each grid compartment dxs at time
t. If the initial state of the system is a coherent state we use
Eq. (14). If it is a canonical ensemble then, each “boxed” vari-
able is multiplied by a weight ρ(xs)/W (xs) as in Eq. (13).

At time t = 0, the bath and subsystem are assumed to
be separated, with the bath particle properties sampled them
from a canonical distribution. Specifically, we run a Molec-
ular Dynamics (MD) calculation. Initially, the xenon atoms
in the bath are placed on a cube, the breathing sphere solute
is placed arbitrarily in a vacancy in the cube and a standard
MD trajectory is initiated, using the velocity-Verlet algorithm
for the trajectory, periodic boundary conditions, truncated and
shifted potential25 and velocity resampling in order to ensure
an accurate NV E calculation. After equilibration, canoni-
cal distributions of these particles can be selected at arbi-
trary time intervals, as long as these time intervals are long
enough so that there are effectively no correlations between
the samples. The initial system (vibrational) position and
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momentum are selected randomly from the appropriate
Wigner distribution.

The computational procedure can be summarized as
follows:

(1) Run an MD simulation until the bath particles have
equilibrated.

(2) Continue the MD simulation and, after sampling time
ts extract the positions and momenta of the bath parti-
cles and of the breathing sphere. This extracted config-
uration is a canonical distribution.

(3) Sample the subsystem position and momentum from
the relevant Wigner distribution.

(4) Run a classical trajectory under the full Hamiltonian
using the sampled subsystem and bath configurations
as the initial conditions for the trajectory. The inte-
gration of Hamilton’s equations is performed using
the velocity-Verlet algorithm, periodic boundary con-
ditions for the bath and shifted and truncated potentials
(for the bath).

(5) At required times t, “box” the system variables to pre-
pare a histogram.

(6) Upon convergence with a number of trajectories, the
assembly of “boxes” in the system variables, i.e., the
converged histogram represents the classical density
ρs(t) required for all further calculations.

The typical value of the sampling time ts used in this
work is ts = 5 time steps, where each time step is 3.316 ps.

Note that effectively the scheme presented is an MC-MD
calculation. The structure of the algorithm makes it very con-
venient to parallelize the computation, effectively reducing
the overall computational load. Additionally, the propagation
of the trajectories in the manner described, efficiently replaces
the more tedious task of integrating complex integrands, usu-
ally invoked in semiclassical calculations.

IV. RESULTS AND DISCUSSION

Consider the vibrational decoherence of I2 in a liquid
state xenon bath at T = 222 K and at the density 3.07 g/cm3.
For calculations of relaxation rates, a bath of 864 atoms is
required in order to obtain accurate results.

For the case of a coherent initial vibrational state, a total
number of 10 000 trajectories and a phase space grid of 100
gridpoints are needed for convergence. The results are accu-
rate to within 1% for the purity and within 10% for individual
ρ ij. Initial vibrational superposition states were also studied.
It proved much harder to achieve convergence for these cases
due to the more complex structure of the initial states. Specif-
ically, for calculations of the purity a total of 50 000 trajecto-
ries are needed with a phase space grid of 100 points. Indi-
vidual density matrix elements require between 50 000 and
500 000 and a phase space grid of between 100 and 1000
points, depending on the energy level of the state; the higher
the state, the larger the number of trajectories and grid size
required for convergence to within an accuracy of ∼1%–3%
for the purity and within ∼10%–15% for individual density
matrix elements.
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FIG. 1. (a) Tr(ρ2) for a harmonic oscillator in a LJ bath as a function of time
for three different initial coherent states with the initial position displacement:
qi = 0.01 (solid line), qi = 0.03 (dotted line), qi = 0.05 (dashed line). Each
time unit in all figures is 3.316 ps. (b) Tr(ρ2) for a Morse oscillator in a LJ
bath as a function of time for three different initial coherent states with the
initial position displacement: qi = 0.01 (solid line), qi = 0.03 (dotted line),
and qi = 0.05 (dashed line). Note the different ranges of the abscissa in the
two figures.

