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Transformation theory for phase-space representations of quantum mechanics
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Dirac bras and kets are explicitly defined for phase-space representations of quantum mechanical observ-
ables, and simple transformation rules for changing representations are constructed. Derivations in the Wigner-
Weyl representation of an expression for the kernel of the quantum Liouville operator, and of a relation
between its stationary and nonstationary eigenstates, demonstrate the power of the resultant algebra.

PACS number~s!: 03.65.2w
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I. INTRODUCTION

Representation and transformation theory are centra
formal quantum mechanics@1#. Phase-space representatio
~e.g., the Wigner-Weyl representation, the Husimi repres
tation, etc.! are of considerable theoretical interest beca
they constitute a framework within which the formal diffe
ences between quantum and classical mechanics are
mized. For example, they provide an important framew
within which the transition from quantum to classical phy
ics can be understood@2,3#. However, formal manipulations
in a phase-space representation are more difficult than an
gous calculations employing coordinate and momentum
resentations in the traditional Hilbert space of wave fu
tions due to the clumsiness of the associated algebra.
example, changing phase-space representations of an o
tor generally requires that one reconstruct the operator f
its phase-space kernel, and then construct the kernel fo
new representation. By contrast, calculations in the Hilb
space of wave functions are facilitated through the use
Dirac notation for states and their representations, and
simple rules governing a change of representation. The in
duction of Dirac notation for the operators and superope
tors @4# of the Liouville picture therefore greatly simplifie
formal algebraic manipulations, and recently the Dirac f
malism has been extended to include certain phase-s
representations, including the Wigner-Weyl representa
@5#. However, the explicit construction of the dual space a
of the rules for transforming between phase-space repre
tations, arguably the most computationally useful aspec
Dirac notation, have not been developed.

In Sec. II of this paper we provide a simple set of rules
defining the appropriate bras and kets in these phase-s
representations. We then show that the rules governin
change of representation emerge naturally from these de
tions. In Sec. III we display the power of this approach
comparing expressions for the spectral decomposition of
quantum Liouville operator with and without the use
Dirac notation. We also utilize this transformation theory
derive an important identity in the Wigner-Weyl represen
tion, and to show that a particularly simple expression for
kernel of the quantum Liouville operator follows from th
identity.
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II. DIRAC FORMALISM FOR PHASE-SPACE
REPRESENTATIONS

A. Bras and kets

Consider a system withs degrees of freedom. In confor
mity with the conventions of Dirac notation we choose t
phase-space representation bras (xu to denote linear function-
als and ketsux) to denote vectors. Herex5(p,q), wherep
are thes momenta andq are thes coordinates. In the Liou-
ville picture, linear functionals and vectors take the form
Tr$Ĉ•% andD̂, respectively, whereĈ andD̂ are operators in
the usual Schro¨dinger picture. Consequently, the bras a
kets of a phase-space representation must take the form

~xbu5Tr$B̂b
†~xb!•%, ~1!

uxb)5K̂b~xb!. ~2!

Here Greek subscripts are used to denote the partic
phase-space representation of interest, e.g.,b5W will de-
note the Wigner-Weyl representation,b5H the Husimi rep-
resentation, andb5K the Kirkwood representation. Othe
representations may be treated in a similar manner to th
which are chosen as prime examples in this paper.

The operatorsB̂b(xb) and K̂b(xb), which generate the
particular phase-space representation, depend parametr
on the phase-space variablesxb and are chosen so that (xbu
and uxb) have the following properties:~a! dimensions of
@action#2s/2, ~b! orthogonality, i.e.,

~xbuxb
0 !5Tr$B̂b

†~xb!K̂b~xb
0!%5d~xb2xb

0!, ~3!

and ~c! completeness@6#

E dxbuxb)~xbu51. ~4!

The resulting bras (xbu generate representations (xbur)
and (xbuA) of the Hilbert space of physical statesur)
5h2s/2r̂ ~wherer̂ is the density operator! and the associated
space of operators~including observables! uA)5hs/2Â. The
kets uxb) generate theb phase-space representations (ruxb)
and (Auxb) of the dual space of physical states (ru
5h2s/2 Tr$r̂†

•% and the associated set of operators (Au
©2000 The American Physical Society01-1
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5hs/2 Tr$Â†
•%. The normalization of the statesur), uA), (ru,

and (Au is chosen so that (xbur) and (ruxb) have dimensions
of @action#2s and so that (xbuA) and (Auxb) have the same
dimensions asÂ. The representations (xbur), (xbuA) and
(ruxb), (Auxb) generally constitute independent represen
tions, both of which can be used to compute expectation
observables. That is, the expectation value ofA in the stater
is given by

~Aur!5E dxb~Auxb!~xbur!5Tr$Â†r̂%5@Tr$r̂†Â%#*

5S E dxb~ruxb!~xbuA! D *
5~ruA!* . ~5!

