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Abstract. A direct classical analogue of quantum decoherence is introduced.
Similarities and differences between decoherence dynamics examined
quantum-mechanically and classically are exposed via a second-order pertur-
bative treatment and via a strong decoherence theory, providing new insights
both into the dynamics of decoherence described quantum mechanically and
into the conditions for quantum-—classical correspondence in decoherence
dynamics.

1. Introduction

In quantum information processing [1] and in the optical control of atomic and
molecular processes [2-4], quantum coherence is essential for the successful
manipulations of the quantum dynamics of atomic, molecular and optical systems.
However, almost all quantum systems of interest are coupled to some environment
and as a result decoherence, that is the loss of quantum coherence in the subsystem
of interest, occurs in most circumstances [5]. This results, in quantum control
applications for example, in a diminution in allowed control (see for example [6])
As such, understanding decoherence and eventually controlling decoherence are of
crucial importance in a wide variety of quantum-based research areas.

There has been considerable theoretical and experimental work demonstrat-
ing that quantum-—classical correspondence (QCC) can be induced by decoher-
ence (see for example [7-10]). That is, in the presence of decoherence, the
quantum dynamics of the systems of interest will behave more classically than in
the absence of decoherence. This fundamental result is believed to be generally
useful in understanding a variety of decoherence-related issues. By contrast, little
work has been done on examining the correspondence between classical and
quantum descriptions of the time evolution of decoherence itself, that is,
decoherence dynamics.

The formal Liouville-based theory of QCC in an isolated system (see for
example [11]) makes clear that there is a strict analogy between quantum and
classical dynamics in phase space. As in the quantum case, the classical Liouville
dynamics of a closed system is unitary and we expect the reduced classical Liouville
dynamics of a system.coupled to a bath to be non-unitary. We therefore suspect
that, owing to a bath’s coarse-graining effects, the reduced dynamics of the system
propagated classically will show decoherence dynamics that are, qualitatively,
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parallel to those seen in quantum dynamics such as the loss of phase information
and entropy production.

Here we quantitatively compare the dynamics of decoherence that are
induced quantum mechanically to those induced classically. This is done by
analytically examining the dynamics of an initial quantum state, in a system
coupled to a bath, which are propagated either quantum mechanically or clas-
sically. By studying the similarities and differences between the classical and
quantum decoherence dynamics we show in this paper that, firstly, one can
introduce a direct classical analogue of quantum decoherence and, secondly, by
examining the dynamics of decoherence classically, one gains new insights into
both the dynamics of decoherence described quantum-mechanically and into the
conditions for QCC of the dynamics of decoherence. For example, we show
below that the extent of QCC in decoherence dynamics depends strongly on the
nature of the system—bath coupling as well as the initial quantum state and far
less upon /i than expected, that results assumed to be quantum mechanical may
be obtained classically and that nonlinear system—-bath coupling can cause non-
classical decoherence dynamics even for macroscopic systems. This work also
provides new insights into semiclassical descriptions of decoherence dynamics
[12, 13] and has motivated purely classical descriptions of dynamics-induced
intrinsic decoherence, with preliminary computations [14, 15] that support the
analytical results presented here.

This paper is organized as follows. In section 2, we introduce classical analogues
of some representation-independent and representation-dependent measures of
decoherence. In section 3, we use a second-order perturbative treatment to
examine QCC in early-time decoherence dynamics. We then introduce in section
4 a classical theory of strong decoherence that allows us to go beyond perturbation
theory; the classical results are then compared with the corresponding quantum
theory of strong decoherence. Discussions and conclusions are given in section 5.
A brief report on our main results below can be found in [16].