A. Coherent states

Figure 1 shows the purity Tr(ρ2) as a function of time for
both the harmonic and Morse I2 cases for each of three differ-
ent initial coherent states described by the Wigner distribution
function:

ρ(q, p) = 1

2π¯
exp

[
−μω

¯
(q − qi)

2 − 1

μω¯
(p − pi)

2

]
(24)

with the initial position displacement qi = 0.01, 0.03, 0.05
and initial momentum displacement pi = 0.0 in all cases. One
aspect of the nature of the ρ(q, p) is reflected in the popula-
tions of the eigenstates |ψ i〉 out of which it is formed, here
quantified in terms of di = Tr[ρ(p, q)(|ψi〉〈ψi |)w], where
(|ψi〉〈ψi |)w denotes the Wigner transform of |ψ i〉〈ψ i|. These
di are shown in Fig. 2, for both the Morse and harmonic cases.

The Morse and the harmonic cases are seen to decohere
on very different time scales. In particular, the timescale of
decoherence for the Morse oscillator is roughly one time unit
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FIG. 2. Population in initial coherent states: qi = 0.01 (upper pane),
qi = 0.03 (middle pane), qi = 0.05 (lower pane), Harmonic oscillator (dotted
curve), and Morse oscillator (solid curve).

(equivalent to 3.3 ps), while the timescale of decoherence for
the harmonic oscillator is about eight times larger. Despite the
difference in timescales, Fig. 3 shows that both the Morse and
the Harmonic oscillators decay to the same asymptotic value
of Tr(ρ2). For example, for the initial coherent state qi = 0.05,
the asymptotic value of the Tr(ρ2) for both the harmonic and
the Morse cases is Tr (ρ2) = 0.17 and for the initial coherent
state qi = 0.03, the asymptotic value of Tr(ρ2) = 0.27. The
purity is unity for a pure state and is 1/N for a totally inco-
herent mixture ρ̂ = N−1 ∑

i=1,N |i〉〈i| of N states with equal
probabilities. Given the population in Fig. 2 (roughly states
are populated), one might expect the asymptotic value of the
purity to be ∼1/N = 0.14 for the coherent state with qi = 0.05,
and ∼1/N = 1/3 = 0.33 for the coherent state qi = 0.03. How-
ever, from Fig. 3 one sees that the long time ρ is not a statis-
tically mixed state with equal probabilities.

Consider now the Morse oscillator case. A more general
view of the time evolution of the off-diagonal density ma-
trix elements (in the energy representation) is given in Fig. 4.
Here, each point depicts a density matrix element whose abso-
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FIG. 3. Asymptotic values of the purity in initial coherent states: qi = 0.03
(upper pane), qi = 0.05 (lower pane), Harmonic oscillator (dotted curve), and
Morse oscillator (solid curve).
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FIG. 4. Time evolution of the Morse oscillator off-diagonal density matrix
elements (in the energy representation). Each point depicts a density matrix
element whose absolute value is larger than the cutoff of 0.015.

lute value is larger than the cutoff of 0.015. Results are shown
at three different times. The collapse of these matrix elements
towards the diagonal with time is visibly impressive. Gener-
ally speaking, the higher frequency coherences arising from
levels that are widely separated decay much faster than levels
that are close to one another. These results illustrate the per-
sistence of quantum coherence for longer times than predicted
by the purity.

The combination of Figures 1 and 4 makes clear that the
primary decoherence process that we are seeing in Fig. 1 is
the disappearance of the extreme high frequency off-diagonal
components of the density matrix. Since, in accord with
Eq. (25)

Tr(ρ2) =
∑
i,j

〈i|ρ|j 〉〈j |ρ|i〉

=
∑

i

|〈i|ρ|i〉|2 +
∑
i �=j

〈i|ρ|j 〉〈j |ρ|i〉, (25)

the decrease of the high frequency components reduces the
second term in Eq. (25), leading to a reduction in the size of
Tr(ρ2).