The generating operatorsB̂b(xb) and K̂b(xb) are dis-
cussed at length in Ref.@7#. For the Wigner@5,7,8# represen-
tation B̂W(xW)5K̂W(xW)5h2s/2D̂W(xW), where the Hermit-
ian operatorD̂W(xW) takes the form

D̂W~xW!5h2sE du dv ei [v•(pW2p̂)1u•(qW2q̂)]/\. ~6!

The generating operators for the antinormal and normal
simi @9# representations are, respectively,B̂H(xH)
5h2s/2PaD̂H(xH ,a) and K̂H(xH)5h2s/2D̂H(xH ,a). Here
the Hermitian operatorD̂H(xH ,a) is given by

D̂H~xH ,a!5h2sE du dv ei [v•(pH2p̂)1u•(qH2q̂)]/\

3e2(av21u2/a)/4\, ~7!

and the operatorPaD̂H
† (xH ,a) is defined as

~xHur!5Pa~ruxH!5PaR~xH ,a!5R~xH ,2a!, ~8!

whereR(xH ,a)[(ruxH). The Kirkwood@7# representations

are generated by the operatorsB̂K(xK)5K̂K(xK)
5h2s/2D̂K(xK) where

D̂K~xK!5h2sd~pK2p̂!d~qK2q̂!. ~9!

B. Transformation rules and matrix elements

As a result of defining the bras and kets in this mannea
change of phase-space representation follows the same
as does a change of representation for a wave function. For
instance, suppose that we initially haver̂ in the representa
tion generated byB̂b(xb), i.e., (xbur)5h2s/2 Tr$B̂b(xb) r̂%,
and we wish to change to a representation generated
B̂g(xg). Then,

~xgur!5E dxb~xguxb!~xbur!, ~10!

where (xguxb) is the transformation matrix element betwe
the two representations~see Table I! given by
Tr$B̂g

†(xg)K̂b(xb)%. Alternatively, starting with r̂ in the
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representation generated byK̂b(xb), i.e., (ruxb)
5hs/2 Tr$r̂K̂b(xb)%, the change to a representation genera
by K̂g(xg) can be performed by

~ruxg!5E dxb~xbuxg!~ruxb!, ~11!

where (xbuxg)5Tr$B̂b
†(xb)K̂g(xg)%. This representation

theory can also be extended to include theq,q8 and p,p8

representations @that is, (q,q8ur)5h2s/2^qur̂uq8& and
(p,p8ur)5h2s/2^pur̂up8&# of the density matrix@11# by de-
fining operators

B̂q,q85K̂q,q85uq&^q8u, ~12!

B̂p,p85K̂p,p85up&^p8u. ~13!

Then, one may change from aq,q8 or p,p8 representation to
a phase-space representation or vice versa by applicatio
Eqs.~10! and ~11!. Other representations can easily be co
structed. The transformation matrix elements (xbuxg) for the
various representations discussed here are listed in Tab

Particular care must be taken for the Husimi represen
tion. Note first that for all but the Husimi representatio
(xbuxg)5(xguxb)* . Second, to use the (pH ,qHuxb) matrix
elements to transform (xbur) or (xbuA) to the Husimi repre-
sentation requires that the integral overxb be performed be-
fore thePa operation. Similarly, to use (pH ,qHuxb) to trans-
form (rupH ,qH) or (AupH ,qH) from the Husimi
representation requires that the operationPa be performed
before the integral overpH ,qH .

The approach introduced here is sufficiently general tha
may be applied, with minor modifications, to phase-spa
representations in classical mechanics@10#.

III. SAMPLE PHASE-SPACE MANIPULATIONS

A. Spectral decomposition of the von Neumann equation

To illustrate the advantages of our approach we comp
the Dirac and density matrix expressions for the spectral
composition of the quantum Liouville operator.

Let un& be the complete, orthonormal set of eigenstates
a Hamiltonian Ĥ, i.e., Ĥun&5Enun&, ^num&5dn,m , and
(nun&^nu51. From these states we may construct ba
statesun,m)5un&^mu which play an analogous role in th
Hilbert space associated with the eigensolutions of the tim
independent von Neumann equation

Lun,m)5ln,mun,m), ~14!

where L5(1/\)@Ĥ, •# is the quantum Liouville operator
and ln,m5(En2Em)/\. Since the statesun& are complete
and orthonormal, the statesun,m) are also complete,

(
n,m

un,m)~n,mu51, ~15!

and orthonormal,

~n,muk,l !5dn,mdk,l . ~16!
1-2
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Thus, the operatorsun,m)(n,mu are spectral projection op
erators and the quantum Liouville operator can be dec
posed in the form

L5(
n,m

ln,mun,m)~n,mu. ~17!