2. Classical analogues of two decoherence measures
Consider a system with a time-independent Hamiltonian

2
H = §;+ 7(0), (1)
m

where (Q, P) are conjugate position and momentum variables; coupled to N
independent harmonic bath modes described by the Hamiltonians

2
m;

1

2

where {p;,¢;} (= 1,2,...,N) are bath-mode phase space variables. The system—
bath coupling potential is assumed to be

N
Jj=1

so that the total Hamiltonian is given by
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N
H=H'+Y [H +C,f( Q)] )
j=1

The phase space distribution function evolved classically and the quantum Wigner
function for the entire phase space are represented by p°[Q, P, {g;,p;},] and
o0, P, {g;, b}, t] respectively. Their time evolution is given by

3
O H, 2 (5)
and
3% _ w

where {-}p denotes the classical Poisson bracket and {-}); denotes the quantum
Moyal bracket. Further, we define the classical and quantum reduced distribu-
tion functions p.(Q, P,t) = Ip dF and pw(Q,P,1) = fpw dr¥, where dFN =
l'lj 1dgjdp;. Our interest is in the correspondence between the classical ‘and
quantum decoherence dynamics of initial states that can be either classical (i.e.
positive Wigner density everywhere) or non-classical [17] (e.g. displaying regions
of negative p* [Q, P, {g,,p;}, 1]).

We consider two measures of decoherence in each of classical and quantum
mechanics. One widely used and representation-independent measure is the linear
entropy [18]

Sa=1-"Tr (), )

where p is the reduced density operator of the system. An increase in S, causes
1/(1 = .8,) to increase, corresponding to an increasing number of incoherently
populated orthogonal quantum states. Since

Sq=1- 2nhjb€v Q,P,t)drl, 8)

where dI';, = dQ dP, this entropy has a natural classical analogue (denoted S.)
obtained by replacing pw with g.. That is,

S.=1- 2th,3§(Q,P, t)dr,. 9

A more detailed but representation-dependent description of decoherence is the
decay of off-diagonal density matrix elements such as (Q1|p(t)IQ2) Significantly,
we discover that the classical analogue of these matrix elements can also be
constructed. Specifically, noting that

(3010 = [P (@, P exp (157), (10)

where O = (01 + 0,)/2 and AQ = Q; — Q,, we define the classical analogue
(denoted p.(Q1, 02, 1)) of { Qllp(t)IQz) as the Fourier transformed classical distri-
bution function, that is

ﬁc(Qt,Qz,t)EJdec(Q P,1) exp( QP) (1)

This approach can be readily extended to the momentum representation.
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3. Early-time decoherence dynamics

Perturbative treatments have proved to very useful in understanding decoher-
ence dynamics [14, 19, 20]. Here, to examine classical versus quantum decoher-
ence dynamics at short times, a regime of great interest in the control of

decoherence, we consider a second-order expansion with respect to time variable
t for both S, and S, that is

2

t
Si(t) = TRLAN (12)
rc,2
and
2
Sq(t) = Sq (0)+—+——+ (13)
Tq,1 q2

Using the definitions of Poisson and Moyal brackets and assuming that the initial
distribution function is decorrelated with initial bath statistics, we obtain

1
1 _‘L'q_1= 0. (14)
1 C d
and
,zi=% dQ: dQ; [{O11H(0)IQ2) 12 AQ? (Af(g)) o)
q,2 J
Here
h (B hw;/2
Cb_zlc’z e (17)
<
Af(Q) f(Q‘l‘AQ/Z) f(Q AQ/Z) (18)
AQ AQ

and B is the Boltzmann factor. Note that the factor 7 appearing in the classical
result (equation (15)) is just due to the definitions of S, and 5.(Q1, O3, 0), and that
the initial variances of the bath variables g; have been evaluated using quantum
statistics to ensure the same initial quantum state for the ensuing classical and
quantum dynamics. Note also that the decoherence time scale indicated in the
easily derived and simple quantum result of equation (16) is consistent with, but is
more transparent than, a previous perturbation result (equation (5.6) in-[21])
obtained using a sophisticated influence functional approach.

Equation (14) shows that zero first-order decoherence rate, that is 1/74; = 0,
has a strict classical analogue. More interestingly, equations (15) and (16) show
that, for the same fixed initial distribution function, the ratio of 1/ t 2 to1/12 yish
independent. As seen from equation (15) and (16), 1 /'r -1/t / P arlses from the
difference between the derivative df / dQ and the finite- dlﬁ'erence function Af/AQ,
weighted by AQ? and the initial state. As a result, we have the following

(i) For any given f (Q), as long as (Q1|;3(0)|Q2) decays fast enough with |AQ|
such that Af/AQ = df/dQ, there would be excellent QCC in early-time
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decoherence dynamics. The smaller the #, the more rigorous is this
requirement.