B. Superposition states

Consider now the case of initial superposition states, i.e.,
initial states of the type c1ψ1 + c2ψ2; throughout we choose
real coefficients with c2

1 = 0.4 and c2
2 = 0.6. The initial po-

sition and momentum of the diatom are sampled from the
Wigner distribution function:

ρw(p, q, t) = 1

2π¯

∫ ∞

−∞
dye

ipy

¯

〈
q − y

2
|c1ψ1 + c2ψ2〉

×〈c1ψ1 + c2ψ2|q + y

2

〉
.

Calculations were done for both the harmonic poten-
tial and the more realistic Morse potential for the diatomic.
Figures 5–7 show the purity as a function of time for three
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FIG. 5. (a) Tr(ρ2) for a harmonic oscillator in a LJ bath as a function of
time for five different initial superposition states: 0,1 (solid line); 0,2 (dotted
line); 0,3 (short dashed line); 0,4 (long dashed line); 0,5 (dotted-dashed line).
(b) Tr(ρ2) for a morse oscillator in a LJ bath as a function of time for five
different initial superposition states: 0,1 (solid line); 0,2 (dotted line); 0,3
(short dashed line); 0,4 (long dashed line); and 0,5 (dotted-dashed line).

sets of harmonic superpositions and three sets of Morse su-
perpositions. Specifically, the pairs considered are

Set 1: {(ψ1, ψ2)} = {(0, 1); (0, 2); (0, 3); (0, 4); (0, 5)}.
Set 2: {(ψ1, ψ2)} = {(3, 4); (3, 6); (3, 8)}.
Set 3: {(ψ1, ψ2)} = {(8, 9); (8, 10); (8, 11)}.

All curves show decay, but with much smaller decoher-
ence timescales than those seen for coherent states. A general
study of Figs. 5–7 suggests that superpositions of states of
higher energies decohere faster than superpositions of low-
lying states. Additionally, superpositions of states that are
widely separated decohere faster than those of close-lying
states, again because widely separated states have larger re-
gions of complex structure. Note also that the asymptotic
value of the Tr(ρ2) at long times gives approximately the ex-
pected value of 1/N = 1/2. In superpositions where this is not
the case, this is either due to the fact that the full decoherence
process takes longer than the time studied (e.g., superposi-
tions 0, 1 and 3, 4) or because decoherence is rapid (for high
energy, widely separated initial superposition states) and ac-
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FIG. 6. (a) Tr(ρ2) for a harmonic oscillator in a LJ bath as a function of
time for three different initial superposition states: 3,4 (solid line); 3,6 (dotted
line); 3,8 (dashed line). (b) Tr(ρ2) for a Morse oscillator in a LJ bath as a
function of time for three different initial superposition states: 3,4 (solid line);
3,6 (dotted line); and 3,8 (dashed line).

companied by population transfer processes, giving a lower
than expected asymptotic values of Tr(ρ2) as more than two
states are involved as time progresses. One such case is super-
position (0,3) wherein Tr(ρ2) = 0.43 at long times. An anal-
ysis of the population as a function of time (Fig. 8) reveals
population transfer processes for t > 0.25. However, there is
some population transfer even at shorter times while deco-
herence is ongoing. Note also, as above, the harmonic case
decoheres far slower than the anharmonic Morse oscillator.

