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Transformation theory for phase-space representations of quantum mechanics

Joshua Wilkie
Department of Chemistry, Simon Fraser University, Burnaby, British Columbia, Canada V5A 1S6

Paul Brumer
Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Toronto, Ontario, Canada M5S 1A1
(Received 26 October 1999; published 4 May 2000

Dirac bras and kets are explicitly defined for phase-space representations of quantum mechanical observ-
ables, and simple transformation rules for changing representations are constructed. Derivations in the Wigner-
Weyl representation of an expression for the kernel of the quantum Liouville operator, and of a relation
between its stationary and nonstationary eigenstates, demonstrate the power of the resultant algebra.

PACS numbd(s): 03.65—w

I. INTRODUCTION II. DIRAC FORMALISM FOR PHASE-SPACE
REPRESENTATIONS
Representation and transformation theory are central to
formal quantum mechanid4]. Phase-space representations ) )
(e.g., the Wigner-Wey! representation, the Husimi represen- Consider a system with degrees of freedom. In confor-
tation, etc) are of considerable theoretical interest becaus&y With the conventions of Dirac notation we choose the
they constitute a framework within which the formal differ- Phase-space representation bigsig denote linear function-
ences between quantum and classical mechanics are mil‘?rl-S and ketsx) to denote vectors. Heng=(p,q), where_p
mized. For example, they provide an important framework'© th(_as momgnta and are thes coordinates. In the Liou-
within which the transition from quantum to classical phyS-V'"eA plcture,A linear fuvctlonals a[]d vecAtors take the fqrms
ics can be understod@,3]. However, formal manipulations Tr{C-} andD, respectively, wher& andD are operators in
in a phase-space representation are more difficult than anal1€ usual Schrdinger picture. Consequently, the bras and
gous calculations employing coordinate and momentum re Kets of a phase-space representation must take the forms

A. Bras and kets

resentations in the traditional Hilbert space of wave func- (XMZTI’{Q};(XB)'}, )
tions due to the clumsiness of the associated algebra. For
example, changing phase-space representations of an opera- |Xﬁ)zkﬁ(xﬁ). 2

tor generally requires that one reconstruct the operator from
its phase-space kernel, and then construct the kernel for thdere Greek subscripts are used to denote the particular
new representation. By contrast, calculations in the Hilberphase-space representation of interest, gg=W will de-
space of wave functions are facilitated through the use ofiote the Wigner-Weyl representatigh=H the Husimi rep-
Dirac notation for states and their representations, and byesentation, angd=K the Kirkwood representation. Other
simple rules governing a change of representation. The intrdepresentations may be treated in a similar manner to these,
duction of Dirac notation for the operators and superoperawhich are chosen as prime examples in this paper.
tors [4] of the Liouville picture therefore greatly simplified The operatorsBg(xg) and Kg(xg), which generate the
formal algebraic manipulations, and recently the Dirac for-particular phase-space representation, depend parametrically
malism has been extended to include certain phase-spao® the phase-space variabbegand are chosen so that
representations, including the Wigner-Weyl representatiorand |xz) have the following propertiesta) dimensions of
[5]. However, the explicit construction of the dual space and action] 2, (b) orthogonality, i.e.,
of the rules for transforming between phase-space represen- 0n - at . 0 0
tations, arguably the most computationally useful aspect of (XglXg) =Tr{Bp(Xp) K p(xg")} = 8(Xg=X5"),  (3)
Dirac notation, have not been developed.

In Sec. |l of this paper we provide a simple set of rules for
defining the appropriate bras and kets in these phase-space
representations. We then show that the rules governing a f dxg|xg) (X4 = 1. (4)
change of representation emerge naturally from these defini-
tions. In Sec. Il we display the power of this approach by  1he resultin

comparing expressions for the spectral decomposition of thg,4 (xﬁ|A) of the Hilbert space of physical statép)
qguantum Liouville operator with and without the use of