(i) If f(Q) depends only linearly or quadratically upon the coupling coordinate
Q, then 1/7‘3_2 - 1/7'32 = 0 for any initial state. Significantly then, in all
traditional decoherence models [22] where f(Q) = Q is assumed, there
exists perfect QCC in early decoherence dynamics, regardless of #, and
irrespective of the system potential V(Q). Indeed, in the case of Q) = O,
equation (15) reduces to an important result, previously obtained
quantum-mechanically [19]:

1 1 0L C? Bhiw,;
= =2-= h{—= 9
) Tg,z h ,;2"’1’”1 et ( 2 ), (1%

where the initial state of the system is assumed to be pure, with the initial
variance in Q given by 82Q.

(iii) For nonlinear f(Q) where Af/AQ # df/dQ over the range of the initial state,
QCC can be very poor.

The second-order perturbative treatment is most reliable at short times and for
weak decoherence. The results are particularly significant for studies of decoher-
ence control where early-time dynamics of weak decoherence is important. In
these circumstances it should be useful in understanding the extent to which
(quantum) decoherence is equivalent to classical entropy production, that is to
increasing. S.(#). In particular, if there exists good correspondence between
classical and quantum decoherence dynamics, then the essence of decoherence
control is equivalent to the suppression of classical entropy production, and
various classical tools may be considered to achieve deccherence control. If not,
then fully quantum tools are required.

To gain more insights into quantum-—classical differences in decoherence
dynamics, consider decoherence for an initial superposition state of two well-
separated and strongly localized Gaussian wave packets located at Q, =
Ou — AQu/22and Qp = Q,,b + AQ,,I,/Z with Qab =0 For this initial state,
1/22 , ~ (Co/ ) AQ% [df(Qut)/d0ml’, and 1/12, ~ (Co/H) Q2 [AF(O)/ AQul.
Then in a cubic decoherence model, for example, where f(Q) O3, one would
obtain l/t 5 ~ 0 since df(Q,,b)/anb = 0. However, here 1/': 2> 1/'1'C 5, that is,
there is apprecxable decoherence without classical entropy productzon By contrast,
in another nonlinear decoherence model where f(Q) = sin (2nQ/AQ, .+ T/4),
1/ré,2 ~ 0 since f(Q,) = f(Qs). Here, however, 1/102,2 > l/tg,z, that is, the system
is decoherence free but with substantial classical entropy production. Since we find
that the ratio of té,z to ‘L'Cz_2 in early-time decoherence dynamics is independent of %
for fixed initial state, these two examples lead to a rather counter-intuitive result;
given a macroscopic object which is initially in a superposition state of two
distinguishable states and is nonlinearly coupled with an environment, classical
dynamics could totally fail to predict its initial entropy production or its deco-
herence rate. Indeed, equations (15) and (16) suggest that, as long as df(Q)/dQ #0
and | f(Q)| is bounded, then 1/1'3‘2 saturates with increasing AQ,;, whereas 1/'(3 )
does not. Thus, if the saturation behaviour of early-time decoherence rates is
observed experimentally, one can then draw the conclusion that the decoherence
dynamics must be quantum and that the system—environment coupling must be
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nonlinear. Although this kind of experiment is quite difficult to carry out in many
quantum systems, we note that the saturation behaviour of decoherence rates with
the separation of two pointer states has been observed experimentally using an
optical analogue of quantum wave mechanics [23]. Further, it is clear that, in the
limit of large AQ,;, classical decoherence dynamics in the general case of nonlinear
system—environment coupling predicts much faster decoherence than does quan-
tum decoherence dynamics. This leads to the rather surprising inference that
initial superposition states of well-separated wave packets would be more suscep-
tible to nonlinear system—environment coupling if they are propagated by classical
dynamics than by quantum mechanics.

4, Strong decoherence dynamics

To go beyond the perturbation results, in this section we consider a strong
decoherence model in which decoherence is assumed to be much faster than the
system dynamics, so that H® can be set to zero [5]. We consider both the ‘off-
diagonal elements’ 5.(Q1, Oz, t) as well as the entropy S.(¢) and compare them with
the quantum results.