One comment is in order regarding the accuracy of the
computation. Note that the population of the third state at time
t = 0 is 0.54. This value should be 0.6 since this is the initial
state that we prepared. This difference provides a measure of
the numerical error in the individual density matrix elements
due to the complexity of the calculation and the oscillating
integrand in Eq. (18). Typical errors in the individual ρ ij are
on the order of ∼10%–15% with the larger error seen when
the states involved are more oscillatory, i.e., superpositions
with higher energies. By contrast, the error in the calculation
of the purity is significantly smaller; for all cases studied it
does not exceed 3%.
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FIG. 7. (a) Tr(ρ2) for a harmonic oscillator in a LJ bath as a function of time
for three different initial superposition states: 8,9 (solid line); 8,11 (dotted
line); and 8,13 (dashed line). (b) Tr(ρ2) for a Morse oscillator in a LJ bath
as a function of time for three different initial superposition states: 8,9 (solid
line); 8,11 (dotted line); and 8,13 (dashed line).
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FIG. 8. Population as a function of time for the 0,3 initial superposition state
of the Morse potential: |0〉 (solid line); |2〉 (dotted line); |3〉 (short dashed
line); and |4〉 (long dashed line). All other lines are states with populations
lower than 0.1 for all times.
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FIG. 9. (a) χ2 as a function of time for four initial superposition state and the
harmonic potential: 0,1 (solid line); 0,3 (dotted line); 0,5 (short dashed line);
and 3,6 (long dashed line). Multiply χ2 by 1.498 × 1045 to obtain the result
in units of J−1 Kg−1. (b) χ2 as a function of time for four initial superposition
states for the I2 Morse potential: 0,1 (solid line); 0,3 (dotted line); 0,5 (short
dashed line); and 3,6 (long dashed line). Multiply χ2 by 1.498 × 1045 to
obtain the result in units of J−1 Kg−1.

The behavior of the individual density matrix elements
shows that coherence is retained in individual elements even
though on average the system has fully decohered.

C. Caldeira-Leggett

Equation (21) is used to calculate the value of χ2(t) for
some of the cases presented here. The results for the repre-
sentative set of superpositions {(ψ1, ψ2)} = {(0, 1); (0, 3);
(0, 5); (3, 6)}, are presented in Fig. 9. Since these calculations
are extremely time consuming compared to the other calcu-
lations in this study [due to the large number of sums and
integrals in Eq. (21)], these calculations were only performed
on the superpositions whose initial states have low-lying en-
ergies (up to the superposition 0,3). The time-dependence of
χ2 is quite remarkable insofar as, for all the cases studied,
χ2 is approximately constant in time. The results obtained for
χ2(t) allow us to estimate a value for D using Eq. (22) and
these values, for the same set of superpositions is shown in
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FIG. 10. (a) D as a function of time for four initial superposition states and
the harmonic potential: 0,1 (solid line); 0,3 (dotted line); 0,5 (short dashed
line); and 3,6 (long dashed line). Multiply D by 2.013 × 10−34 to obtain
the result in units of J Kg s−1. (b) D as a function of time for four initial
superposition states for the I2 Morse potential: 0,1 (solid line); 0,3 (dotted
line); 0,5 (short dashed line); and 3,6 (long dashed line). Multiply D by 2.013
× 10−34 to obtain the result in units of J Kg s−1.

Fig. 10. Clearly, we do not obtain a constant D, as a conse-
quence of the fact that the Renyi entropy in Eq. (22) is not
linear in time. The results for χ2 and D in the Morse and har-
monic I2 cases, are qualitatively similar, however, there are
also significant differences. On one hand, χ2 is more con-
stant for the harmonic, which is to be expected. The oscil-
latory nature of the Harmonic oscillator is more symmet-
ric and hence, the phase space structure changes less with
time. Clearly, then, the assumptions inherent in the Caldeira-
Leggett26 equations are not applicable for this physical
scenario.

Note that the Caldeira-Leggett model was not found use-
ful in our previous tests of I2 coupled to an harmonic bath18

under realistic conditions, even though this model arose as
a means of modeling such a system. However, it is clear that
the various auxiliary conditions (such as high temperature and
low coupling) required in deriving this approach are not sat-
isfied in these cases.
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FIG. 11. Example of the LJ potential between the I2 molecule and a bath
particle in a model consisting of: 8 bath particles (solid line) and 23 bath
particles (dotted line).