To satisfy orthonormality the linear functionals (n,mu must
take the form (n,mu5Tr$(un&^mu)†

•%. The density matrix
analog of Eq.~17! therefore takes the ungainly form

L5(
n,m

ln,mun&^muTr$um&^nu•%. ~18!

In a phase-space representation the kernel of the Liou
spectral decomposition takes the form

TABLE I. Phase-space basis inner products (xbuxg). For ex-
ample, the first element in the table is forb5Husimi, g5Wigner.

(xbuxg) Wigner

Husimi 2sh2sPae2(pW2pH)2/a\e2a(qW2qH)2/\

Kirkwood 2sh2se22i (qW2qK)•(pW2pK)/\

Coordinate h2s/2d„qW2(q1q8)/2…e2 i (q82q)•pW /\

Momentum h2s/2d„pW2(p1p8)/2…ei (p82p)•qW /\

Husimi

Wigner 2sh2se2(pW2pH)2/a\e2a(qW2qH)2/\

Kirkwood 2s/2h2se2 i (qH2qK)•(pH2pK)/\e2(pH2pK)2/2a\

3e2a(qH2qK)2/2\

Coordinate (2a)s/2h2se2 i (q82q)•pH /\e2a(q82q)2/4\

3e2a[qH2(q81q)/2]2/\

Momentum (2/a)s/2h2se2 i (p2p8)•qH /\e2(p82p)2/4a\

3e2[pH2(p81p)/2]2/a\

Kirkwood

Wigner 2sh2se2i (qW2qK)•(pW2pK)/\

Husimi 2s/2h2sPaei (qH2qK)•(pH2pK)/\e2(pH2pK)2/2a\

3e2a(qH2qK)2/2\

Coordinate h2s/2d(qK2q)e2 i (q82q)•pK /\

Momentum h2s/2d(pK2p8)ei (p82p)•qK /\

Coordinate

Wigner h2s/2d„qW2(q1q8)/2…ei (q82q)•pW /\

Husimi (2a)s/2h2sPaei (q82q)•pH /\e2a(q82q)2/4\

3e2a[qH2(q81q)/2]2/\

Kirkwood h2s/2d(qK2q)ei (q82q)•pK /\

Momentum h2se2 i (q•p2q8•p8)/\

Momentum

Wigner h2s/2d„pW2(p1p8)/2…e2 i (p82p)•qW /\

Husimi (2/a)s/2h2sPaei (p2p8)•qH /\e2(p82p)2/4a\

3e2[pH2(p81p)/2]2/a\

Kirkwood h2s/2d(pK2p8)e2 i (p82p)•qK /\

Coordinate h2sei (q•p2q8•p8)/\
06410
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~xbuLuxb
0 !5(

n,m
ln,m~xbun,m!~n,muxb

0 ! ~19!

in Dirac notation, while the analogous expression in dens
matrix notation is

~xbuLuxb
0 !5(

n,m
ln,m^muB̂†~xb!un&^nuK̂~xb

0 !um&. ~20!

The Liouville spectral decomposition as expressed in E
~18! and ~20! is far from obvious and could not be easi
obtained without the formalism introduced in Sec. II.

B. Stationary and nonstationary Liouville eigenfunctions

The relationship between the stationaryun,n)(n,nu and
nonstationaryun,m)(n,mu eigenfunctions of the Liouville
operator in the Wigner-Weyl representation plays a cen
role in the proof that classical mechanics emerges fr
quantum mechanics in the classical limit for chaotic syste
@3#. In addition, as shown below, this expression leads t
useful formula for the kernel of the Liouville operator. Sp
cifically, the phase-space relationship is

~xWun,m!~n,muxW
0 !

5h2sE dy ei (xW2xW
0 )•J• ỹ/\~xW1y/2un,n!

3~m,muxW
0 2y/2!, ~21!

wherexW5(pW ,qW), xW
0 5(pW

0 ,qW
0 ), y5(u,v), and

J5S 0 2I

I 0 D
is the 2s32s dimensional symplectic matrix. This is th
Wigner-Weyl representation of theq,q8 representation ex-
pression:

~q,q8un,m!~n,muq0 ,q08!5^q8um&^nuq&^q0un&^muq08&

5~q0 ,qun,n!~m,muq8,q08!. ~22!