In this case the classical Liouville equation is given by

[Q P {‘Ij)p] ZBH;:ap Q P {qup.l} t]

9gr P
9 P, N . 90°[C iy
ZaHk 0[O, {kqf,PJ t]+ZCkf(Q)ap [Q’Pa’p{kqppl})t]
+ZC df(Q) [0, Pal{Dq],P]} d| 20)

To solve equation (20) for 5.(01, O»,t) we first apply a Fourier transformation
| dP exp (i AQ P/H) to both sides of equation (20), yielding

oF.[0, AQ, [¢;,0i).1] Z 3H} 0F.[Q, AQ, {4, 5}, 1]

ot = 9 Pk
_ &omp [0, AQ, [45.13).1]
i apr 0gr
N - OF[0,AQ, {0}t
i P

N -
k=1 Q

where

F.(Q,A0,{g;pi}.t) = JdP exp(i$)p°[é, P, {g.pj}.t]. (22)



Quantum versus classical decoherence dynamics 2417

Since O = 0 because H, = 0, and AQ is a time-independent parameter introduced
in the Fourier transformation, equation (21) leads to

dF.[Q, AQ, {gi(1),p;(1)},1] _ aF[O, AQ, {g;(t), pi(1)}, 1]

dt ot
N -
+ IF[Q, AQ, {gx(®), pa(1)}, 1] i)
P agk(1)
N 0F:[Q, AQ, {ax(t), px(1)}, 1] .
+ ; 3a(0) Pi(t)
. N d -
% Q) Cran() / (Q) F.[0,A0,{4i(1),pi(1)}. 1],
k=1
(23)
where {g;(t), p/(t)} satisfy
BHb
60 =3, (24)
and
b -
B = =5 = CAD) 25)
i
The solution to equations (24) and (25) is given by
gi(t) = ;lf(Q)[ cos (wjt) — 1] + ¢;(0) cos (w;t) +P]( ) sin (w;t) (26)
jC0; m;w;
and
p;(t) = m;g;(2). (27)

Based on this, equation (23) can be readily integrated and we have

F[Q, A0, {g(0).5,0)}, 1] = exp(—ﬁj thQZc anY (QQ))

x Fe[0,AQ, [q,(O),p,(O)}, 0]. (28)
Further using dI'Y () = dI'Y(0) and

501,05, 1) = Jdr{,V O F[0. AD. {50, 5,0, 1], (29)
we obtain

501, 00,1) = j dr¥ ) F.[0, A, {4;(0), £;0)}, 0]

if Y df(0)
X exp (_EL dt AQ; Crai(t) 0 ) (30)
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Substituting equation (26) into equation (30), using the initial quantum state of the
bath that is initially uncorrelated with the system, and assuming that the equilib-
rium state of the bath is maintained, we finally have

pc(01,02,1) 2 (df(Q))
5:(01.0,,0) P [1¢c(t) (AQ) a0 Bz(t)], @31
where
8.0)=25 0 TL ‘Q) By(9), (32)
with
N . — 3 .
BO=3¢ o (33)
= J
and
» coth (Bhw;/2) [1 — cos (w; t)]
By(H) = ; C? 2 ] (34)

Interestingly, the classical result (equation (31)) displays two dynamic aspects of
b(Q1, 02, 1), that is, coherent dynamics of its phase ¢.(t), and incoherent decay
due to bath statistics. The classical linear entropy S.(¢) can then be obtained from
equation (31) as

sc(r)=1—jd91 401 15.(01, 02, 0)F exp[ 2(AQ)2(df (g)) B(r)}. (35)

The quantum strong decoherence dynamics can be considered using similar
manipulations. In particular, the quantum Liouville equation in the Wigner
representation is given by

[QP[q])P] ZaHbap QP[‘IJ’PJ} ]
oqp apk

ZaH;:ap QP[q,,p, 1] +ZC #D) W[Q,z;{q,-,p,-},t]
Iz k

d(z’“)f(Q) 8(2’+‘)pW[Q,P, [q-,p-},t]