Dirac notation. We also utilize this transformation theory to ™~ *p (wherep 's the density operatband the &S ociated
derive an important identity in the Wigner-Weyl representa-SPace of operatoréincluding observablgs|A) =h’A. The
tion, and to show that a particularly simple expression for thek€ts|X;) generate thes phase-space representatiop$x)
kernel of the quantum Liouville operator follows from this @and (A[xg) of the dual space of physical states| (
identity. =h"%2Tr{p"-} and the associated set of operatos| (

and(c) completenes§s]

g brasx,| generate representationsfp)
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=h%2Tr{AT.}. The normalization of the statés), |A), (p|,  representation generated byRB(xB), i.e., (olxp)

and (A| is chosen so thaig|p) and (p|xg) have dimensions  =hs2Tr{pK 4(x,)}, the change to a representation generated
2 BXp

of [actpn] arJd SO that)(B|A) anq (A[xg) have the same by Ry(xy) can be performed by

dimensions asA. The representationsxg|p), (xg/A) and

(plxs), (Alx,) generally constitute independent representa- (p|x )=f dxg(Xglx,)(p[Xg) 11

tions, both of which can be used to compute expectations of ’ PRIy s

observables. That is, the expectation valuédaf the statep

is given by where  §g/x,)=Tr{B}(xz)K,(x,)}. This representation
theory can also be extended to include the' andp,p’
(Alp)= f dxg(Alxg) (xglp) =Tr{ATp} =[Tr{p A} 1* representations [that is, @.9'|p)=h"*%aq|plq’) and

(p,p'|p)=h"%%p|p|p’)] of the density matri11] by de-
* fining operators
[ [ axatobexaa| = Golar ® o
Bgq'=Kga=la)(a'l, (12

The generating operatoiB4(xz) and Kg(xs) are dis- B =Ko =IP)p'l. (13)
cussed at length in Rf7]. For the Wignef5,7,8| represen-
tation By, (xw) = Kw(xw) =h~52A(xy), where the Hermit-  Then, one may change fromgag’ or p,p’ representation to
ian operatorA (xy,) takes the form a phase-space representation or vice versa by a_ppllcatlon of

Egs.(10) and(11). Other representations can easily be con-

structed. The transformation matrix elementg|k,) for the
various representations discussed here are listed in Table I.

Particular care must be taken for the Husimi representa-
The generating operators for the antinormal and normal Hution. Note first that for all but the Husimi representation
simi  [9] representations are, respectivelyBy(Xy) (xglx,)=(x,|x5)*. Second, to use thep(;,qy|xz) matrix
=h92P A (xy,a) and Ky(xy)=h"2A,(x,,a). Here €lements to transformxg|p) or (x4 A) to the Husimi repre-
sentation requires that the integral owxgrbe performed be-
fore theP , operation. Similarly, to usep ,qu|xz) to trans-

AW(XW):h_SJ du dv eV (Pw—p)+u-(aw-a1/h ©6)

the Hermitian operatoA (X, ,) is given by

- _ - USRS form (p|py.qy) or (A|py.qy) from the Husimi
Au(xy,a)=h Sf dudy el (Puprr e Gl represent|ation requires thL\t the operat®n be performed
before the integral ovepy ,qy -
x g~ (avP )t 7) The approach introduced here is sufficiently general that it
may be applied, with minor modifications, to phase-space
and the operatoP ,A,(x,,a) is defined as representations in classical mecharfitg].
(Xulp) =PalplXn) =PoR(Xy, &) =R(Xy, —a), (8 IIl. SAMPLE PHASE-SPACE MANIPULATIONS

whereR(xy ,a)=(p|xy). The Kirkwood[7] representations A. Spectral decomposition of the von Neumann equation

are generated by the operatordy(x)=K(Xx) To illustrate the advantages of our approach we compare
=h~52A (x<) where the Dirac and density matrix expressions for the spectral de-
. N . composition of the quantum Liouville operator.
Ay (xg)=h"8(px—p) d(ax—q)- C) Let |n) be the complete, orthonormal set of eigenstates of
a Hamiltonian H, i.e., A[n)=Egn), (njm)=4,,, and
B. Transformation rules and matrix elements S.n){n|=1. From these states we may construct basis

states|n,m)=|n){m| which play an analogous role in the
é—glbert space associated with the eigensolutions of the time-
independent von Neumann equation

As a result of defining the bras and kets in this manaer,
change of phase-space representation follows the same rul
as does a change of representation for a wave functam
instance, suppose that we initially hagen the representa- L[n,m)=X, m/n,m), (14
tion generated byB4(xz), i.e., Xglp)=h"S2Tr{B4(xs)p},
and we wish to change to a representation generated
B,(x,). Then,

where L=(1/4)[H, -] is the quantum Liouville operator,
and A, n=(E,—E)/%. Since the statefn) are complete
and orthonormal, the statés,m) are also complete,