Formula~21! requires a great deal of effort to verify, an
the task of deriving Eq.~21! from Eq. ~22! without employ-
ing the representation theory discussed above is quite c
lenging. By contrast, Eq.~21! can easily be obtained from
Eq. ~22! using the closure relations and inner product form
las for the phase-space representations introduced abov

Specifically, consider (xWun,m)(n,muxW
0 ). Inserting clo-

sure relations foruq,q8) and uq0 ,q08) gives

~xWun,m!~n,muxW
0 !5E dq dq8 dq0 dq08~xWuq,q8!

3~q,q8un,m!~n,muq0 ,q08!

3~q0 ,q08uxW
0 !. ~23!

Inserting Eq.~22! we obtain
1-3
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~xWun,m!~n,muxW
0 !5E dq dq8 dq0 dq08~xWuq,q8!

3~q0 ,qun,n!~m,muq8,q08!

3~q0 ,q08uxW
0 !. ~24!

The goal now is to rearrange terms until closure relations
uq0 ,q) and uq8,q08) can be removed.

Using Table I to obtain expressions for the matrix e
ments (q0 ,q08uxW

0 ) and (xWuq,q8), and inserting the identity
15*dv d(v2q01q8) gives, after some rearrangement, t
relation

~xWun,m!~n,muxW
0 !

5h2sE dq dq8 dq0 dq08 dv

3d~v2q01q8!•d~qW1v/22~q01q!/2!

3ei (q02q2v)•pW /\~q0 ,qun,n!•~m,muq8,q08!

3d~qW
0 2v/22~q81q08!/2!e2 i (q082q82v)•pW

0 /\. ~25!

Rewriting d(v2q01q8) 5 h2s* du exp@2i(v2q0
1q8)•u/\#, adding the identities 15exp$i@qW1v/22(q0

1q)/2#•u/\% and 15exp$2i@qW
0 2v/22(q81q08)/2#•u/\%

inside the integrand, and rearranging factors gives

~xWun,m!~n,muxW
0 !

5h2sE dy ei (xW2xW
0 )•J• ỹ/\E dq0 dq~xW1y/2uq0 ,q!

3~q0 ,qun,n!•E dq8 dq08~m,muq8,q08!

3~q8,q08uxW
0 2y/2!. ~26!

The desired expression@Eq. ~21!# is obtained upon remova
of the closure relations foruq0 ,q) and uq8,q08).

Equation~21! also provides a means of obtaining a pa
ticularly interesting integral formula for the kernel of th
quantum Liouville operator in the Wigner-Weyl represen
tion. Substituting Eq.~21! into Eq. ~19! gives
d
e

06410
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~xWuLuxW
0 !5h2sE dy ei (xW2xW

0 )•J• ỹ/\
•(

n,m
~En2Em!/\

3~xW1y/2un,n!~m,muxW
0 2y/2!. ~27!

The sums over n and m can be performed expli-
citly. (m(m,muxW

0 2y/2)5h2s/2; (n(xW1y/2un,n)5h2s/2;
(m(m,muxW

0 2y/2)5h2s/2H(xW
0 2y/2); (n(xW1y/2un,n)

5h2s/2H(xW1y/2), giving

~xWuLuxW
0 !5h22s\21E dy ei (xW2xW

0 )•J• ỹ/\@H~xW1y/2!

2H~xW
0 2y/2!#, ~28!

which is a particularly simple integral formula for the kerne
of the quantum Liouville operator. That is, using Eq.~28!
one can readily verify that

E dxW
0 ~xWuLuxW

0 !~xW
0 ur!5L~xW!~xWur!, ~29!

where L(xW) 5 (2i /\)H(xW) sin@(\/2)(]←/]xW)•J•(]→̃/
]xW)# is the Liouville operator in the Wigner-Weyl repre
sentation. In the correspondence limith→0 Eq.~28! reduces
to the kernel of the classical Liouville operator (xuLcux0)
5 i @]H(x)/]x#•J•( ]̃/]x)d(x2x0).

IV. CONCLUSIONS

In summary, we have introduced a Dirac notation for t
phase-space representations of the quantum density ma
and shown how rules governing the change of phase-sp
representations follow from these definitions. The resulti
transformation rules bear a close resemblance to the rules
a canonical transformation of the classical phase-space p
ability density. The general transformation theory introduc
here is expected to be useful in a wide variety of areas wh
phase-space representations of quantum mechanics
proven useful.
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