+ZC’*"’*;(2I) (21+1)' dQ@+) 3P+ B

(36)
Fourier transforming fdP exp (iAQP/h), both sides of equation (36) gives

3F[ 0,0, {42}, 1]

at
Z Hb aFq Q AQ, {‘ll PJ} t] ﬁ:aHEan[Q, AQ, {‘Ij»Pj}’t]
gk Opr = 9r agp
_ 3F[0,A0, {g; 0} 1] i A
+chf(Q) 3[0 fpk{"’ i) t]—ﬁzckq Qg 15,40, g5},
k=1 k=1

(37)
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where

Fo( 0,80 {anp ) = [aP exp (B25) (0P gk o9)

Based on equation (37) the full time derivative of Fq( Q, AQ, {qi(t),pj(t)}, t) can be
derived:

dFy[0, A0, [4i(0), 50}, 1]

u - hzcqu(z) A1)

Fo[0, AQ, {¢/(1), p;(1)}, 1],

(39)

where g;(t) and pj(t) are still given by equations (26) and (27). Directly integrating
equation (39) yields

2 i[f Al Af(Q)
(0), b = ——1d c
Fq[Q, AQ, {‘IJ(t)’P](t)}’ t] exp( 7 JO tAQ kz:; rqx(2) AQ
x Fq[ 0, AQ, {4;(0), p(0)}, 0]. (40)
Further, using the fact that
(U102 = Jdrﬁ () Fo[0, 60, {40, 5,0}, 1] (41)

and comparing equation (40) with equation (28), one obtains the quantum result

QBN _ [@q(t) _ AQz(Ai (Q)) Bz(t)], (42)
(11H0IQ2) ¢

where

AQ . = Af(Q)

¢q(t)——-—f(Q) A0 By (1), (43)

and

Sq(t)=1—jd91 402 (0115002 exp[ 2A0) (Af(g)) Bz(t)]. (44)

These results extend those in [24] to nonlinear f{Q) using a simple approach and
demonstrate a direct classical analogue of quantum strong decoherence dynamics.

Since dB,(t)/dt(t = 0) = 0 and d?B(£)/d* (t = 0) = Cy/h, one finds that, in
the short-time limit, equations (35) and (44) reduce to previous perturbation
results of 1/7_ 4, 1/1’3,2, 1/7,  and 1/r§'2. Furthermore, the classical results (equa-
tion (31) and (35) are again very similar to the quantum results (equation (42) and
(44)), with the only difference being that Af/AQ in the quantum expression is
replaced by df/dQ in the classical result.

This result makes clear that our previous QCC results based upon second-
order perturbation theory are generalizable to all orders of time in the strong
decoherence case. In particular, defining y.(t) = d[ln 16(Q1,. Qz, Bi]/dt and
Yot} = d[InI(Q1IP(t)IQz I]/dt we have ye(t) = —(AQ)*[df(Q)/dQ)*[dB(t)/d#] and
Ya() = —(AQY’[Af(Q)/AQI[dBa(t)/df]. Then, in the case of linear andjor
quadratic coupling, for example AQ)= aQ+bQ2, one has y. (1) =y4(t) and
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So(t) = S4(t), showing that there is perfect QCC in decoherence dynamics for all
times.

By contrast, in the case of nonlinear coupling, y.(¢) in general does not saturate
with increasing AQ whereas y,(t) does saturate for bounded [f(Q)|. As such, in the
limit of large AQ, one has |y.(t)| > |yq(¢)| and thus [1 — S.(£)] K [1 — Sq(?)] as ¢
increases, with |y.(£)/v4()| independent of A. This observation is of conceptual
importance; it says that decoherence can dramatically improve QCC but, as far as
some detailed characteristics of decoherence dynamics are concerned, decoherence
itself does not necessarily suffice to ensure that the dynamics of quantum entropy
production equal those of classical entropy production. That is, even in the
presence of strong decoherence, subtle quantum-—classical differences may persist
in some measures (e.g. 1/[1 — Sy(#)] versus 1/[1 — S.(2)]) for all finite times. Note,
however, that entropy measures such as 1/[1 —.S,(#)] are not quanturn-mechanical
observables and hence do not allow one to measure directly the subtle difference
between classical and quantum decoherence dynamics at later times. Another
interesting observation from equations (32) and (43) is that

YeB)dq(OF = yq(DIdc(D]*. (45)

Hence, QCC in strong decoherence dynamics is directly related to the dynamics of
the phase associated with off-diagonal density matrix elements.