(5 10)= | @50 x5) 051, 10 S Iyl s

where ,|x;) is the transformation matrix element between
the two representations(see Table )l given by

Tr{BI(x,)K4(xg)}. Alternatively, starting withp in the (n,mK,1) =81 mbi.s - (16)

and orthonormal,
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TABLE |. Phase-space basis inner produc}§|1(<,/). For ex-

ample, the first element in the table is {8~ Husimi, y=Wigner. (XB|L|X%)=%1 )\n,m(xﬁ|n,m)(n,m|x2) (19
(XglX,) Wigner
Husimi 255 o (Pu—Pr)2lah g alw— ) 2/h in Dirac notation, while the analogous expression in density
Kirkwood 2Sh S 21w~ ) - (P P/ matrix notation is
Coordinate h=25(qw— (q+q’)/2)e (@' ~a)-Pw/h
o 0y _ 51 > (0
Momentum h™S25(py— (p+p’)/2)e (P’ ~P-aw/h (XB|L|XB)_;m Nn,m{m|B (X,e)|n><n|K(X,3)|m>- (20
Husimi : . -, .
The Liouville spectral decomposition as expressed in Egs.
Wigner 25h~ e~ (Pu—Pr) 2/t g~ alahy— o) 2/h (18 and (20) is far from obvious and could not be easily
Kirkwood 25921~ 1 (Gh— )+ (P~ P/ = (P — Pr) 212ach obtained without the formalism introduced in Sec. Il.
X @~ (A=) %/2h
Coordinate (Za)SIZh—se—i(q’—q)ApH Ihg—a(a’ —q)%/4n B. Stationary and nonstationary Liouville eigenfunctions
x g~ elan— (@' +a)/2n The relationship between the stationdryn)(n,n| and
Momentum (g/a)slzhfsefi(pfp'w/ﬁe*(p’*p)zﬂwﬁ nonstationary|n,m)(n,m| eigenfunctions of the Liouville
X e [P (0" +p)2? ah operator in the Wigner-Weyl representation plays a central
role in the proof that classical mechanics emerges from
Kirkwood guantum mechanics in the classical limit for chaotic systems
. TP ——s [3]. In addition, as shown below, this expression leads to a
Wigner . Zsti‘( € )”_“Z “ )/“; _K( et useful formula for the kernel of the Liouville operator. Spe-
Husimi e L L cifically, the phase-space relationship is
X @~ a(dn—dk) 2k 0
Coordinate h™s28(qe—q)e (@ ~D-Pc/h (xw|n,m)(n,m[xy)
Momentum h=s25(px—p’) €' ~P)-ak /i . 0. L~
:h*Sf dy e'Cw=xw IV (x4 y/2|n,n)
Coordinate
0 _
Wigner h™525(qw—(q-+q')/2)e!(@" = Pw/t X (m,mixw—y/2), (21)
imi 24 — i(a’ —a)-py /i o= (g’ —q)2/ah
rusim! (a)Thep,elt 9P e A wherexy= (Pw,w), X3= (%A%, y=(u,v), and
x e~ alan— (' + a2/
Kirkwood h*5/25(qK_q)ei(q’*q)w/ﬁ B 0 —I
Momentum h—Se~i(a-p—q"-p")/t J= | 0
Momentum is the Zx2s dimensional symplectic matrix. This is the
Wigner h=528(py— (p+p')/2)e '~ awlh Wigner-Weyl representation of thg,q’' representation ex-
Husimi (21a) %3P gi(P~P") G g (b ~p)/Aach pression.
~[py—(p' +p)/21% ati _ '
_ xe P TEe (a,'[n,m)(n,mldo,dg) =(a’Im){nla)(ao|n)(m|ag)
Kirkwood h=28(px—p’)e '(P" ~P)-ak/t
Coordinate h—Sei(@-p—a’-p")% =(0o,q|n,n)(m,mlq’,qp). (22

Formula(21) requires a great deal of effort to verify, and

Thus, the operator,m)(n,m| are spectral projection op- the task of deriving Eq(21) from Eq. (22) without employ-
erators and the quantum Liouville operator can be decoming the representation theory discussed above is quite chal-

posed in the form

L

To satisfy orthonormality the linear functionals,(n| must
take the form ,m|=Tr{(|n){m|)T-}. The density matrix

analog of Eq(17)

L= N (miTrlfm)nl- .