D. Dependence on the number of bath particles

Computations with 864 particles are time consuming. To
this end, we examined the possibility of computing decoher-
ence using smaller numbers of bath particles. Results were
reasonable for baths as small as N = 23 xenon atoms. At first
glance, it is unexpected that such a small number of bath par-
ticles can accurately reproduce physical properties of a real
system. Nevertheless, an analysis of the potentials involved
suggest that such computations may be sensible. Figure 11
shows, as an example, the LJ potential between the I2 diatom
and one of the bath particles. While the familiar LJ curve can
be seen when the bath is comprised of 23 particles, the curve
obtained when the bath is comprised of eight particles is evi-
dently non-physical. Since the MD simulation imposes a po-
tential cutoff that is proportional to the size of the box (when
the density of particles is constant), there is a certain distance,
r0 , where the potential is abruptly, unphysically “cut off” and
forced to zero. With 23 particles r0 ≈ 2.25 and therefore the
effect of the cutoff on the calculation is negligible, whereas
for the case where the bath contains eight particles, r0 ≈ 1.13
and the calculation is incorrect.

Consider now, whether a model bath containing 23 par-
ticles can actually reproduce the 864 bath particle results. An
example comparing Tr(ρ2) for N = 23 with that of N = 864
bath particles for the cases of the (0,1) superposition and the
(0,5) superposition is shown in Fig. 12. While the results for
N = 864 and N = 23 agree completely for the (0,1) super-
position, those obtained for the (0,5) superposition differ sub-
stantially at t > 1.3 ps. Similar results were obtained with
many other cases presented in this study: the N = 23 results
agree with the N = 864 for superpositions of states that are
not widely separated in energy and differ at longer times for
those superpositions that are initially widely separated in en-
ergy. The difference at long times of widely separated ini-
tial superposition states can be explained by the fact that the
timescale of decoherence is much smaller, and we postulate
that the immediate neighbors of the diatom dominate the en-
ergy transfers that are important in the decoherence process.
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FIG. 12. Comparison of Tr(ρ2) for a Morse oscillator in a LJ bath as a func-
tion of time for two different initial superposition states: 0,1 (solid lines) and
0,5 (dotted lines) using 23 bath particles (squares) and 864 bath particles
(circles).

The short time reliability of the N = 23 computation of
Tr(ρ2) is encouraging, implying much less computer over-
head than previously expected if short time trends are desired.
Similar results are seen of two individual matrix elements.
For example, Fig. 13 shows the decoherence time of sample
matrix elements from two different superpositions, (0,3) and
(3,6), with N = 864 and N = 23 bath particles, and the popu-
lations of two different levels during the decoherence.

E. Comparison to results obtained with
a model system

Very often, decoherence studies do not use MD simula-
tions of the bath to analyze decoherence processes. Instead,
models are employed where the bath is described using a few
oscillators to generate a desired spectral density. Such a study
was done in a semiclassical study of a model system of I2 that
was linearly coupled to a harmonic bath.18 The main findings
of that study agree with those of this paper. In Ref. 18, it was
found that decoherence can show non-exponential decay; de-
coherence is slower if the system’s low energy states are ini-
tially populated, and occurs rapidly for initial superposition
states. The off-diagonal matrix elements were found to “col-
lapse” to the diagonal as the system loses its coherences, with
decoherence occurring faster for coherences between levels
that are more energetically separated. As mentioned, these
observations have been confirmed in the current study. There
are however two main differences. First, and significantly, the
timescale of decoherence in the current study is much slower
than those observed in the harmonic bath model. Second, the
behavior of χ2 and D differ: in Ref. 18, constant values of
χ2 were obtained only for coherent states (as opposed to the
constant values of χ2 obtained in this study), and the result-
ing values of D varied widely. We note however, that at least
with respect to orders of magnitude and short times we can
see that both the linear coupling model and the real physical
scenario have approximately the same range of values for χ2

and D. Regarding the difference in the behavior of χ2 and
D, we suggest that in physical reality, the bath may serve to
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FIG. 13. (a) |ρi,j | for a Morse oscillator in a LJ bath as a function of time for
i, j = 0, 3 for the 0,3 superposition (solid line) and i, j = 3, 6 (dotted line) for
the 3,6 superposition using 23 bath particles (circles) and 864 bath particles
(squares). (b) Population for a Morse oscillator in a LJ bath as a function of
time for the 0,3 superposition: level 0 (solid line), level 3 (dotted line) using
23 bath particles (no symbol) and 864 bath particles (circles).

preserve the phase space structure of the system for the short
time scale of decoherence, resulting in constant values of χ2.
This effect is not shown when the bath is approximated with a
spectral density. Future studies of decoherence where the bath
is modelled using MD simulations may help clarify the issues
raised in this section.