5. Discussion and conclusion

From both the perturbation results in section 3 and the strong decoherence
results in section 4, we see that QCC in decoherence dynamics depends critically
upon the initial quantum state and upon the nature of the system~environment
coupling. Indeed, the quantum-—classical difference in decoherence time scale
arises directly from the difference between df(Q)/dQ and Af(Q)/AQ over the
coordinate scale of the initial state. Hence, exact correspondence exists for linear or
quadratic coupling. For the case of general nonlinear coupling, correspondence
may significantly break down; for example, quantum entropy production can be
totally unrelated to classical entropy production.

The case of exact QCC in decoherence dynamics is worthy of further dis-
cussion. Physically, linear system—environment coupling, previously introduced to
allow analytical results [22], is just an over-simplified version of realistic system—
environment couplings. In this sense, the exact QCC in decoherence dynamics for
linear or quadratic system—environment coupling is just a formal result. Further-
more, it is not surprising, in retrospect, that the classical and quantum results are
in perfect agreement in cases where the bath is harmonic, the coupling is linear or
quadratic, and the system can be neglected as in the perturbative treatment and in
the strong decoherence theory. In such cases, one expects that the quantum and
classical Liouville dynamics are identical because their time evolution equations
take the same form. What is surprising and important, however, is that this
equivalence can be extended to the process of decoherence, a phenomenon
generally assumed to be solely quantum in nature, and that excellent QCC may
also exist for nonlinear system—environment couplings.

Both the perturbation and the strong decoherence results can be interpreted as
follows. Quantum-mechanically, the system, which is coupled with the environ-
ment through f(Q), is essentially subject to a quantum measurement of f(Q) by the
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environment. In the case when f(Q;) = f(Q,), measurement results cannot tell
which pointer state (i.e. |Q1) or |Q3)) that the system is in. Thus, this measurement
induces no decoherence. In the case when f(Q;)#f(Q,), quantum information
leaks into the environment and deccherence occurs. By contrast, from the view-
point of classical Liouville dynamics, the same environment also decoheres the
system, however, through a ‘measurement’ of (Q1 — Q;)df(Q)/dQ rather than
Af(Q) = f(O1) — f(Q2). The quantum—classical difference will be most significant
for larger distributions in the case of nonlinear system—environment coupling.

A number of interesting extensions of this work are under consideration.
Firstly, we propose to consider cases in which the system—environment coupling
depends upon both position and momentum using canonical transformation in
phase space. Secondly, we propose to investigate further the role of the dynamics
of the system. Indeed, one important implication of this work is that the relation-
ship between classical Lyapunov exponents and decoherence rates in classically
chaotic systems should be re-examined for the case of nonlinear system—environ-
ment coupling, since previous studies [25] only dealt with the linear case. Thirdly,
as in many other studies we have assumed that the bath is made up of independent
harmonic oscillators. Clearly, the extension to anharmonic bath modes is of
considerable theoretical interest. We note that considering anharmonic bath
modes is straightforward in the second-order perturbative treatment but may
substantially change the physical picture of QCC in strong decoherence dynamics.
Fourthly, it is interesting to study QCC in decoherence dynamics in terms of the
decay of off-diagonal density matrix elements in arbitrary representations.

In conclusion, we have examined, using analogous measures, the decoherence
dynamics of an initial quantum state coupled to a bath that is subjected to either
classical or quantum dynamics. Within the framework of a second-order pertur-
bative treatment and a strong decoherence theory, we have exposed the system-
independent conditions under which the quantum decoherence dynamics are
either well, or poorly, approximated by classical dynamics. Most significantly,
the nature of system—environment coupling and the character of the initial state are
shown to play decisive roles. Further studies are ongoing to assess QCC in cases
beyond the short time and strong decoherence approximations. Preliminary
computational results [14, 15] support the conclusions drawn herein.
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