:z )\n,m|n1m)(nam|-
nm

therefore takes the ungainly form

7

(18)

lenging. By contrast, Eq21) can easily be obtained from
Eq. (22) using the closure relations and inner product formu-
las for the phase-space representations introduced above.

Specifically, considerxg,|n,m)(n,m|xJ). Inserting clo-
sure relations fotg,q’) and|qo,qg) gives

(uln.m) (. mixy) = | dada’ dagdagxula.a)

X(q,q’|n,m)(n,m|do,dy)

X (o, af|X0y)- (23

In a phase-space representation the kernel of the Liouville
spectral decomposition takes the form

Inserting Eq.(22) we obtain
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(xWIn,m)(n,mIX‘v)v):J dqgdq’ dgo dgg(xwl9.9")
X(do,aln,n)(m,m|q’,qp)

X (Clo, A X - (24)

The goal now is to rearrange terms until closure relations fo

|0o,6) and|q’,q4) can be removed.

Using Table | to obtain expressions for the matrix ele-

ments @o.,q4/x%,) and (w|g,q’), and inserting the identity

1=fdvé(v—qe+q’) gives, after some rearrangement, the

relation

(xw|n,m)(n,m|x,)

=h‘5j dgdq’ dggdgg dv
X 8(V—0ot+0q’)- 8(qw+V/I2—(do+)/2)
x e!@=a=v)-Pw/i( g4, g[n,n)-(m,m|q’,qp)

X 8(q0— vI2— (g’ +qp)/2)e1@-9'~VPuh (25

Rewriting S(v—0o+q’) = h™3f du exd —i(v—qq
+q’')-u/fi], adding the identities % expi[qw+Vv/2—(dg
+0q)/2]-u/h} and 1=exp{—i[qd,— V/2—(q' +q})/2]- u/h}
inside the integrand, and rearranging factors gives

(xw/n,m)(n,m|x,)
=h75f dyei(xwixs")“].;/hj dgo dg(xw+Y/2/qo,9)

X(qo,qln,n)-qu’ dgo(m,m|q’,qp)

X(q',q0|xy—y/2). (26)

The desired expressiditq. (21)] is obtained upon removal
of the closure relations fdigy,q) and|q’,q().

Equation(21) also provides a means of obtaining a par-
ticularly interesting integral formula for the kernel of the

qguantum Liouville operator in the Wigner-Weyl representa-

tion. Substituting Eq(21) into Eq. (19) gives
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(xwlLIxw) =h" J dy w3 (B~ B
n,m

X (xw+yl2[n,n)(m,m|xq,~y/2). (27)
The sums overn and m can be performed expli-
citly. Sp(m,m|x,—y/2)=h"%% 3 (xw+y/2n,n)=h"%%
S n(mmpS,—y2)=h"S2H(S,~y/2);  So(xwtyi2n,n)
=h"%?H(xy+y/2), giving

(xwlL|xg)=h"2p "1 f dy el (w4 IV H(xy+ y/2)

—H(xyy—y/2)], (28)

which is a particularly simple integral formula for the kernel
of the quantum Liouville operator. That is, using Eg@d)
one can readily verify that

f dxiyOxwl LX) (il p) =L xw) Oxwlp), — (29)

where  L(xw) = (2i/h)H(xw) sin(7/2)(0 [dxy) - I- (o1
dxw)] is the Liouville operator in the Wigner-Weyl repre-
sentation. In the correspondence limit-0 Eq.(28) reduces
to the kernel of the classical Liouville operatox|i(|x°)

=i[aH(X)/9x]-J- (31 9x) 5(x— Xx°).

IV. CONCLUSIONS

In summary, we have introduced a Dirac notation for the
phase-space representations of the quantum density matrix,
and shown how rules governing the change of phase-space
representations follow from these definitions. The resulting
transformation rules bear a close resemblance to the rules for
a canonical transformation of the classical phase-space prob-
ability density. The general transformation theory introduced
here is expected to be useful in a wide variety of areas where
phase-space representations of quantum mechanics have
proven useful.
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