V. SUMMARY

In this paper, we have studied the decoherence of a vi-
brating diatomic (I2) in a LJ bath (xenon), using both har-
monic and Morse potentials for the system, where we chose
for the initial state of the system both coherent states and
superposition states. Instead of a theoretical treatment using
master equations we utilized a recent quantum-classical cor-
respondence principle, which we proved to be equivalent to
the semiclassical linearized IVR treatment and through this,
implemented a classical Wigner approach that is much more
efficient than the usual LSC-IVR calculations. The efficiency
of this method allowed a study of a real “physical” scenario
with 864 bath particles. One of the benefits of this calculation
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was to show that although for relaxation processes this large
number of particles is important in order to obtain accurate
rates, if one is interested in decoherence processes at short
times, as is often the case, as little as 23 bath particles are
sufficient. If, however, one is interested in individual density
matrix elements, the results should be taken with some cau-
tion, since the error can be considerable.

We found that the rate of decoherence varies greatly
when the system potential is even slightly anharmonic. De-
coherence also occurs much more rapidly for superposition
states compared to coherent states, due to the initial in-
terference structure of these states. It was found that the
off-diagonal matrix elements “collapse” to the diagonal as
the system loses its coherences, with decoherence occurring
faster for coherences between levels that are more energeti-
cally separated.

The Caldeira-Leggett approach to decoherence assumes a
theoretical model of a system coupled to a bath with a certain
spectral density. This analysis, which is widely used leads to
certain constraints on various decoherence phenomena, such
as the exponential decay of the purity. This work shows that
in a real “physical” scenario, the Caldeira-Leggett assump-
tions are not obeyed. Specifically, no exponential decay of the
purity is observed. Despite this, useful information can be ob-
tained for Caldeira-Leggatt variables, that can be calculated
using the methods described herein.
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APPENDIX: RELATION TO THE LSC-IVR

The time correlation function that appears in Eq. (11)
(which physically corresponds to the time-evolved density):

D(t) =
∫

dx ′
sdx ′

Bδ(x ′
s(t) − xs)ρ(xs, x

′
B, 0) (A1)

can be rewritten in the following manner:

D(t) =
∫

dq′
0dp′

0Aw(q′
0, p′

0)Bw(q′
t , p′

t ), (A2)

where the definitions {q′
0, p′

0} ≡ {x ′
s , x

′
B} (note that the equiv-

alence is between the sets of variables, however, q′
0 �= x ′

s and
p′

0 �= x ′
B ; in particular, q′

0 denotes the position variables of
both the system and the bath and p′

0 denotes the momentum
variables of both the system and the bath), and the definitions

Aw(q′
0, p′

0) ≡ ρ(xs, x
′
B, 0),

(A3)
Bw(q′

t , p′
t ) ≡ δ(x ′

s(t) − xs),

have been employed. Equations (A1) and (A2) are the well-
known linearized semiclassical LSC-IVR expression for a

time-correlation function corresponding to the quantum cor-
relation function:

D(t) = Tr(ÂeiĤ t/¯B̂e−iĤ t/¯). (A4)

We note that writing the LSC-IVR in the form of Eqs. (14)
and (13) simplifies its computation, since the integrand does
not contain the phase factor that usually appears in such cal-
culations [cf. Eq. (44) in Ref. 18]. Hence, the convergence of
the integration is much quicker and demands a much smaller
number of classical trajectories. The LSC-IVR calculation
was performed for the model described in Ref. 18 using the
“box” method described here and the method described in
Ref. 18. Exact agreement was established between the two
methods, however only 100000 trajectories where used for
the method described here, while the method described in
Ref. 18 required 64 × 106 trajectories to achieve the same
convergence.
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